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∗

∗ Dipartimento

di Informatica
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Abstract—In the last few years several new results about
product-form solutions of stochastic models have been formulated. In particular, the Reversed Compound Agent Theorem
(RCAT) and its extensions play a pivotal role in the characterization of cooperating stochastic models in product-form.
Although these results have been used to prove several wellknown theorems (e.g., Jackson queueing network and G-network
solutions) as well as novel ones, to the best of our knowledge, an
automatic tool to derive the product-form solution (if present)
of a generic cooperation among a set of stochastic processes,
is not yet developed. In this paper we address the problem of
solving the non-linear system of equations that arises from the
application of RCAT. We present an iterative algorithm that
is the base of a software tool currently under development.
We illustrate the algorithm, discuss the convergence and the
complexity, compare it with previous algorithms defined for the
analysis of the Jackson networks and the G-networks. Several
tests have been conducted involving the solutions of a (arbitrary)
large number of cooperating processes in product-form by RCAT.

I. I NTRODUCTION
Stochastic models play a central role in the field of performance evaluation of computer software and hardware architectures. In this paper we focus on those models whose
underlying stochastic processes are continuous-time Markov
chains (CTMCs). In these cases, several performance indices
can be derived by the steady-state analysis, i.e., by computing
the state probabilities in the long run (when time t → ∞).
If the CTMC is ergodic (i.e., irreducible and all the states
are positive recurrent) the limiting distribution of the state
probabilities is unique and independent of the initial state
distribution. The stationary distribution of an ergodic CTMC
is generally computed as the normalized solution of a system
of linear equations called system of global balance equations
(GBEs). Such a system has a coefficient matrix whose rank is
the number of states of the chain minus one.
From a modeler’s point of view, it is often convenient to
describe a system using a modular approach. In other words,
a system S can be seen as the composition of a set of subsystems S1 , . . . , SN , that are modeled separately and cooperate according to a formal definition. Several formalisms allow
one to use this approach very naturally (e.g., the performance
evaluation process algebra (PEPA) presented in [1] or queueing
networks), i.e., they introduce an intuitive way to combine
the sub-models and formally specify the CTMC underlying

the combined model. The main drawback of this modeling
technique is known as the state-space explosion. Roughly
speaking, the state-space explosion occurs when the number of
states of the composed model is so high it makes the automatic
derivation of the steady-state solution unfeasible, even if the
number of states of each sub-model, in isolation, is reasonably
small.
In order to overcome this problem, product-form solutions
are investigated. The first results on product-form models
appeared in queueing theory [2], [3] and afterwards they
have been extended to other formalisms such as stochastic
Petri nets [4], [5]. Informally, we say that a stochastic model
is in product-form if it is possible to express its stationary
distribution as product of functions whose argument depends
only on the state of a single sub-model. In practice, in case of a
product-form model, one has to find a correct parameterization
of each sub-model and then derive its stationary distribution
as if it was in isolation. Then, the stationary distribution
of the former model is given by the normalized product of
these distributions. In general, product-form models lead to a
computationally efficient solution, because they do not require
the GBEs for the CTMC of the composed model to be solved.
Obviously, now the analysis is shifted on deciding if a model
admits a product-form solution and how the sub-models should
be parameterized. Jackson and BCMP results state sufficient
conditions for a queueing network to be in product-form,
and they require the solution of a linear system of equations,
called traffic equations, whose order is linear in the number
of queues in the network. However, the introduction of Gnetworks [6] has shown important examples of product-form
models whose traffic equations form a non-linear system. In
order to efficiently compute the solution of product-form Gnetworks some iterative algorithms have been defined [7], [8].
Some novel results for deciding and computing the productform solution of interacting CTMCs are the reversed compound agent theorem (RCAT) and other theorems derived
from it [9], [10], [11]. Although these results are based on
a definition of the processes (and their composition) inherited
from PEPA, their application is not limited to process algebra.
Indeed, Jackson, BCMP and G-network product-form solutions have been proved using these theorems [9], [12], [13].
In general, RCAT based theorems require the solution of a
non-linear set of traffic equations which may often become a

difficult task. In practice, as far as we know, there are no tools
which, given the description of the interacting models, decide
if the product-form exists and, if this is the case, numerically
compute the stationary distribution.
In this paper we use the multi-agent RCAT (MARCAT)
theorem redefined assuming a set of structural conditions, and
we address the problem of providing a simple and efficient
iterative algorithm that solves the non-linear traffic equations
that arise from its application and computes the stationary state
distribution. In [11] the authors define an iteration scheme
whose fixed point, which exists by Brouwer’s theorem, is the
solution of the traffic equations of MARCAT. However, from
a practical point of view, the convergence of the iterations
from any starting point is not guaranteed. A slightly different
approach, named Meercat, has been proposed in [14]. The
author introduces a language (PEPAinf) to define PEPA models with an infinite number of states and a regular structure
(e.g., queueing networks). Meercat derives the traffic equations
which are exported in an ASCII format and then solved by
an extern symbolic tool such as Mathematica. It is worth
noting that the symbolic solution of the non-linear system
of equation is not guaranteed and in general is an inefficient
process. Moreover, the algorithmic construction of the traffic
equations is itself a non-trivial task which would require a
deeper investigation.
As opposed to the two aforementioned approaches, the
algorithm we propose in this paper does not make directly
use of the traffic equation. Indeed, it is based on the simple
idea of solving iteratively the CTMCs underlying the set of
interacting models with an initial random parameterization.
At each iteration we adjust the parameterization of the models
according to a set of simple rules. When the iterations converge
we can decide if we have a product-form solution and its
unnormalized distribution. Although we have no proof of
the convergence of our algorithm for the general case, we
encountered no cases where this did not happen. Moreover,
we think that our solution has some strengths with respect to
the iteration scheme on the traffic equations. First of all, it is
really easy to implement because we only need to compute
the solutions of linear systems. Additionally, experimental
evidence shows that the convergence is very fast (we always
converged within 20 iterations) even for very large models
(e.g., joint processes with 1020 states). Note that the algorithm
is very efficient in case of product-form compositions of many
models with a relatively small number of states, that is a quite
reasonable practical requirement.
The paper is structured as follows. In the first part, we illustrate the theoretical framework underlying the algorithm we
propose. Then, in Section III, we discuss a simplified version
of the algorithm with the aim of explaining its fundamental
peculiarities. Section IV illustrates its application to two wellknown cases, i.e., Jackson networks and G-networks. In the
former case we prove that our algorithm is exactly the Jacobi
iteration scheme on the system of traffic equations and always
converges, while in the latter one we show that it is exactly
the algorithm defined in [15]. Moreover, in this section we

show the application of the algorithm to a simple problem in
order to clarify its dynamic. Section V addresses the problem
of optimizing the algorithm and gives its complete definition.
Finally, Section VI discusses some final remarks.
II. T HEORETICAL FRAMEWORK
The algorithm we are introducing in the following sections
is based on a set of results presented to study stochastic models
in product-form. In particular, we focus on the Multi-agent
Reversed Compound Agent Theorem (MARCAT) presented in
[11] with some limitations. The result is based on the PEPA
algebra [1]. Let Pi and Pj represent two PEPA agents. Let us
assume that the derivation graphs of Pi and Pj have ergodic
underlying CTMCs. The cooperation between Pi and Pj is
⊳
Pi ⊲
Pj , where L is the set of action types on which the
L
agents synchronize. Let a ∈ L, then we limit our analysis to
cooperations that satisfy these conditions: 1) a ∈ L must be
either passive at every instance of Pi (Pj ) or active at every
instance of Pi (Pj ), and 2) if a ∈ L is active in Pi then it must
be passive in Pj and vice versa. Given the set L, let Pi (L) be
the set of action types that are passive with respect to Pi and
Ai (L) be the set of action types that are active with respect
to Pi . For the sake of simple notation we write Pi for Pi (L),
and similarly for the set of active action types.
We can generalize the notion of pairwise cooperation to
multiple agents as illustrated in [11]. We write:
N

⊲⊳ Pk ,

k=1
L

k ≥ 2,

where L is the set of synchronizing action types and a ∈ L
is active exactly in one agent Pi and passive in one agent Pj ,
with 1 ≤ i, j ≤ N and i 6= j. Let Lk = Pk ∪ Ak , then we
write:
N

⊳ P2 ) ⊲
⊳ P3 ) ⊲
⊳ ···) M
⊲⊳ PN ,
⊲⊳ Pk def
= (. . . ((P1 ⊲
M2
M3
M4

k=1
L

N


k−1
Lj . From now ahead we assume
where Mk = Lk ∩ ∪j=1
that the underlying CTMC of ⊲
⊳N
k=1 Pk has an irreducible
L
subgraph.
In order to keep this paper self-contained we introduce
MARCAT. With respect to the theorem proved in [11] the
following formulation is less general because it introduces
some structural conditions similar to those required by original
RCAT [9]. We discuss the impact of MARCAT in its very
general formulation on our algorithm in the conclusions.
Note that the notation Pk {(a, p) ← (a, q)} stands for a
syntactical renaming of the pair (a, p) with the pair (a, q) in
the specification of Pk , as formally defined in [9].
Theorem 1 (MARCAT): Suppose that the cooperation of
agents ⊲
⊳N
k=1 Pk , denoting stationary Markov processes, has
L
a derivation graph with an irreducible subgraph G. Let a ∈
Ak ∩ Pj with 1 ≤ j, k ≤ N , j 6= k and assume that the
following conditions are satisfied:
1) a is enabled in every derivative of Pj ,

2) every derivative of Pk is reachable through an action
with type a,
3) in the reversed process Pk of Pk , every occurrence of
the active action type a has the same rate pa .
Then the reversed agent ⊲
⊳N
k=1 Pk with derivation graph
L

containing the reversed subgraph G is

Assuming the rates of the passive action types known,
the rate transition matrix Qk = [qk (α, β)], with α, β ∈ Sk
associated with Pk can be derived as follows
 X
λk (a, α, β) if α 6= β



a∈Lk ∪{ε}
X
(2)
qk (α, β) =

qk (α, δ)
if α = β .

−
δ∈Sk r{α}

N

⊲⊳ Rk {(a, pa ) ← (a, ⊤)|a ∈ Ak },

Note that, in this framework, a cooperation is well defined

k=1
L

if:

where Rk = Pk {⊤a ← xa |a ∈ Pk }, with k = 1, . . . , N and
{xa } are the unique solutions of the rate equations:
{⊤a = pa |a ∈ Ak , 1 ≤ k ≤ N }

(1)

where pa is the symbolic rate of action type a in Pk .
Note that providing an intuitive explanation of the MARCAT conditions in terms of requirements of the modeled
systems is out of the scope of this paper. We suggest to refer
to the original work [9] for a deeper analysis and interpretation
of these conditions.
III. S OLUTION ALGORITHM
According to Theorem 1 it is straightforward to derive the
product-form solution of ⊲
⊳N
k=1 Pk once the reversed rates pa
L
are known. However, the computation of the reversed rates as
the solution of the system of equations (1) can be a non-trivial
task. In fact, although these equations form a linear system for
some models (e.g., for Jackson networks [9]), this is not true in
general (e.g., for G-networks [13]). Nevertheless, the existence
and uniqueness of the solution of (1) has been shown in [11],
but as far as we know, there are still no algorithms to derive it
in the most general case, which have been proved to converge.
In this section we introduce an algorithm that allows us to
compute the steady-state solution of product-form cooperating
processes for which the MARCAT theorem applies, but before
discussing the main idea, we introduce some notations and
definitions that will be used in the sequel.

for each a ∈ L there exists a unique pair (k, l) such that
k 6= l and a ∈ Ak ∩ Pl ;
• for each k = 1, . . . , N , we have Pk ⊆ L, i.e., all the
passive actions cooperate with a corresponding active
action.
The steady-state solution π k of agent Pk , where k =
1, . . . , N , is the non-trivial solution of the system of GBEs:
X
πk (α) > 0,
(3)
π k Qk = 0 ,
•

α∈Sk

where πk (α) denotes the α-th component of the row vector
πk .
B. Main idea
The main idea of our algorithm consists in using MARCAT
for the computation of the transition rates with passive action
types, i.e., the unknown rates. Note that if these values were
known, by (3) the computation of the steady-state solution
of each agent would be clearly trivial. We will now see how
this can be accomplished. Let us consider the simple case of
two agents cooperating on the action type set L and assume
that conditions 1 and 2 of MARCAT are satisfied. Moreover,
suppose that every a ∈ L is active in P1 and passive is P2 .
In this case we can simply derive the stationary distribution
π 1 of P1 , which does not depend on the solution π 2 of P2 .
Let α and β be a pair of distinct states in the CTMC of P1
such that the transition rate q1 (α, β) is positive. Then, we can
calculate the rate q1 (β, α) in the CTMC of the reversed agent
P1 as [16]:

A. Notations and definitions
In this framework we represent an agent Pk as a 4-tuple:
Pk = (Sk , Ak , Pk , λk ),
where Sk is the set of derivatives (states) of agent Pk , Ak and
Pk are the sets of active and passive action types, respectively,
involved in the cooperation (Lk = Ak ∪ Pk ), and λk : (Lk ∪
{ε}) × Sk × Sk → R≥0 is a function such that λk (a, α, β)
is the rate of the transition labeled a from state α to state β.
If λk (a, α, β) = 0 then we implicitly assume that there are
no transitions in agent Pk from state α to β with action type
a. Note that if a ∈ Pk and there exists a passive action of
type a from state α to β then λk (a, α, β) = xa where xa is a
variable denoting an unknown positive rate for passive action
type a. The label ε is such that ε ∈
/ Lk and it is the type of
all the transitions that do not participate to the cooperation.

q1 (β, α) =

π1 (α)
q1 (α, β) .
π1 (β)

(4)

Suppose that several actions take agent P1 from α to β and
one of these has type a ∈ L and rate λ1 (a, α, β). Then the
reversed rate λ1 (a, β, α) of action type a from state β to state
α is given by [11]:
λ1 (a, β, α) =

λ1 (a, α, β)
q1 (β, α).
q1 (α, β)

(5)

Using this equation we can verify condition 3, i.e.,
λ1 (a, β, α) = pa independently of states α and β. Note that
we have to consider the case of self-loops on active actions,
i.e., a transition with label a from state γ to itself with rate
λ1 (a, γ, γ). In this case λ1 (a, γ, γ) = λ1 (a, γ, γ) by definition
[9] and this must also be equal to pa . Now we can replace
every unknown rate xa of passive actions a ∈ L of P2 with

pa and derive the stationary solution π 2 for P2 . By MARCAT
we have that the joint solution is π 1,2 ∝ π 1 π 2 .
Unfortunately, it is not always true that all the actions in
L are active with respect to the same agent and therefore this
trivial solution cannot be applied. In order to deal with the
general case, we develop an iteration scheme, which starts with
randomly generated stationary distributions for the agents and,
at each step, it updates the unknown rates of the transitions
with passive action types using the steady-state distributions
from the previous iteration. The obtained new rates are then
used to compute the new steady-state solutions of the agents
for the next iteration. Note that if an agent has more than one
transition with the same active action type a we know that
the reverse rate of each of them is expected to be constant
by MARCAT condition 3 in the solution however, during this
iterative process, they may indeed differ, so that we may have
more than one candidate to choose from when updating xa .
In this case, we decide to update xa with the mean of those
values, although other selection strategies may be employed
(e.g., weighted mean).
The resulting iterative algorithm is illustrated by Algorithm
1.
Algorithm 1: Simplified algorithm.
Input: agents P1 , . . . , PN ; precision ǫ; maximum number
of iterations M
N
Output: unnormalized stationary distribution π of ⊲
⊳ Pk
Randomly initialize π k for all k = 1, . . . , N
n=0
repeat
for k = 1, . . . , N do
π prev
← πk
k

k=1
L

for j, k = 1, . . . , N do
foreach a ∈ (Pj ∩ Ak ) do
/* Λ is the set of the reversed
rates
of a
*/
n
o
πk (α)
Λ ← λk (a, α, β) πk (β) : α, β ∈ Sk \ {0}
foreach α, β ∈ Sj : λj (a, α, β) 6= 0 do
/* set the rates of the
passive actions
*/
λj (a, α, β) ← mean(Λ)
Compute π k for all k = 1, . . . , N
n←n+1
until n > M or ∀k = 1, . . . , N. kπ k − π prev
k<ǫ;
k
/* Check if the reversed rates are
constant
*/
for k = 1, . . . , N do
foreach a ∈ Ak do
Λ ← {λk (a, α, β) : α, β ∈ Sk } \ {0}
if Λ 6= ∅ and max(Λ) − min(Λ) > ǫ then
fail: MARCAT product-form not identified
return {π k }k=1,...,N

We terminate the iteration in two cases:
• the maximum number of iterations M is reached;
• the distance between two consecutive steady-state distributions is less than a user-defined precision ǫ, for all
agents.
At the end, the solution is considered valid if the reversed rates of all the active action types for each process
are constant within the precision ǫ or, in other words, the
difference between the maximum and the minimum reversed
rates corresponding to every active action type must be less
than ǫ.
C. Convergence, termination and complexity
As we said in the introduction we do not have a proof of
convergence of the algorithm in the general case yet (although
in the following section we show that it converges for some
special cases). As far as we know, this lack of proof is shared
with the iteration scheme presented in [11] and with some
algorithms defined for the iterative solution of a class of
extended G-networks, e.g., [17].
At each iteration, Algorithm 1 computes a set of stationary
distributions π k with k = 1, . . . , N that can be easily bounded
in a compact space (e.g. by normalizing the probabilities), i.e.,
for each α ∈ Sk we have 0 < πk (α) < 1. Hence, the algorithm
cannot diverge, but still it may exhibit an undesired cyclic
behavior. For this reason we have introduced the constant M
with the aim of terminating the execution after a user-defined
number of iterations. Even if the execution, for a given input
and an initial random distribution of π k , converges, it may
be the case that π k is a fixed point but not the expected
steady-state solution. Indeed, even if there exists a fixed point
satisfying the MARCAT theorem, in theory there could also
exist other fixed points yielding non-constant reverse rates in
correspondence with transitions with the same active action
type, thus violating MARCAT. Note that this may happen only
if we have to compute the mean of the reversed rates of the
active action types and this is never the case, for instance,
in simple models such as Jackson networks and G-networks.
Nevertheless, we applied our algorithm on randomly generated
product-form cooperating agents, in which the computation
of the mean of the reversed rates was required, and we
never observed such a behaviour, but we always obtained the
expected solution.
Assuming that all the agents P1 , . . . , PN have the same
number of states |Sk | = r, the computational complexity of the
algorithm is O(N r3 ) for each iteration. In our experiments, the
number of iterations required for convergence (with tolerance
less than ǫ = 10−5 ) was always less than 20, therefore we
consider it as a constant factor.
IV. E XAMPLES
In this section we compare our approach with those previously defined for the solution of Jackson networks [2] and
G-networks [15]. We show that in the former case Algorithm
1 becomes the Jacobi iteration scheme for the solution of the
traffic equation system of the queueing network, while in the

latter it corresponds to the iteration scheme presented in [15]
by Gelenbe et al. .

STATION 1

γ1

A. Jackson networks

STATION 2

Jackson queueing networks (JQNs) [2] consist of a set of
exponential queues {1, . . . , N }. Customers arrive to station k
from the outside according to a Poisson process with rate γk
and then they move among the queues according to a routing
matrix P = [pkl ], where pkl represents the probability that a
customer enters station l after being served by station k with
1 ≤ k, l ≤ N , while pk0 is the probability that the customer
exits the network after being served by station k. Obviously
P
M
l=0 pkl = 1. The service rate of station k is µk . The steadystate solution of a JQN is derived from the solution of the
system of traffic equation in ek , i.e.:

PN

 e1 = γ1 + l=1 el pl1
..
(6)
.

PN

eN = γN + l=1 el plN

where ek is interpreted as the total arrival rate to station k
for k = 1, . . . , N . The load factor of a station is defined as
ρk = ek /µk . Then:
n
N 
N
Y
Y
ek k
π k (nk ) ∝
π(n1 , . . . , nN ) =
.
µk
k=1

STATION 3

Fig. 1.

Example of JQN.
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In this case we model the Jackson network as explained in
[9], i.e., every station k is a process with an infinite number
of states. State i ≥ 0 represents the number of customers
in station k. Process Pk corresponding to the k-th queue is:
Sk = N, Ak = {akl : pkl > 0, 1 ≤ k, l ≤ N }, Pk = {alk :
plk > 0, 1 ≤ k, l ≤ N }, and function λk is defined as follows
(we write xlk instead of xalk ):


γk
if γk > 0, a = ε, β = α + 1





x
if plk > 0, a = alk , β = α + 1
 lk
λk (a, α, β) = µk pk0 if pk0 > 0, a = ε, β = α − 1 .



µk pkl
if pkl > 0, a = akl , β = α − 1



0
otherwise
Note that we exclude the case of self-loops in the station
because, in this case, Theorem 1 cannot be straightforwardly
applied, therefore from now ahead we assume pkk = 0 for all
k = 1, . . . , N .
Example 1: Let us consider the JQN of Figure 1. We can
model the behavior of this JQN with agents P1 , P2 , P3 as depicted by Figure 2 where, according to the PEPA notation, the
⊤ symbol denotes the rates of the passive actions. Basically,
the arrivals to a queue coming from another queue are modeled
using passive actions, while the departures to other queues are
modeled by active actions. We immediately observe that the
structural conditions of MARCAT are satisfied and that the
reversed rates of the active action type are constant. In [9] the
author proves these properties for a general JQN and obtains
the Jackson theorem using RCAT. Note that processes Pk ,
k = 1, . . . , 3, can be completely described using just states 0

P3

(a23 , µ2 p23 )
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(a32 , µ3 p32 )

Fig. 2. Agents of the JQN of Figure 1, where the PEPA symbol ⊤ denotes
the unknown rate of the passive action types.

and 1 by exploiting their intrinsic regularity, hence we truncate
the agent representation in order to consider just the first two
states.
In a JQN every agent can be modeled using just two states
0 and 1, then if we fix πk (0) = 1 we have that πk (1) = ρk ,
i.e., the load factor of queue k. In this case we have that for
each k = 1, . . . , N the n-th iteration computes:
PN (n)
x + γk
(n+1)
,
(7)
πk (1)
= l=1 lk
µk
where:
(n)

xlk = πl (1)(n) µl plk ,
is the reversed rate of active action type alk in agent Pl , with
1 ≤ l, k ≤ N . Note that a fixed point for this iteration scheme
is the solution of system (6) by setting ek = πk (1)µk . Indeed,
under this renaming, (7) turns out to be the Jacobi’s iterative

method for the solution of the linear system (6) and since the
matrix of coefficients deriving from it, namely B = [bkl ] with:
(
µk
if k = l ,
bkl =
−pkl µk otherwise ,

G-QUEUE 1

+
-

is
P irreducibly (column) diagonally dominant, i.e., |bkk | ≥
l6=k |blk | for all k except at least one column where the
inequality is strict (i.e., customers can leave the network after
being served by at least one of the queues), the iterations
always converge to the fixed point.
B. G-networks
G-networks with product-form solutions have been introduced in [6]. They consist of a set of N nodes (G-queues),
and two types of customers, i.e., positive and negative. Positive
customers behave exactly in the same way as customers in
a normal JQN, i.e., they arrive from the outside to G-queue
k according to an independent Poisson process with rate γk+ .
The service time at G-queue k is exponentially distributed with
rate µk . After being served by G-queue k, positive customers
may leave the node as positive customers and join node l
+
with probability p+
kl , or leave the network with probability pk0
or, finally join node l as negative customer with probability
p−
kl . In the latter case, if G-queue l has n > 0 customers,
then the negative customer deletes a queued customer taking
the node population to n − 1, while if the queue is empty,
then the negative customer does not affect the node state.
Finally, negative customers can arrive from the outside to a
node k according to an independent Poisson process with
rate γk− . Matrices P+ = [p+
kl ], with 1 ≤ k ≤ N and
0 ≤ l ≤ N and P− = [p−
mn ], with 1 ≤ m, n ≤ N model
the positive and negative routing of the customers. In [6] the
author proves, by verifying the network GBEs, that such a
model has a product-form solution that depends on the solution
of a non-linear system of traffic equations. Moreover, he gives
an iteration scheme for computing the unnormalized stationary
distribution.
In [13] the author proves that G-networks can be studied
using theorem 1 and system (1) is non-linear. In our framework
every G-queue corresponds to an agent Pk , with k = 1, . . . , N
with an infinite number of states. Process Pk is: Sk = N, Ak =
−
−
+
{a+
kl : pkl > 0, 1 ≤ k, l ≤ N } ∪ {akl : pkl > 0, 1 ≤ k, l ≤ N },
+
Pk = {alk : plk > 0, 1 ≤ k, l ≤ N } ∪ {a−
lk : plk > 0, 1 ≤
k, l ≤ N }, and function λk is defined as follows (we write
−
x+
and xa− , respectively):
lk and xlk instead of xa+
lk
lk
 +
+
γk
if γk > 0, a = ε, β = α + 1




−

γ
if γk− > 0, a = ε, β = α − 1

k


+


x+
if p+

lk
lk > 0, a = alk , β = α + 1


+
+


µk pk0 if pk0 > 0, a = ε, β = α − 1
+
λk (a, α, β) = µk p+
if p+
kl
kl > 0, a = akl , β = α − 1 .


−
−
−

µk pkl
if pkl > 0, a = akl , β = α − 1




−
x−
if
p−

lk
lk > 0, a = alk , β = α − 1


−


x+
if p−

lk > 0, a = alk , β = α = 0

 lk
0
otherwise
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Fig. 3.

Example of G-network.
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Fig. 4. Agents of the G-network of Figure 3, where the PEPA symbol ⊤
denotes the unknown rates of passive action types.

Example 2: Let us consider the simple G-network depicted
in Figure 3. For this simple G-network, agents P1 and P2
are shown in Figure 4. Note that, since the structures of the
agents are very regular and the underlying processes are a
birth and death processes with constant rates, we can apply
our algorithm on agents that consist only of states 0 and 1.
Let Pk be an agent modeling a G-queue, and let Sk = {0, 1}
(see Example 2). Then we set πk (0) = 1 and we derive the
following iteration scheme:
PN +(n)
γk+ + l=1 xlk
(n+1)
πk (1)
=
PN −(n) ,
µk + γk− + l=1 xlk
+(n)

−(n)

where xlk
and xlk
are the reversed rate of actions a+
lk
−
and alk at the n-th iteration, respectively:
+(n)

= πl (1)(n) µl p+
lk

−(n)

= πl (1)(n) µl p−
lk .

xlk
xlk

We observe that this iteration scheme is the same given in
[18] to compute the unnormalized stationary distribution of
G-networks.
C. Randomly generated instances
In order to consider more general cases, we have written a
random generator of agents that ensures that their composition
is in product-form by MARCAT. We can control the following
parameters of the generator:
• the number of active and passive action types

label
ε
ε
ε
a
a
a
b
b
b

from
2
3
3
2
3
3
1
2
3

to
3
1
2
3
1
2
2
2
1

λ1 (label, from, to)
3.78295
3.08947
2.74250
0.21705
2.91053
2.25750
xb
xb
xb

TABLE I
R ATES OF PROCESS P1 OF F IGURE 5.

label
ε
ε
ε
ε
ε
ε
ε
ε
b
b
b
b
a
a
a
a

from
1
1
2
2
2
3
3
4
2
2
2
3
1
2
3
4

to
2
4
1
3
4
1
2
1
1
3
4
2
2
2
1
1

λ2 (label, from, to)
8.00000
3.00000
6.15150
8.28395
7.67033
15.0000
9.70455
16.0000
5.64850
0.51605
2.12967
6.99545
xa
xa
xa
xa

TABLE II
R ATES OF PROCESS P2 OF F IGURE 5.

•
•
•

the number of the active action transitions of a given type
and the presence of self-loops
the number of transitions with type ε
the number of states

Using this tool we generated several instances of cooperations,
and then we verified that the computed solutions were correct.
In this way it was possible to study models consisting of
hundred of cooperating agents with a variable number of
states. Since the solution of the GBEs for a single agent is not
the main topic of this research, we focus on problems with
a large number of relatively small agents rather than dealing
with agents having very large state-spaces.
As an example of generated instance, we show the iterations
of the algorithm for the simple cooperation of the agents
depicted in Figure 5, where the processes are drawn isolating
the transitions with label ε, a and b. Label a is active in P1
and passive in P2 and b is active in P2 and passive in P1 .
The transition rates are given in Tables I and II and we have
A1 = {a}, P1 = {b}, A2 = {b} and P2 = {a}. Since the
structural conditions of Theorem 1 are satisfied we can run
Algorithm 1 and we obtain the iterations of Table III. It is
possible to see that the convergence is really fast even if it is
not very significant for this small example.

V. O PTIMIZATIONS
The computation of Algorithm 1 can be improved by taking
into account the reciprocal dependencies of the systems of
GBEs (3). Indeed, the rate transition matrix of any agent is
in general a function of the steady-state solutions of some
other agents. These relations can be modeled in terms of a
dependency graph, i.e., a directed graph D = (V, E), where
V is the set of agents and E is the set of dependencies among
them. Specifically, if Qi depends on π j (i.e. Pi ∩ Aj 6= ∅)
then (i, j) ∈ E. A strongly connected component (SCC) of
D = (V, E) is a maximal subset of vertices C ⊆ V such that
there is a path from each vertex in C to every other vertex in C.
Let C1 and C2 be two SCCs of D, then we say that C1 depends
on C2 if there exists (i, j) ∈ C1 × C2 such that there is a path
in D from i to j. Note that by the maximality of a SCC, we
can either have that C1 depends on C2 or vice versa. Moreover,
the set of SCCs {C1 , . . . , CT } of a dependency graph forms a
partition of its vertex set, and by contracting each SCC to a
single vertex the resulting dependency graph is acyclic. This
implies that we can always order the set {C1 , . . . , CT } of SCCs
of D in a way as to have that for every 1 ≤ i < j ≤ T , Ci
does not depend on Cj . Indeed, it suffices to apply the Tarjan’s
algorithm [19] on D.
Another optimization is related to the computation of the
reversed rate of the active action types. Indeed, we have
observed in Section III that the reversed rate of a transition
from a state to itself labeled with an active action type
(self-loop), is the equal to the forward rate, independently
of the stationary distribution. As a consequence all the selfloops with the same active type must have the same rate or
MARCAT conditions are trivially not satisfied. Moreover, it
is possible to set the correct rate of the passive action types
corresponding with an active action type with at least one selfloop.
These first two optimizations are implemented in Algorithm
2.
Finally, we observe that the algorithm that we propose
can be easily implemented in a parallel version. In fact, the
computation of the stationary probabilities of each process can
be done in parallel at each iteration.
Example 3: As an instance, we consider the cooperation
of 10 agents whose dependency graph is shown in Figure 6.
Recall that, the dependency graph is defined such that every
agent is a vertex and, given a pair of agents Pk and Pl , there is
an edge from Pk to Pl if Pk ∩ Al 6= ∅, i.e., the solution of Pk
requires the reversed rates of Pl . For the example of Figure
6, Algorithm 2 computes the following sets Ci : C1 = {1},
C2 = {7}, C3 = {2}, C4 = {9, 10}, C5 = {3, 4, 5, 6, 8} and
converges to the solution within 7 iterations (needed to solve
the set C5 ).
VI. C ONCLUSIONS
In this paper we present an algorithm to compute the
stationary distributions of product-form models that satisfy
MARCAT with a set of additional structural conditions. In
this framework, we model the interactions between a pair of

Input: agents P1 , . . . , PN ; precision ǫ; maximum number of iterations M
N

Output: unnormalized stationary distribution π of ⊲
⊳ Pk
k=1
L

/* Build and solve the dependency graph
V ← {1, . . . , N }
foreach (i, j) ∈ V × V do
if Pi ∩ Aj 6= ∅ then
E ← E ∪ {(i, j)}
[C1 , . . . , CT ] ← Tarjan(V, E)
/* Solve every SCC identified
for i = 1 . . . T do
/* Look for active actions in self-loop
F ←∅
foreach j, k ∈ Ci do
foreach a ∈ Pj ∩ Ak do
/* Λ is the set of the rates of self-loops of a
Λ ← {λk (a, α, α) : α ∈ Sk } \ {0}
if Λ 6= ∅ then
if max(Λ) − min(Λ) < ǫ then
foreach α, β ∈ Sj : λj (a, α, β) 6= 0 do
/* set the corresponding passive rates
λj (a, α, β) ← mean(Λ)
/* action a is resolved
F ← F ∪ {a}
else
fail: MARCAT product-form does not exists

*/

*/
*/

*/

*/
*/

Randomly initialize π k for all k ∈ Ci
n←0
repeat
foreach k ∈ Ci do
π prev
← πk
k
foreach j, k ∈ Ci do
foreach a ∈ (Pj ∩ Ak ) r F do
/* Λn is the set of the reversed
rates of a
o
\
{0}
:
α,
β
∈
S
Λ ← λk (a, α, β) ππkk (α)
k
(β)
foreach α, β ∈ Sj : λj (a, α, β) 6= 0 do
/* set the rates of the passive actions
λj (a, α, β) ← mean(Λ)
Compute π k for all k ∈ Ci
n←n+1
until n > M or ∀k ∈ Ci . kπ k − π prev
k<ǫ;
k
/* Check if the reversed rates are constant
foreach k ∈ Ci do
foreach a ∈ Ak do
Λ ← {λk (a, α, β) : α, β ∈ Sk } \ {0}
if Λ 6= ∅ and max(Λ) − min(Λ) > ǫ then
fail: MARCAT product-form not identified
return {π k }k∈V
Algorithm 2.

Complete algorithm for the computation of the stationary distribution of product-form interacting processes.

*/

*/

*/

a

ε
1

b

1

2

2

2

1

P1
3

3

3

2

1

2

1

2

1

P2

4

3

4

3

4

3

Fig. 5. Cooperation between two agents, P1 and P2 , with 3 and 4 states, respectively. The cooperation is defined on labels a and b that are active (passive)
and passive (active) with respect to P1 (P2 ).
#
0
1
2
3
4
5
6

π1 (1)
.055787
.266071
.357752
.492525
.494281
.495963
.495981

π1 (2)
.278604
.597774
.505092
.387580
.386123
.384740
.384723

π1 (3)
.875938
.137156
.127156
.119896
.119590
.119297
.119293

∆xa
45.6300
.988026
.502830
.010167
.005012
1.0048E − 4
4.9855E − 5

π2 (1)
.168255
.406056
.550291
.552210
.554051
.554070
.554088

π2 (2)
.485570
.379423
.190975
.188650
.186425
.186402
.186380

π2 (3)
.275246
.067697
.051409
.051014
.050630
.050626
.050622

π2 (4)
.226932
.146824
.207323
.208125
.208894
.208902
.208909

∆xb
15.3907
4.25536
1.93054
.038720
7.69963E − 4
3.79002E − 4
6.56724E − 6

TABLE III
T HE FIRST SIX ITERATIONS OF A LGORITHM 1 FOR THE INPUT OF THE EXAMPLE PRESENTED IN S ECTION IV-C.

P7
P9
P1

P3
P5

P2

P1 0

P8

P4
P6

Fig. 6.

Example of dependency graph of 10 agents in cooperation.

agents using active and passive action types in a PEPA-like
way. The structural conditions required for the application of
our algorithm can be informally summarized as follows:
1) in the cooperation, every passive action has a corresponding active action that governs its rate,
2) if an action a is passive with respect to an agent,
then every state of that agent has exactly one outgoing
transition of type a (possibly in self-loop)
3) if an action a is active with respect to an agent, then
every state of that agent has an incoming transition of
type a (possibly in self-loop)
Actually, if the latter two conditions are not satisfied, MARCAT may be nevertheless be applied if some conditions on

the rates of the joint process are satisfied. In particular, in the
general case, one should check for each state belonging to
the ergodic sub-chain of the joint process a condition on the
balance of the forward and the reversed process. Although this
can be done efficiently in some cases (e.g. when the structures
of the agents and of the joint process are very regular), in the
general case this can have a high computational cost.
In our opinion, the main strengths of the proposed algorithm
can be summarized as follows:
•

•

•

it is easy to implement because the data structures that are
needed are simple matrices. Moreover, the iterations are
mainly based on the solution of a set of linear systems,
i.e., no symbolic computation is required at all;
the solution of the traffic equations are computed using
the stationary distributions and the properties of the
reversed Markov processes, instead of deriving a nonlinear system from the analysis of the structures of the
processes (e.g., using Kolmogorov’s criteria);
experimental evidence has shown a really fast convergence and a good numerical stability. For example, in
one of our tests we have combined 10 processes with
around 100 states for process, and around 15 cooperating
action types, obtaining a solution in less than 10 iterations
(for a computation time within a second, in a Pentium
III personal computer). For this instance, the analysis of
the joint process, would have been computationally very

expensive.
Of course, the drawback of this work is that we have not
proved the convergence for general processes yet, although
convergence is known for Jackson queueing networks and Gnetworks. From this point of view, as far as we know, there
are no algorithms that can solve the non-linear MARCAT
traffic equations in the general case and have been proved
to converge. Anyway, we stressed our algorithm with several
randomly generated tests and we have always obtained the
correct solution.
Future works have two directions. First, some research efforts should be devoted to the definition of sufficient conditions
for the convergence. Second, the algorithm may be extended
in order to be able to study more complicated synchronization
problems like those described in [13], [17].
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