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Imaging device

Let’s try to build a simple imaging device

We are unable to get a reasonable image. 
Can you guess why?

Film/Sensor
Object



Camera obscura

Key idea: Put a barrier with a small hole (aperture) 
between the object and the sensor

Blurring is reduced! … but the aperture should be as 
small as possible. This is also known as pinhole 
camera



Camera obscura

Leonardo da Vinci (1452–1519), after an extensive 
study of optics and human vision, wrote the oldest 
known clear description of the camera obscura in 
mirror writing in a notebook in 1502



Camera obscura
If the facade of a building, or a place, or a
landscape is illuminated by the sun and a small
hole is drilled in the wall of a room in a building
facing this, which is not directly lighted by the sun,
then all objects illuminated by the sun will send
their images through this aperture and will
appear, upside down, on the wall facing the hole.

You will catch these pictures on a piece of white paper, which 
placed vertically in the room not far from that opening, and you will 
see all the above-mentioned objects on this paper in their natural 
shapes or colors, but they will appear smaller and upside down, 
on account of crossing of the rays at that aperture. If these 
pictures originate from a place which is illuminated by the sun, they 
will appear colored on the paper exactly as they are. The paper 
should be very thin and must be viewed from the back.



Pinhole camera

How small must the pinhole be?



Pinhole camera

How small must the pinhole be?

Large pinhole:
Rays are mixed up -> Blurring!

Small pinhole:
We gain focus, but 
• Less light passes through (long exposure time)
• Diffraction effect (we lost focus again!)



Pinhole camera



Cameras and Lenses

Solution: Use lenses!

A lens focuses light onto the film/sensor



Cameras and Lenses

All parallel rays converge to one point on a plane 
located at the focal length f



Cameras and Lenses

Unlike the ideal pinhole camera, there is a specific 
distance at which the objects are in focus



Cameras and Lenses

Rays are deflected when passing through the lens 
according to the Snell’s law

Index of refraction



Cameras and Lenses

Problem: Lens has different refractive indices for 
different wavelengths.

Color fringing



Cameras and Lenses

Problem: Imperfect lenses may cause radial 
distortion (deviations are most noticeable for rays 
passing through the edge of the lens)



Cameras and Lenses

Problem: Imperfect lenses may cause radial 
distortion (deviations are most noticeable for rays 
passing through the edge of the lens)



Pinhole camera model



Pinhole camera model

It is common to consider a virtual image plane in front of 
the center of projection:

With the image plane behind 
the optical center (like in the 
real camera obscura) the 
image appears upside-down.



Pinhole camera model

Considering similar triangles, we can derive the 
following:
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Similar triangles

The corresponding sides of similar triangles are all in 
the same proportion

Two triangles are similar if and only if corresponding 
angles have the same measure

PR

P 0R0 =
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Similar triangles

In our case:
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And the same 
applies for the 
other 
coordinate…



Projection

When we capture a scene with a pinhole camera, we 
are mapping 3D points to 2D points (onto the image 
plane) according to the following function:

The function is not linear due to the division by z. 
How we can make it linear?



Projection

By using homogeneous coordinates, we can express 
the projection with a linear mapping

The division by z occurs only when we transform P’ 
back to inhomogeneous coordinates

Projection matrix



Principal point

• The image reference system is usually placed at 
the top-left corner of the image

• After the projection, the coordinates of p’ are 
expressed with respect to the principal point

• A final translation with the vector             is required  



Projection matrix



Intrinsic parameters

Projection matrix

Matrix of the intrinsic 
parameters



Camera pose

What we have seen so far was under the assumption 
that object points were expressed in the camera 
reference system
When dealing with multiple cameras it is common to
represent points in a common world reference 
system



Camera pose

A rotation matrix R and a translation vector T express 
the rigid motion from a world reference system to the 
camera reference system (Camera pose)



World to Camera

To be projected, a point                 in the world 
reference system must first be transformed into the 
camera coordinate system. In 4D homogeneous 
coordinates we got 



Extrinsic parameters

The parameters R and T relating the camera 
orientation and position to the world reference system 
are called extrinsic or exterior parameters.

is the position of the camera center with 
respect to the world reference system



Complete projection



Finite projective camera

For added generality, we consider a camera in which:
• Pixels may be not square
• The produced image is not rectangular (skewed)
A camera:

For which K is an upper-triangular non singular 
matrix is called finite projective camera.



Finite projective camera

A finite projective camera P has a 1-dimensional right 
null-space because its rank is 3, whereas it has 4 
columns. The right null space is the homogeneous 
representation of the camera center.
Proof:
Let               be the right null-vector of P (ie.               ).

Let l be a line passing through C and any other point A. The line points are 
defined as:

When we project this line:

It follows that C is the homogeneous representation of the camera centre, 
since for all choices of A the line X is a ray through the camera centre



Finite projective camera

Row vectors of a projective cameras may be 
interpreted geometrically as world planes

P3T is the vector representing the principal plane of the 
camera, that is the plane consisting in all the points imaged 
on        in the image. 

A point                  imaged on         must be such that  
. This implies that 



Finite projective camera

Row vectors of a projective cameras may be 
interpreted geometrically as world planes

P1T and P2T represent the planes passing through the 
camera center C and the Y and X axis respectively.
For example:
A point on P1T satisfies                         hence 

that is a point on the Y-axis. Also
since C is the right null-vector of P. 



Finite projective camera

Row vectors of a projective cameras may be 
interpreted geometrically as world planes



Forward projection

A general projective camera maps a point
to the image point               according to                 .
Points                              on the plane at infinity are 
mapped to  :

And thus are affected only by the first 3x3 submatrix 
of P:



Back-projection

Given a point x on the image, the set of points
mapping to x is a ray in space passing through C.
Let          be the pseudo-inverse of P, defined as:

The point x back-projects to the line:

Indeed:



Camera matrix decomposition

For a finite camera we have:

We can recover both K and R from P using the RQ-
decomposition, factorizing the matrix M to a product 
of an upper-triangular matrix R and an orthogonal 
matrix Q.



Image of points on a plane

Suppose that we want to image points       on a plane 
Since we have freedom to choose the world 
coordinate frame (and hence the extrinsic 
parameters), we choose a coordinate frame such that 
the plane    correspond to the XY-plane. Therefore, 
all the points       are of the form 



Image of points on a plane

We have that:

The mapping between points                              on
is a homography                    where: 

The most general transformation that can occur between 
a scene plane and an image plane under perspective 
imaging is a plane projective transformation



Homography estimation

Given a set of 2D to 2D point correspondences it is 
possible to estimate the plane projective 
transformation H.

We have:                          ,
The problem is to find H such that:

Note that        and          should be equal in     , that is 
they must have the same direction but possibly 
different magnitude      



Homography estimation

In vector form we can express the requirement of 
having same direction but possibly different 
magnitude as:

We  can write: 



Homography estimation

The equation gives a set of 3 equations in the entries 
of H:

3x9 matrix 9x1 vector composed 
by stacking the 
columns of H



Homography estimation

The third row of the matrix can be obtained by a 
linear combination of the first two, hence it can be 
dropped giving a system of 2 equations and 9 
unknowns for each point

Note also that usually we choose              so that 
are the point coordinates in the image  



Homography estimation

Using 4 point-point correspondences we obtain the set of 
equations Ah=0 where A is the 8x9 matrix obtained by 
stacking the two rows given for each point. A has rank 8 and 

thus has a 1-dimensional null-space providing a solution for h.

If more than 4 points are given, the problem can be solved as 

the minimization:

The solution is the unit singular vector corresponding to 
the smallest singular value of A



DLT algorithm

The DLT algorithm minimize the algebraic distance
. The quantity that is minimized is not geometrically 

or statistically meaningful! 

Solutions based on algebraic distance are used as a 
starting point for a non-linear minimization of a geometric 
or statistical cost function



Geometric distance

The quantity we want to minimize is the transfer 
error, that is the Euclidean distance in the second 
image between the point       and

Where             is the (non-linear) function returning 
the squared Euclidean distance between a and b 
converted to inhomogeneous coordinates (ie. 
mapped back to the Euclidean 2D space) 



Symmetric transfer error

Transfer error assumes that only       has some 
measurement error and the geometric distance is 
minimized in just one of the two images.
In the more realistic case where image measurement 
errors occur in both the images, it is preferable that 
errors be minimized in both images.
The symmetric transfer error result in the following:

In both the cases, a non-linear least squares 
minimization algorithm is needed



Vanishing points and lines

In perspective projection the image of an object that 
stretches off to infinity can have finite extent:

Ground plane

Camera



Vanishing points and lines

In perspective projection the image of an object that 
stretches off to infinity can have finite extent:

Points on the ground plane are equally spaced

Camera

...but their spacing on the image plane 
monotonically decreases



Vanishing points and lines

In perspective projection the image of an object that 
stretches off to infinity can have finite extent:

The vanishing point of the line representing the 
ground plane is obtained by intersecting the image 
plane with a ray parallel to the graound plane 
through the camera center



Vanishing point

Consider a line in space passing through a point A 
and with direction                        . Line points can be 
expressed as:

With a projective camera                            each line 
point is imaged as:

The vanishing point v of the line is defined as:



Vanishing point

Another way to look at the vanishing point is by 
considering the plane at infinity       , that is the plane 
of all the line directions.
That is, if a line has direction d, it intersects         in 
the point                           . If we project          to our 
image plane we obtain the vanishing point:



Vanishing lines

Parallel planes in 3-space intersect         in a common 
line. The image of this line is the vanishing line of 
the plane.
Geometrically the vanishing line is obtained by 
intersecting the image plane with a plane parallel to 
the observed plane but passing through the camera 
center



Vanishing lines

These two planes are parallel end hence intersect 
In the same line



Vanishing lines

The vanishing line is obtained with the intersection 
between a plane parallel to     and the image plane 



Vanishing lines

A plane orientation relative to the camera (ie. its 
normal    ) can be computed from its vanishing line   :

A plane can be rectified by knowing its vanishing line. 
This is done by constructing a homography matrix so 
that the plane is rotated parallel to the image plane.

Where R is the rotation matrix such that 



Computing vanishing lines

A vanishing line (like the horizon) is not always visible 
in a scene. A common way to compute it is the 
following:
• Identify two sets of parallel lines in the scene
• Compute the vanishing point for each set
• The line passing through the two vanishing points 

is the vanishing line



Lens Distortion

The pinhole camera model describes the image 
projection as a linear operator when working in 
projective spaces.
Lens distortion produces a non-linear displacement 
of points after their projection
In other words…
Lines does not project to lines anymore!



Radial Distortion

Usually it is a good approximation to model the lens 
distortion with the polynomial radial distortion model:

point location in retina 
plane (unitary f) if the 
pinhole camera were 
perfect

Distorted location in retinal 
plane



Radial Distortion


