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1 Orders: main definitions and notation
Let D be a poset and X C D. Then
Xl={z:(FxeX)z<z}; X1={z:FreX)z>z}

A set X is an upper set (lower set, respectively) if X = X1 (X = X|). In particular, | = 0.
We define:

X1 =Mpexal ={z: (Ve € X) 2> 12}; X|"=Npexal ={z: (Vo € X) z <z},

In particular, @Tv = L.
A set X C D is upward-directed (downward-directed) if a,b € X = (3c) ¢ > (<) a,b.
An ideal (filter) of a poset D is an upward-directed lower subset of D (a downward-directed
upper subset of D). An ideal [ is principal if there exists x € D such that / = x|. If X is an
upward-directed subset of D then X | is an ideal.
1.1 Prime and co-prime elements
An element p of a poset D is:
1. irreducible if pT — {p} is a possibly empty filter.
2. prime if D — p] is a filter.
3. co-prime if it is a prime element of D°P (i.e., D — p7 is an ideal in the poset D).
If D is a meet semilattice, then
1. pisirreducible iff p=ab = p=aorp=2".
2. pisprimeiffab<p = a<porb<p.

3. Prime implies irreducible (if p = ab then, without loss of generality, we may assume that
a < p. Then from p = ab < a < p it follows that p = a).

If D is a lattice, then

1. pisco-primeiffp <a+b= p<aorp<b.



A meet semilattice is distributive if ab < p implies the existence of ¢, d such that a < ¢,
b<dandp = cd.
If D is a distributive meet semilattice, then

1. Prime = irreducible (Let p be irreducible. We show that p is prime. Let ab < p. Then by
hypothesis there are a < ¢, b < d such that p = cd. Then, p = cor p = d and we get the
conclusion).

A lattice is distributive as a meet semilattice iff it satisfies the usual distributivity law: a +
(be) = (a+ b)(a + ¢) (We have that a + (bc) < (a + b)(a + ¢) holds in every lattice. Consider
p = a+ (bc). Then be < p. By hypothesis there are b’ > b and ¢’ > ¢ such that p = b'¢’. Then
a+b<a+lVanda+c<a+c.Buta<a+(bc)=p<¥,sothata+?b = b". In conclusion
(a+bd)at+c)<(a+V)(a+)=bc =p=a-+ (b))

1.2 Directed complete posets

Definition 1.1 A poset D is called directed complete (dcpo, for short) if every upward directed
subset X of D has a least upper bound (lub) denoted by sup X. A dcpo with least element
(written 1) is called a cpo.

Example 1 (Power Set): The power set of a set A partially ordered by inclusion.

(Partial Functions): The set of partial functions from A to B (denoted by [A —, B]) is a cpo
according to the following partial ordering. For every partial map h : A —, B, let graph(h) =
{(z,h(x)) : x € dom(h)}. Then f < g iff graph(f) C graph(g). The least element is the
empty function. Every partial function is the lub of its finite approximants: f = sup {g < f :
dom(g) finite}. The total functions are the maximal elements.

(Natural Numbers): The set N of natural numbers with the usual ordering is not a cpo. The set
N U {oo} withn < oo forall n € N is a cpo.

Ideal Completion: There is a standard way to get dcpos from partial orderings.

Proposition 2 The poset (Ide(D), Q) of ideals of a poset D is a dcpo, where the lub of a directed
set U of ideals is the union of all ideals in U. The map x € D — x| € Ide(D) embeds D into
Ide(D).

Example 3 Ler Sby(IN) be the poset of the finite subsets of the set N of natural numbers. The
ideal completion of Sby(N) is isomorphic to the power set Sb(N). The ideal {0, {0}, {2}, {4}, ..
represents the set of even natural numbers.

Example 4 (Trees): The set F of finite trees w.r.t. an algebraic similarity type is defined as
follows:

o | cF;
e IfPy,...,P. € Fand f is a function symbol of arity r then f(Py,...,P,) € F.
Consider on F the least compatible partial order including
1 <P, forallPe€F.
For example, f(L,g(L1)) < f(4,g(h(L))). The ideal completion of F defines a cpo of possibly

., {0,2),{0,4},. ..

infinite trees. The ideal { L, f L, f(fL), f(f(fL)),...}isequaltothetree f(f(f(....f(....)..))).



1.3 Algebraic dcpo

What is a finite element in a poset? How is it possible to characterize the properties of finite
elements (for example, finite sets, finite functions and finite Bohm trees) in a poset? An element
d of a poset D is finite (or compact) if, for every directed set X such that sup X exists, we have

d<supX = d<e, forsomee € X.

The set of all compact elements of a poset D will be denoted by C(D).

Intuition: a complete data z can be obtained as union z = sup X of all the compatible pieces
e € X. If a compact element d is contained within the complete data sup X, then there exists an
piece e € X of sup X containing d.

Definition 1.2 A poset D is algebraic if for all x € D the set {d € C(D) : d < z} is directed
and has lub .

The set of the Bohm trees, the set of the partial functions from A to B, the set of all subsets
of a set A are examples of algebraic cpos.

Theorem 5 Every algebraic dcpo is isomorphic to the ideal completion of the poset of its com-
pact elements. Vice versa, if D is a poset, then D is the set of all compact elements of its ideal
completion Ide(D).

Example 6 : The ideal completion of the set N of natural numbers is isomorphic to N U {oo}
withn < oo foralln € N. N is the set of compact elements of N U {oo}.

1.4 Continuous posets

The real line with the Scott topology does not admit compact elements, so that it is not an
algebraic dcpo. However, every real a is the lub of the reals less than a.

Let L be a poset. We say that x is way below y, in symbols x < v, if, for all directed subsets
D C L for which sup D exists,

y<supD = z<d, forsomedecD.

Then z is compact iff z < z.

Intuitive meaning: = < y if = is an important (possibly infinite) piece of y such that, when-
ever y is less than an infinite data sup D, then sup D is constructed by means a suitable d > z.
In other words, the building blocks of sup D must contain x.

In the real line z < y iff x < y.

The way below relation satisfies the following conditions:

Proposition 7 L. zgy = <y
2. x <K y iff x belongs to every ideal I such that y < sup I.
Jr<yz<u = <L u.
4. x < zand y K z implies x V y < z whenever x V y exists.
5

. L < x whenever there exists a smallest element.



Definition 1.3 A poset is continuous if x|} = {d : d < «} is directed (and then an ideal) and
x = sup x|.

As a matter of terminology,
e Continuous lattice stands for complete lattice that is continuous;
e Continuous Scott domain stands for continuous dcpo having meets of non-empty subsets

(= joins of upper bound subsets).

Example 8 The extended real line [—oo, +00] is a continuous lattice.

A continuous Scott domain becomes a continuous lattice by adding a top element T (in such
acase, | < T, because every directed set having T as a lub must contain T; otherwise without
top we would not have a dcpo). If we remove the top element from a continuous lattice we get
a continuous Scott domain only if T < T. Consider, for example the extended line [—o0, +00)
without the top.

Proposition 9 Let L be a continuous poset.

1. Ifx < yandy < sup D for a directed D, then x < d for a suitable d € D.

orky = (FI:)rkzky.

Proof. (1) The set I = Ugepd} is an ideal such that sup I = sup D. Then by Prop. 7(2) = € I.
(2) By (1) applied to the directed set y{,. m

Proposition 10 Let L be a poset. Then the following conditions are equivalent:

1. L is continuous;
2. Foreach x € L, the set x|} is non-empty and it is the smallest ideal I satisfying x < sup I;

3. For each x € L, there exists a smallest nonempty ideal I satisfying x < sup I.

Proposition 11 Let L be a dcpo. Then the three conditions of Prop. 10 are equivalent to:
4. The sup map from 1dL into L, defined by I — sup I, has a lower adjoint.

All these equivalent conditions imply that
5. The sup map preserves all existing infs.

and, if L is bounded complete or a complete lattice, all the five conditions are equivalent.

Example 12 (Topology) If U and V are open sets then U < V if every open cover of V has a
finite subcover of U (this does not mean that U is compact in the subspace V with the induced
topology). A space is called core-compact if the open sets constitute a continuous lattice.

A space is locally compact if every element has a neighborhood basis of compact (not neces-
sarily open) sets. In a locally compact space U <V iff there exists a compact set () of the space
such that U C @Q C V (Consider for every x € V' a compact Q,, C V. Then the family of open
sets constituted by the interior of Q.. (x € V) is an open cover of V admitting a finite subcover
of U.) Locally compact spaces are core-compact.

For sober spaces and Hausdorff spaces we have core-compact = locally compact. Moreover,
a space is core-compact iff its sobrification is locally compact.



Example 13 (The real plane) The plane is a continuous poset under its coordinatewise order,
withe <L yiff v1 < y1 and xo < yo.

Example 14 (The interval domain) The closed intervals of the extended Euclidean line form a
continuous lattice under the reverse-inclusion order, with x < y iff the interior of the interval
x contains the interval y. If the empty interval (the top element) is removed, a continuous Scott
domain is obtained.

Example 15 (Algebraic dcpo) Every algebraic dcpo A is continuous satisfying: x < y iff there
exists a compact d < y such that x < d. Since y = sup {d : d < y,d € C(A)}, then it follows
that x < d for a suitable compact d.

2 Topology: main definitions and notation

Let X be a topological space. We denote the open sets of X by O(X). A closed set is the
complement of an open set, while a clopen set is a set which is both open and closed. The clopen
subsets of a space constitutes a Boolean set algebra.

Example 16 Let Z be the set of all integers. We provide a topological proof that there exist
infinite prime numbers. For b > 0and 0 < a < b let

Nop={x€Z:2=0a(modb)}.
The family of sets N p (0 < a < b) is closed under complementation and finite intersection:
Na,b N Na,c = NVa,lem(b,c) Z — Na7b = U0§i¢a<bNi7b-

Then it generates a Ty-topology on Z with a base of clopen sets (= zero-dimensional) such
that any non-empty open set is infinite. Except for —1, +1 and 0, all integers have prime factors.
Therefore each is contained in one or more Ny p, where p is prime. We thus arrive at the following
identity, where P is the set of prime numbers:

Z - {_1,+1} == UPGPNO,Z)'

If the set P were finite, then the right hand side would be closed as the union of a finite number
of closed sets. Then the set {—1,+1} would then be open as a complement of a closed set. This
would contradict that every open set is infinite.

2.1 Base of a topology

A family B of open sets is a base (subbase) if every other open set is union of elements of B (is
union of finite intersections of sets in [3).

A family B of subsets of a set X is a base for a topology on X if it satisfies the following
two conditions: (1) For every z € X, there is B € B such that x € B; (2) If A, B € B and
x € AN B, thenthereis C € Bsuchthatx € C C AN B.

2.2 Interior

The interior int(A) of a set A is the largest open subset of A.



2.3 Neighborhoods

A neighborhood of a point z is any set U such that « € int(U). The family of neighborhoods of
a point z constitutes a filter of sets.

2.4 Closure of a set, adherent points, accumulation points

The closure A€ of a subset A of X is the intersection of all closed sets containing A. The closure
of a singleton set {2} will be denoted by z°.

The closure of A is the set of all points adherent to A, where a point a € X is adherent to A
if we have U N A # () for every neighborhood U of a.

We distinguish two kinds of points adherent to A: the accumulation points, i.e., all the points
a such that (U N A) — {a} # 0 for every neighborhood U of « (these include all the points in
A€ — A), and the points of A which are isolated in the subspace A (isolated point = the singleton
of a is open in A).

The closure of A is the union of A and its accumulation points.

The notion of closure can be characterized in terms of convergence of nets (see below).

2.5 Boundary

The boundary (or frontier) A® of A is A° — int(A). The boundary is a closed set because
AP = A° N (X — A)°. The closure of A is the union of int(A) and A®.

Example 17 Let A = {(x,y) : 2°+y? < 1}U{(2,0)} in the plane with the Euclidean topology.
Then A° = {(z,y) : 22 +y?> <1} U {(2,0)}, A% = {(z,y) : 22 +y? = 1} U {(2,0)}, while
the set of accumulation points is equal to {(x,y) : x> + y> < 1}.

2.6 Dense in itself set

Aset A C X is called dense in itself if the subspace A does not contain isolated points. A closed
set A is dense in itself iff it agrees with the set of its accumulation points.

2.7 Dense and nowhere dense sets

A set A is dense in a space X if A = X, while it is nowhere dense in X if int(A) = 0. The set
of (ir)rational numbers is both dense and nowhere dense in the set of real numbers.

An open set A is dense iff X — A is nowhere dense.

A set is meager in X if it is the union of a countable collection of nowhere dense subsets of
X. Any set of real numbers is meager (A = (A N Rational) U (A N Irrational)).

2.8 Separable, first countable, second countable, Baire spaces
A space is

1. separable if it has a countable dense subset.

2. second countable if it has a countable basis.

3. first countable if every point has a countable local basis.



4. a Baire space if any countable intersection of dense open sets is dense.

Example 18 Ler X be an uncountable set with the topology consisting of the empty set and the
cofinite sets. Then every countable set of X is dense.

Example 19 The Euclidean line is separable (because of the rational numbers) and first count-
able (the family of intervals [x — 1/n,x + 1/n] (n € N) constitutes a base of neighborhoods of
the real number x).

Example 20 The Scott topology over the powerset of N is second countable.

2.9 Specialization preorder

The specialization preorder <x on a space X is defined by one of the following equivalent
conditions:

1. WUeOX))zeU=yeU,
2. x €y

The open sets are upward closed w.r.t. <x, while the closed sets are downward closed.

The inequality graph of the poset (X, <x) has the points of X as nodes, while an arc con-
nectes two points a and b if eithera <x borb <x a.

Notation: 2}y = {y : x € int(y1)}; and z <x y if y € int(x7).

3 Nets

A net is a map from a (upward) directed set I into a topological space X. A net will be denoted
by xTy.

Example 21 Let X be a space. The filter N, of neighborhoods of a point y € X (and, more
generally, every filter on X ) is an upward directed set w.r.t. the partial ordering 2.

Let x; be a net.
() z>; = {x; : j > i} is the i-tail.
(i) J CTiscofinalif JN{k > i} # (foralli € I. A cofinal J is directed.
(iii) O C X is xr-eventual if a tail of the net is in O. The set of all such Os is a filter.

(iv) O C X is zr-cofinal if O Nx>; # @ foralli € I.

Definition 3.1 e A net xy converges toy € X (denoted by x; — y), if every neighborhood
of y is xr-eventual.

e A net xy clusters to y € X if every neighborhood of y is x1-cofinal.

The convergence of nets generalizes the convergence of sequences in metric spaces.



Example 22 Consider the real line with the Euclidean topology. The net
-1,1/2,-1,1/4,-1,1/8, ...

has two cluster points: —1 and 0. The subnet —1,—1,... converges to —1, while the subnet
1/2,1/4,... converges to 0.

Example 23 Let ro,71,...,7y ... be a net which is an enumeration of the rational numbers.
Then every real number is a cluster point of this net.

Definition 3.2 Let X be a set and L be a class of pairs (x1,y) consisting of a net xy and an
element y of X. Then the family of sets

OL)={UCX:yeU = U isxr-eventual for all (x1,y) € L}

is a topology on X. It is the strongest topology T making the net x| T-converging to y for all
(x1,y) € L.

We write x; C Aifz; € Aforalli € I and —,;, for the set of all points x such that z; — z.
The topology on X is completely characterized by the convergence of nets.

Proposition 24 Let X be a space.
1. The set —, is a lower set (w.r.t. the specialization preorder of X).

2. If the space X satisfies the separation axiom Ts (see below), then a net converges at most
to one point.

3. y € A€ iff there exists a net x; C A such that xj — y.
4. A C X is closed iff it contains all convergence (cluster) points of nets contained within A.

Proof. (1) If U is a neighborhood of z, then U is also a neighborhood of y.

(3 =) The filter V,, of neighborhoods of a point y is a directed set w.r.t. the partial ordering
2. Define the net ny, as follows: ny is a point belonging to U N A. The above net converges to
y. Let V be an open neighborhood of y. Then the tail n>y is contained within V.

4 By(3). m

Example 25 Consider the finite complement topology over the set of natural numbers (see Ex-
ample 33). This topology is T but not Ts. The net

0,1,2,...,n,...
converges to all the points of the space.

A net yy is a subnet of a net x; if there is a function f : I — J such that (a) y; = xy, for
every i € I; (b) for every tail x>, there is a tail y>; such that f(y>;) C x>;. If the net =
converges to z, then the subnet y; also converges to z. If I is a cofinal subset of J, then the net
yr, defined by 1; = x; for all ¢ € I, is a subnet of z ;.

Proposition 26 Let X be a space.



1. A net clusters to x iff v € (>;)€ for every i € I.
2. If a net x clusters to y then there exists a subnet of x that converges to y.

Proof. (2) The filter \V,, of neighborhoods of y is a directed set w.r.t. the partial ordering D.
Consider the directed poset D = {(U,i) € Ny x I : x; € U}. Define the net zp as follows:
Ty, = ;. Consider the range B of the map f : D — I defined by f(U,i) = 4. Then the
subnet xp of 7 convergesto y. m

3.1 Convergence of filters

Let X be a space. A filter 7 on X converges to z € X if every neighborhood of x is in the filter.

Proposition 27
(i) If x is a net, then the family F of all subsets A of X such that A is x1-eventual is a filter.

(ii) If F is a filter, then I = {(y, B) : y € B € F} is directed and x;(y, B) = y defines a net x
such that F is the filter of all A such that A is x1-eventual.

A convergence space C is set of pairs (F, ) consisting of a filter 7 on X and an element z of
X. The following two axioms must be satisfied: ({z}1, ) for the principal ultrafilter generated
by {z}; (F,z) and F C G imply (G, z). The topology generated by a convergence space C is
defined by (To prove that it is a topology we do not use the properties of convergence spaces):

oC)={UCX:(F,x)eC,zeU = UecF}

See Stadler: Basic Properties of Filter Convergence Spaces, J Chem Inf Comput Sci, 2002.

4 Separation

Separation axioms in topology stipulate the degree to which distinct points may be separated
by open sets or by closed neighborhoods of open sets, while connectedness axioms in topology
examine the structure of a topological space in an orthogonal way with respect to separation
axioms. They deny the existence of certain subsets of a topological space with properties of
separation.

4.1 T,-spaces

A space X is T if, for all z,y € X, there is an open U such that U N {x, y} is a singleton set .

Theorem 28 The following conditions are equivalent for a space X :
o X is To.

o The specialization preorder of X is a partial ordering.

Proposition 29 1. Every countable based Ty-space X can be embedded in the space P(N)
of all subsets of natural numbers equipped with the Scott topology.



2. Every continuous map | : X — Y between subspaces X and'Y of P(N) admits a Scott
continuous extension F : P(N) — P(N).

Proof. (1) If (U,, : n € N) is an enumeration of the basis of X then the map x € X — {n :
x € U, } is an embedding.

(2) Define Fz = J{({f(2) : z € X Nyl}:y Cn x}, where y Cy = means that y is a
finite subset of z. m

Example 30 The Scott topology is Ty but not T.

4.2 T;-spaces

A space X is T; if, for all z,y € X, there exist open sets U and V such that U N {z,y} = {x}
and V N {x,y} = {y}.

Theorem 31 The following conditions are equivalent for a space X :
o X is Tl.
e Forevery x € X, the intersection of all neighborhood of x is the singleton set {x}.

o Every point x of X is closed.

The specialization preorder of X agrees with the equality relation.

If X is T7 and z is an accumulation point of A, then U N A is infinite for every neighborhood of
x. The set of accumulation points of A is closed.

Example 32 Let T be a recursively enumerable lambda theory. The Visser topology over AJT
is T but not Ts.

Example 33 Let X be a countable set. We define a subset A of X to be open if X — A is finite.
This topology, called the finite complement topology, is T4 but not T5.

43 T,

A space X is Ty or Hausdor(f if, for all z,y € X, there exist open sets U and V such thatz € U,
yeVandUNV =0.

Theorem 34 The following conditions are equivalent for a space X :
o X isTs.
e Forevery x € X, the intersection of all closed neighborhood of x is the singleton set {x}.
o The diagonal A = {(z,z) : © € X} is a closed subset of X x X.

e FEvery point x € X has a closed neighborhood, which is Ts w.r.t. the induced topology.

Example 35 (/3, Example 75]) The irrational slope topology is T5 but not T, ,,.

10



44 T, ,

A space X is T3, ,, (or completely Hausdorff) if for all distinct a,b € X there exist open sets U
and V witha € U, b€ Vand U NV = 0.

The previous axioms of separation can be relativized to pairs of elements. For example, a
and b are T21/2-separable, if there exist open sets U and V witha € U,b € Vand U NV = ().
Ts-, T} -, Ty-separability for pairs of elements are similarly defined.

Example 36 ([3, Example 78]) The half-disc topology is Ty, ,, but not Ts. Let P = {(z,y) :
x,y € Ry > 0} be the upper half-plane and let L = {(x,0) : x € R} be the real axis. We
generate a topology on P U L by defining a basis of neighborhoods: a basis element for an
element p € P is an open disc contained in P, while a basis element for an element a € L
consists of an open half-disc centered at a together with a itself. For example, Z = {(z,y) :
(x —a)®> +y? < e,y > 0} U{(a,0)} is a basis element for (a,0). The closure of Z is the set
Z¢ ={(x,y) : (x — a)®> + y*> < €,y > 0}. It is now easy to show that the half-disc topology
is T, ,,. The half-disc topology is not T3: (PUL)— Zis aclosed set. Every neighborhood of
(P U L) — Z intersects every neighborhood of (a, 0).

45 T,
A space X is regular (or T3) if it is T and it holds one of the following equivalent conditions:

e For every closed set A and for every ¢ A, there exists disjoint open sets U and V' such
that ACUandx € V.

e The closed neighborhoods of a point constitute a fundamental system of neighborhoods.
Example 37 Let R be the set of real numbers. The topology generated by the open intervals
(a,b) and the sets (a,b) N Q, where Q is the set of rational numbers, is Ty but not Ts. The set Q

is open, while the set F = {mw/n : n > 1} of irrational numbers is closed. The point 0 and the
closed set F' cannot be separated.

46 T,

A space X is normal (or T}) if itis T3 and it holds the following condition: For all disjoint closed
sets A and B, there are disjoint open sets U and V suchthat A C U, B C V.

Example 38 The Euclidean line is Tj.

4.7 Totally separated space

A space is totally separated if arbitrary distinct points are separated by a clopen set.

5 Connected spaces

The notion of a connected space is orthogonal to that of totally separated space.

11



5.1 Connected spaces vs totally separated spaces

A space is connected if there are not distinct points separated by a clopen set (in other words, if
there are no nontrivial clopen sets).

Theorem 39 The following conditions are equivalent for a space X :
1. X is connected.
2. X is not the union of two nonempty disjoint open sets.
3. X is not the union of two nonempty disjoint closed sets.
4. If X = AU B with A, B # (), then (AN B°) U (A°N B) # (.

Proof. (4 = 1) Obvious.

(1 = 4) Assume that there exists nonempty sets A and B such that X = AUB, (ANB°) =0
and (A° N B) = (. We now show that A° and B¢ are disjoint. If z is adherent to both A and B,
then by X = A U B we have that, for example, x € A. Then = belongs to the open set X — B¢,
so that it is not adherent to B. In conclusion, X = A¢ U B¢ and A¢ N B¢ = (). This contradicts
the hypothesis of connectedness. m

A subset Y of X is connected if Y is connected as a subspace of X.

Proposition 40 The following properties hold:
1. The closure of a point is connected.

2. If A is a non-trivial clopen of a space X, then either Y C AorY C X — A, for every
connected subset Y of X.

3. The union of arbitrary connected subsets, having pairwise nonempty intersection, is con-
nected.

4. IfY is connected, then the closure Y ° of Y is also connected.

Proof. (1) If there are two open sets A and B such that z¢ = (AN 2°) U (B N z°) and
(AN z¢) N (B Nz = 0, then, without loss of generality, we may assume that z € (A N x°).
Then, every point y € (B Nx¢) cannot be in the closure of x, so that BN x¢ = (). Contradiction.

(2) Trivial.

(B)LetY = U1 Y;. If Y = AU B with A, B open and disjoint, then by (2) we get Y; C A
for every ¢ or Y; C B for every 7. Contradiction.

(4)LetY® = AU B, where A and B are open in the subspace Y with AN B = (). Since Y’
is connected, then we must have that either A or B is contained within Y ¢ — Y. This contradicts
the property for Y to be the closure of Y. m

5.2 Components

o The connected component of x € X is the greatest connected subset containing z. The
connected component of x contains the closure of . The connected component of z is
closed. Connected components constitute a partition of X. If there is a unique connected
component then the space is connected.

12



e Each clopen set contains the connected components of all of its points. The quasicom-
ponent of x € X is the intersection of all clopen sets containing x. Quasicomponents
constitute a partition of X. If there is a unique quasicomponent then the space is con-
nected.

e A path (arc) is a (one-to-one) continuous function from the unit interval into X. Two
points are path (arc) connected if there is a path (arc) f such that f(0) = a and f(1) = b.
A space is path (arc) connected if two arbitrary points are path (arc) connected. A path
(arc) component is a maximal subset with respect to path (arc) connectedness.

We have:

Arc component C Path component C Connected component C Quasicomponent.

Example 41 (/3, Example 12.pointi13]) Let X be a set and p € X be a point. The particular
point topology on X is constituted by all the sets containing the particular point p. This topology
is path connected (if ¢ # p then f(1) = qand f([0,1)) = pis a path), but it is not arc connected
(the inverse image of the open set {p} w.r.t. a one-to-one continuous map would be one point,
which is not open in the interval [0, 1]).

Example 42 (/3, Example 115, 118])

5.3 Totally disconnected spaces

A space is totally disconnected if every connected subset consists of a single point. Totally
disconnected spaces are 77. Totally separated spaces are totally disconnected.

Example 43 Example of totally disconnected space which is not totally separated.

5.4 Connected spaces vs 7;

We introduce strong properties of connectedness orthogonal to the properties of T;-separability.

Definition 5.1 We have the following definitions:

(vs I3, ,,) A space is co-connected if it has no Ty, ,-separable elements. In other words, if, for all
nonempty open sets U and V, we have that VS N U # ().

(vs T») A space is hyperconnected if it has no Ts-separable elements. In other words, if, for all
nonempty open sets U and V, we have that V N U # 0 (equivalently, X is hyperconnected
if the closure of every open set is the entire space).

e A space is ultraconnected if; for all nonempty closed sets U and V, we have that VU # ()
(equivalently, X is ultraconnected if the closures of distinct points always intersect).

Then we have the following implications:
hyperconnectedness = co-connectedness = connectedness
and

ultraconnectedness = co-connectedness = connectedness.
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and
ultraconnectedness = path connectedness = connectedness.

Then co-connectedness is a sort of meeting point between ultraconnectedness and hyperconnect-

edness.

Proposition 44 1. Ultraconnected spaces are path connected, while they need not be arc
connected.

2. Hyperconnected spaces need not be path connected.

Proof. (1) Let X be an ultraconnected space. If a,b € X and y € {a}° N {b}° then the
function f which maps each point of [0, 1/2) to a, each point of (1/2,1] to b and f(1/2) = y is
continuous. [3, Example 13] is a counterexample to the arc connectedness.

(2) See [3, Example 18]. =

Proposition 45 Let X be a hyperconnected space.
mnt(A) # 0 iff Ais dense (i.e., A° = X).
int(A) = 0 iffint(A¢) = 0. If A # X is closed, then int(A¢) = .

~

Every continuous function from X into a Ts-space is constant.

Dense sets constitute a topology, which is a filter on X.

LR b

There is at most one singleton which is open. If a singleton {a} is open, then the dense
sets constitute a pointed topology (the nonempty open sets are the sets containing a,).

Example 46 Ler X denote N, the set of natural numbers, endowed with the topology generated
by taking basic neighborhoods of each n € N the set {0,1,...,n}. The space X is Ty and
hyperconnected. The closure of a point n is the interval [n,c0). Then the space X is also
ultraconnected.

Example 47 ([3, Example 12(point10)]) Let X be a set and p € X be a point. The particular
point topology on X is constituted by all the sets containing the particular point p. This topol-
ogy is hyperconnected. But, if X contains at least two points a and b distinct from p, it is not
ultraconnected since {a} and {b} are disjoint closed sets.

The following example provides a wide class of topological spaces whose topology is co-
connected.

Example 48 (Co-connected spaces) Let X be a Ty space, whose specialization order <x sat-
isfies the following property: every pair of nodes of the inequality graph of (X, <x) is joined
by a path of length less or equal to 3 (In particular, if X admits a bottom (top) element or if
<x is an upward (downward) direct set. Complete partial orderings with the Scott topology are
co-connected). We now show that the space X is co-connected. Assume, by the way of contra-
diction, that there exist elements a,b € X and open sets U and V' such that a € U, b € V and
VenU® = (0. Then a and b are incomparable w.r.t. the specialization ordering, otherwise either
a € Vorb e U. By hypothesis a and b are joined by a path of length less or equal to 3. We have
four possibilities.
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1. (3c)a < c¢>b. Inthiscasece UNV.

2. (3¢) a > c < b. Then we have ¢ € a° C U and ¢ € b* C V°.
3 (Fe,dya<ec>d<b ThendecC U andd € b C Ve
4. (E|c7d)a>c<d>b.Thenceagvcandceacch.

All these possibilities contradict our assumption.

We cannot improve the above result. The following counter-example provides a space, whose
topology is not co-connected, and such that every pair of nodes of the inequality graph as-
sociated with the specialization order is joined by a path of length less or equal to 4. Let
X = {a,b,c,d, e} be a set partially ordered as follows: a > b < ¢ > d < e. Then X is a
topological space w.r.t. the Alexandroff topology (see below Section ??). X is not co-connected,
since al] = {a,b} and el | = {d, e} are disjoint closures of the open sets a] and e1.

Example 49 Complete partial orderings (without top element) with Scott topology provide ex-
amples of co-connected, but not hyperconnected, spaces.

Example 50 Let X = {0, 1,2} be partially ordered as follows: 0 < 2 and 1 < 2. Then X with
the Alexandroff topology is an example of co-connected, but not ultra-connected, space.

6 Compact spaces

A space X is compact if it holds one of the following equivalent conditions:
e Every open cover of X contains a finite subcover;

e Every family of closed sets, whose intersection is empty, contains a finite family, whose
intersection is empty;

e Every family of closed sets with the finite intersection property has a non-empty intersec-
tion.

Theorem 51 The following properties hold:
(i) Every closed subset of a compact space X is compact.

(ii) If A is a compact subset of a Hausdor{f space and x ¢ A, then there are disjoint neigh-
borhoods of x and of A. Then every compact subset of a Hausdorlf space is closed.

(iii) Every compact and Hausdorff space is T5.
(iv) Every compact and Hausdorff space is T}.
(v) A C X is compact iff every net in A has a cluster point.
(vi) In a compact space every infinite set has at least an accumulation point.

(vii) The product of compact spaces is compact.
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Proof. (i) Let B be closed. Then every cover U = {U; : i € I} of B becomes a cover of the
space X if we add the open set X — B.

(ii) For every a € A, there are an open neighborhood U, of a and an open neighborhood V,
of x such that U, N'V, = (). Then the family (U, : a € A) is a cover of A. Then there exists
a finite subcover Uy, ,...,U,,. The open set U,, U---UU,, and V,, N--- NV, are disjoint
neighborhoods of A and of .

(iii) By (ii) and by (i) we have that closed = compact. Then the conclusion follows from the
first part of (ii).

(iv) By (iii) and by a reasoning similar to that of point (ii).

(v <) If A is not compact, consider a cover U = {U; : i € I} of A without finite subcovers.
Consider the set D = {U;, U---U U, : U;; € U}. D is directed w.rt. C. Let (x)p be a net in
A such that 24 ¢ d for every d € D. Then (x)p has no cluster points. In fact, if y € A is cluster,
then we consider d € D suchthaty € d = U;, U---UUj;,.. Theny € U;; for some 1 < j < k.
Then the neighborhood U;; of 3 does not contain the tail [z]>4. Contradiction.

(v =) If A is compact and (x); is a net in A without clusters, then, for every y € A,
we consider an open neighborhood U, of y that has empty intersection with some tail. Then
U ={U, :y € A} is acoverdi A. Then there exists a finite subcover U’ = {Uy,,..., Uy, }.
Let [x]>;, be the tail with empty intersection with U,, for 1 < r < k. Since I is directed, then
there exists an upper bound j of the set {i1,. .., 4, }. Then the element z; € A of the net is not
in the finite cover U’. Contradiction.

(vi) Let A be an infinite set. If A has no accumulation points, then A€ has no accumulation
points. This means that the topology induced over A¢ is discrete. Then A cannot be compact
because it is infinite. ®

6.1 Locally compact spaces

A space is locally compact if there exists a basis of compact sets. Alternatively, for every x and
every open U containing z, there exists a compact neighborhood ) of = such that Q C U.

Example 52 A set X with the discrete topology is locally compact, but it is not compact if X is
infinite.

Example 53 The real line is locally compact but it is not compact.

Example 54 The rational line is not locally compact because the rational intervals are not com-
pact. For example, we consider the interval (0,1), an enumeration r; of rational numbers in the
interval, and a sequence of real numbers €; such that ;>0 €; < 1/4. Then, for every rational
number r; € (0, 1) we define the interval (r; — €;,7; + €;). This is a cover of (0, 1) which does
not admit a finite subcover.

Proposition 55 For Hausdorf{f spaces, locally compactness is equivalent to the following condi-
tion: every point has at least one compact neighborhood.

Proof. Let () be a compact neighborhood of . We have to show that, for every open U
containing z, there exists a compact neighborhood @’ of z such that Q' C U. The intersection of
a compact and a closed set is compact. Then Q) N U¢ is compact. For every elementy € U¢ — U
we find two open sets V;, and W, such thaty € V,,, x € W, and V,, NW,, = 0. Then we consider
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a cover of the compact set N U° made by the open set U U (Uyerre—yr V). Then there exists a
finite subcover made by U and V..., V, . Itfollows that U¢ — U C V,, U---UV,, . Finally,
theset QNUN (=Vy,) N---N(=V,, ) is compact, is a neighborhood of z, and it is contained
within U. m

7 Topologies on posets

Let D be a poset. How many T} topologies 7 on D satisfy the condition that the specialization
order <. agrees with the original order <p on D?

Definition 7.1 Let D be a poset.

1. (Alexandroff topology ap) The Alexandroff topology has all upper sets as open sets. An
arbitrary intersection of Alexandroff open sets is Alexandroff open. It implies that, for all
a, there exists a smallest open set a] including a. A function is Alexandroff continuous iff
it is monotone.

2. (Upper topology up) The upper topology up is the smallest topology for which all sets of
the form x| are closed, i.e., the topology based by sets of the form D — (x| U---Ux,]).

3. (Lower topology wp = upop)

4. (Scott topology o p) See below.
Proposition 56 Let D be a poset and T be a topology on D. Then T is Ty with specialization
order <p iffup C 7 C ap. Thenup C op C ap.

Proof. (=) If 7 induces <p, then all 7-open sets are upper and all 7-closed sets are lower
(w.r.t. <). Then 7 C ap. We now show that x| is 7-closed, so that up C 7. If y £ x, then by
the hypothesis Tj there exists a 7-open set O containing y but not x. O is upper and it does not
contain x. Then O N x| is empty.

(<) We have to show that <p=<,. From 7 C «ap it follows that x <p y implies z <, y.
The set {z : © <p y} is 7-closed by up C 7. Then by <pC<, we have that {x : z <p y} C
{z : <, y}. But this last set is the closure of {y} w.r.t. 7. Then the 7-closed {z : © <p y}
must agree with {z : @ <; y}. 7 is Ty because <p is a partial ordering. m

The one-sided non-Hausdorff topologies can be combined as follows:
Definition 7.2 Let D be a poset.

1. (Interval topology Ip = wp V up) The interval topology is the join of the upper and lower
topologies. It is the smallest topology for which the intervals [a, b] are closed. It is Ty, but
it is not always Hausdorff (consider a countable antichain with a 0 and 1 adjoined).

2. (Lawson topology A\p = wp V op)
3. (bi-Scott topology op V g por)
4. (order-topology op) A net xj order-converges to y if there exist other two nets ny and kj

such that:
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e nj is order preserving and ky is order reversing.
o n; <z <k

o Viern; = x = Nierki.
If the poset is a complete lattice, then the order-convergence can be defined by
limsup x5 = Nier(VT>;) = Vier(Az>;) = liminf g

It is easy to show in general that liminf x; < limsup x;. The order convergence can be
also defined by requiring that

VA{y : yl is xr-eventual} = Ny : yl is xr-eventual}.
The order topology is the strongest topology for which the order-convergence implies topo-

logical convergence.

7.1 Topologies on lattices

Let L be a lattice. The interval topology is Hausdorff in a lattice L.

8 Topologies on topological spaces

Definition 8.1 Let X be a Ty-topological space with topology T.

1. (Co-compact topology co,) The co-compact topology has the upper compact subsets of X
has a basis for closed sets.

2. (Patch topology patch, = cor V T)

3. (Generalized Lawson topology A\, = w<_V T)

9 The Heyting algebra of open sets

Definition 9.1 A lattice with O is an Heyting algebra (HA) if, for every a, b, there is an element
a — b such that
c<a—biffcha<hb.

An HA is distributive and admits a top element z — x.

Proposition 57 Let L be a complete lattice with 0. L is an HA iff L satisfies the infinite distribu-

tive law:
x/\\/Y:\/{x/\y:yEY}.

Proof. (=) Letd > x Ayforally € Y. Theny <z — d, sothat \/ Y < x — d, that implies
zAVY <d.
()IY ={c:cha<bl,a—b=\YbecauseaAVY =V{cAha:ceY}<b m

A homomorphism between complete HAs (called also frames) preserves also arbitrary joins.
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Proposition 58 The set O(X) of opens of a space X is a complete HA with
U—-V=it(-U)uUnYV).

An open U is co-prime iff the relative topology on U is indiscrete (i.e., ) and U are the only open
sets), while it is prime if, for all opens V,\W € O(X), VNW C U impliesV CU or W C U.

If we define =U = U — () = int(—U), then U is complemented iff U is clopen.
If U = int(X — {z}) then U is prime. The opposite is true iff the space is sober as we will
show below.

9.1 Sober spaces and the hull-kernel topology

The family N, of the open neighborhoods of a point x of a space X is a completely prime (i.e.,
Uie1O; € N, implies (i) O; € N,) filter of the lattice O(X).

Question: Is a completely prime filter of open sets equal to the family of the open neighbor-
hoods of a suitable point ? In general the answer is no. Consider the natural numbers with the
topology generated by the sets [n) = {z : © > n}. Then the set {[n) : n > 0} is a completely
prime filter which is not the family of open neighborhoods of a point.

Proposition 59 There exists a bijective correspondence among the following sets:
(i) Completely prime filters.
(ii) Nonunit prime elements of O(X).

(iii) Nonempty irreducible closed sets (a set A is irreducible if, for all closed C, D: A C CUD =
(AC CorACD)).

(iv) Nonempty closed sets whose induced topology is hyperconnected. (Example: every subset of
X directed w.r.t. the specialization order is irreducible).

Proof. U prime open iff X — U closed and irreducible iff {O € O(X) : O € U} is
a completely prime filter. Vice versa, if F is a completely prime filter, then —F is a prime
principal ideal. Then the open U — F is a prime element of O(X).

(iii) = (iv): If the induced topology is not hyperconnected, then there exist open sets U, V'
such that U N A and V' N A are non empty and U NV N A = (). This means that A C —U U -V,
where —U and —V are closed. Since A is irreducible, then we get either A C —U or A C —V.
This contradicts the hypothesis U N A and V' N A non empty.

(iv) <= (iii): Let A € CUD with C, D closed. Then —CN—D C —A,i.e., —CN—DNA = ().
Since A is hyperconnected it follows, for example, that —C' N A = (), thatis, A C C. m

Example 60 The prime open set int(X — {x}) generates the principal prime ideal of the open
sets not containing x. The closure x© of x is the irreducible set X — int(X — {x}).

A formal point p is a completely prime filter of open sets (or the corresponding prime open,
or the corresponding irreducible closed).
We can define a topology on the set of formal points:

e A set a of completely prime filters (prime opens) is open if there exists an open O € O(X)
suchthata = {F : O € F} (a = {U open prime : O £ U}).
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Since prime elements are more general, we can abstract the above notion as follows.

Definition 9.2 Let L be a complete lattice and let Spec(L) be the set of nonunit prime elements
of L. The hull-kernel topology on Spec(L) is the topology whose closed sets are ({p € Spec(L) :
a<p}:a€L)=(alNSpec(L):a € L) and whose open sets are ({p € Spec(L) : p # a} :
a€l).

Does the hull-kernel topology on Spec(L) satisfy the separation axiom T?
Proposition 61 Let L be a complete lattice. Then the following two conditions are equivalent:

(i) The hull-kernel topology on Spec(L) is Tg

(ii) L is spatial (or has enough points) (i.e., for all distinct x,y € L, there is a prime p € Spec(L)
such that p # x and p > y or vice versa,).
(ii) (or (i)) implies that L is a complete HA.

Proof. If L is spatial, then the map f : L — 25P¢(L) defined by f(a) = {p € Spec(L) :
a < p} is injective and preserves arbitrary joins and finite meets. But 2°7¢°(F) is a complete HA,
hencesois L. m

Example 62 The lattice O(X) of the open sets is spatial. Let A and B distinct open sets. Then

there is, for example, an element x € A — B. Consider the prime element U = int(X — {z}).
Then BCUand A € U.

Let CL be the category of complete lattice and mappings preserving arbitrary joins and finite
meets.

Proposition 63 ([1, Prop. V-4.7] + definition of sober space) The functor
Spec: CL — TOP?

mapping a complete lattice L into the topological space Spec(L) and an arrow f : L — K in
CL into a continuous function Spec(f) : Spec(K) — Spec(L), is left adjoint to the functor

O:TOP? - CL
mapping a topological space X into the complete lattice O(X) of its open sets and a continuous

function f : X — Y into the map O : O(Y) — O(X) defined by O(U) = f~1(U).
Front and back adjunctions are given by the continuous function

Ex : X — Spec(O(X)); Ex(y) = int(X — {y}) (or =Ny)
(Ex is injective iff X is Ty, if Ex is bijective we say that X is sober) and by the arrow in CL
Ap : L — O(Spec(L)); Ar(a)= Spec(L) — al.

The map Ex is a homeomorphism iff X is sober (in particular, gpec(r) is a homeomorphism)
and the map Ay, is an isomorphism iff L is a spatial complete lattice (or equivalently, spatial
complete HA) (in particular, Ao (x) is an isomorphism).
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The soberification of a space is the space of its formal points.
Recall that the closure of an irreducible set is irreducible.

Proposition 64 The following conditions are equivalent for a space X :
(i) X is sober;
(ii) U € O(X) is a nonunit prime element iff U = int(X — {y}) for some y € X;
(iii) F is a completely prime filter of O(X) iff F = N, for some y € X;

(iv) Every irreducible closed set is the closure of a unique point.

Proposition 65 Every sober space X is Ty and its specialization order makes X a dcpo. If
D C X is directed, then the net x p, defined by xp(d) = d for every d € D, converges to sup D.

Proof. The specialization order of X is the relation C between formal points: p < ¢ iff
O € p= O € g, for all open sets of X iff p C g. Then the union of a directed family of formal
points is a formal point. m

Proposition 66 Let X be a sober space and < be a partial ordering on X. Then < is the
specialization order of X iffu< C O(X) C o<.

Proof. Let O be open in D and U = {formal points p : O € p} be the corresponding open
set in the space of formal points m

Not every topology 7 such that upper C 7 C Scott is sober (See Chapter II Section 1.9 pag.
46 in Johnstones book: Stone Space).

Theorem 67 (Algebraic characterization of topologies [Papert 1959]) Spatial complete HAs are,
up to isomorphism, exactly the algebras of open sets of topologies.

Proof. Let A be a spatial complete HA. Define on the set Pt(A) of prime elements of A the
topology constituted by the open sets ({p € Pt(A) : p 2 z} : © € A). Then the HA A is
isomorphic to the HA of the open sets on Pt(A4). m

Let X be a space. If A = O(X) is the set of open sets of X, then O(X) is isomorphic to the
HA of the open sets on Pt(O(X)), so that the spaces X and Pt(O(X)) have, up to isomorphism,
the same set O(X) of open sets. However, in general, X has less ‘points’ than Pt(O(X)). In
other words, Pt(O(X)) is sober, while X is not.

9.1.1 Sobriety and nets

There exists a characterization of the sober topology in terms of nets (see [4]).

A net xj is observative if x; € O € T implies x is eventually in O (i.e., a tail is in O).

An observative net is said to strongly converge to a point x (denoted by x; —* x), if it
converges to x and it satisfies the following condition:

r,€e0er = xeO.

A net is observative iff it converges to each of its points.
If a net x7 is observative, then x; —* x iff x; — x w.r.t. the topology (called b-topology)
generated by the subbase constituted by the 7-open and 7-closed sets. (Remark: Is the b-topology
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equivalent to the following construction? The closure bB of B is defined as the set of elements
p for which there do not exist open sets O, and Oy withp € Oy — O; and O N B = O, N B.
Equivalently p € bB iff p € (B N p©)°).

Let 7, = {O € 7: 3i € I x>; € O}. The family of sets F, is always a filter. When is it
completely prime? The following lemma answers the above question.

Lemma 68 Let x1 be an observative net. Then
1. The filter F,, is completely prime.
2. xp = T iff Np = F,.

It follows that an observative net cannot strongly converge to two points.

Theorem 69 A space is sober iff every observative net strongly converges to a unique point.

Proof. (=) By the above lemma.

(<) Let p be a formal point. Then p is directed w.r.t. the partial ordering reverse to C. We
define a net =, indexed by p as follows. Let O € p. Then zo is defined as an element of O such
that Nxo C p. This element must exist because otherwise we may find, for every elementy € O,
an open set U such that y € U ¢ p. This contradicts that p is completely prime. In conclusion,
the net x,, exists. Is this net observative? Let U be an open set such that zyy € U. Then U € p
and the tail x>y is in U. By hypothesis the observative net x,, strongly converges to a point z.
Then p = N, and the space is sober. m

Lemma 70 A continuous (it is complete by definition) HA is spatial.

Proof. Let £ y. Then there is an element ¢ < x such that a £ y. By the interpoletion
property of continuous poset there is a sequence of elements z,, such that

0K . Iy <L 1 K ...y KL .

Consider the set F = {z : z > x,, forsome n}. F is a Scott open filter, so that —F" is Scott
closed. Consider a maximal chain containing y within — F' (there exists by Zorn’s lemma). The
least upper bound of this chain is a maximal element z in —F'. z is A-irreducible and then, by
using the distributivity it is a prime element (if z > ¢ A d then z = (2 V ¢) A (2 V d)). It follows
thatz > yandz 2 . m

Every algebraic complete HA is continuous and then spatial.

Theorem 71 (Algebraic characterization of locally compact topologies) Continuous HAs are,
up to isomorphism, exactly the algebras of open sets of locally compact topologies.

A locally compact topology is core-compact. Vice versa, a core-compact sober space is
locally compact.

Example 72 1. The algebra P(w) is a complete HA with enough supercompacts (the single-
ton sets). A HA with enough supercompacts is spatial.
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2. (Cantor space) The algebra of open sets of the Cantor space 2% is an algebraic complete
HA without co-primes. The topology is generated by the infinite sequences c2* having a
common fixed initial segment 0. These sets are closed under finite intersection, because
02% N p2% is either empty or, for example, o is a prefix of p so that 02% N p2¥ = p2¥. Let
27 the set of binary strings of length n. The complement of 02 is also open because it
can be defined as U e 2x —(5})p2%. The Cantor space is zero-dimensional and compact.

Another way to consider the topology is the following: elements of the space are the subsets
of w, while the topology is generated by the open base sets (a C n,n € w, n = {i :
0<i<n}h:0={XCw:aCX, n—aC —X} Thenitis obvious that
{-X Cw:aC X, n—aC —X}isalso an element of the base. The complement of O
is the set Upzq pcn{X Cw:bC X, n—bC —X}.

3. The algebra of open sets of the euclidean space R is a continuous HA which is not alge-
braic.

4. (Baire space) The algebra of open sets of the Baire space w* is a complete spatial HA
which is not continuous. The topology is generated by the sets {f : w — w : f > o} of
functions having a common fixed initial segment o.

5. The algebra P*(w) of all sets of natural numbers modulo finite sets is a complete HA
without primes elements.

9.2 Representation of distributive lattices

If an HA is not spatial, prime elements can be substituted by prime ideals (or prime filters) in
its representation. [ is a prime ideal if [ is a nonempty lower set and a,b € I = a + b € I;
abel=aclorbe l. Ifzisaprime element, then z| is a prime ideal.

Let A be a distributive lattice. The set of prime ideals of A with the topology generated by
the sets ({1 : « ¢ I} : © € A) is called the dual Stone topology and it is sober. The dual
Stone space is isomorphic to the Stone space of prime filters with the topology generated by
({F:z e F}:x € A),because the complement of a prime ideal is a prime filter and vice versa.

Every distributive lattice has enough prime ideals.

Theorem 73 (Topological characterization of HAs) Any distributive lattice A is isomorphic to
the algebra of compact open sets of its Stone topology, which is a coherent space. The Stone
topology is compact if A has a top element. Vice versa, if X is a coherent space, then X is
homeomorphic to the Stone space of its compact open sets.

Proof. The map f, defined by f(x) = {F : x € F'}, is an embedding of A into the complete
HA of the open sets of its Stone topology. If x £ y then there is a prime filter containing x but
not y. Consider the filter 7 and the ideal y|. By applying the Zorn Lemma there is a maximal
ideal containing y but not z. In a distributive lattice an ideal, which is maximal amongst those
disjoint from a given filter, is prime (see Johnstone, Stone Spaces, Thm.2.4 page 13).

The whole space is compact if A has a top element 1. If B C A determines a cover f(B) of
the whole space and it does not admit a finite subcover, then there is a maximal ideal I containing
b1V --- Vb # 1forevery by,...,b, € B. The complement of I is a prime filter ' such that
F ¢ f(b) forevery b € B.
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A similar argument works for {F : * € F}. Let B C A such that f(B) is a cover of
{F : z € F} and it does not admit a finite subcover, If x £ by V- --Vby forevery by, ..., b, € B,
then the ideal generated by b1 V - - - V by, does not contain z. ®

If the Stone space is Hausdorff, then the HA A is Boolean, because the compact open sets
are closed (and then clopen) in every Hausdorff space. Let F' and G be two prime filters. If F'
and G have disjoint neighborhoods, then there are two elements = and y not contained in a same
prime filter. If xy # 0, then any prime filter containing xy contradicts the assumption. It follows
that zy = 0.

9.3 Coherent and Boolean spaces

Definition 9.3 A space X is

e coherent if it is sober, the compact open sets are closed under finite intersection and con-
stitute a base for the topology.

e zero-dimensional if the clopen subsets of X form a base for the topology.

We recall that the compact open sets U are the elements of the poset O(X) satisfying the
condition U < U (i.e., the finite elements of the poset O(X)). Then, in a coherent space the
frame O(X) admits a lattice of finite elements such that every open sets is the union of the finite
elements contained within it. In conclusion, O(X) is an algebraic complete lattice.

A zero-dimensional Ty space is T3 and totally separated (Let A be closed and « ¢ A. Then
— A is open. This means that —A = U;c;U;, where U is clopen. Then the clopen U; such that
x € Uj; solves our problem.)

Theorem 74 A Boolean space X is defined by one of the following equivalent conditions:
1. X is a compact, Hausdorff and totally disconnected.
2. X is a compact and totally separated.
3. X is a compact, Ty and zero-dimensional.
4. X is Hausdorff and coherent.

Proof. (3) = (4) In a compact Hausdorff space the compact open subsets are the clopen
sets, since every compact in a Hausdorff space is closed (Let K compact and 2 ¢ K. Then for
every y € K there are open sets U, and V,, such thaty € Uy, « € V,, and U, N'V,, = (. Since
K is compact there is a finite subcover Uy, ,...,U,, of K. Then K C Uy, U---UU,, and
x € Vy, N---NV, . Moreover the open V,,, N---NV,, is disjoint from K, so that K is closed.)
Moreover, any Hausdorff space is sober (the singleton sets are the unique irreducible subsets).

(4) = (3) We apply the subbasic Alexander Lemma (see Section ??) to show that the space
is compact.

(3) = (2) Let z, y be distinct and let U be an open set such that € U and y ¢ U. Since U
is union of clopen sets, then the result follows.

(2) = (1) Let a,b € Y distinct, where Y is an arbitrary connected subspace of X. Since X
is totally seprated, then there is a clopen A such that a € A and b € —A. This implies that Y is
not connected. Contradiction. It follows that every connected subspace is a singleton set.

24



(1) = (2) Let z € X and let C,. be the set of all points of X which cannot be separated
from z by a clopen set. C, is closed and x € C,. We show that C,, = {z}. By the way of
contradiction, we assume that C, is not a singleton set. Since C;, is not connected then there are
two disjoint open sets A and B such that C, = (AN C,) U (BNC,). Forevery z € —C,, let
V. be a clopen separating z and z. Then A, B and V, (z € —C,,) are a cover of X. Since X is
compact we get a finite subcover, so that —C,, = V,, U--- UV, . It follows that C,, is clopen.
Assume that z € BN C,. Then AN C,, is clopen, because it is open as intersection of open sets
and it is closed, as the complement is union of two open sets —C', and B N C,. This contradicts
the definition of C,. Then C,, = {z}.

(2) = (3) Let 7 be the topology of X and let p be the topology generated by the clopen sets
of X. It is obvious that p < 7. The topologies 7 and p are both Hausdorff and compact. Since
closed subset = compact subset in a Hausdorff compact space, then a compact subset of 7 is also
compact in p, so that 7 and p have the same closed sets. m

Every Boolean space is isomorphic to the space of the ultrafilters of the Boolean algebra of
its clopen sets having the sets ({F' € Ultrafilters : U € F'} : U clopen) as basis.

10 Appendix: other topological concepts

An F-set is a set which can be written as the union of a countable collection of closed sets; a
G's-set is a set which can be written as the intersection of a countable collection of open sets.

1. A set A is preopen if A C int(A°), i.e., AU B is open, where B is a set of elements of
the boundary A° — int(A) of A. Preopen sets are closed under arbitrary union. A set is
preclosed if its complement is preopen, i.e., if (intA)¢ C A. The preclosure of A is the
intersection of all preclosed sets including A4, i.e., pclA = A U (intA)°.

2. A set A is a regular open set if A = int(A°). For example, the interval (0, 1) is regular
open in the real line, while (0,1/2) U (1/2,1) is not.

3. A set A is semi-open if A C (intA)°. A set A is semi-open if it is between an open set
and its closure, i.e., there is U open such that U C A C U°€. In fact, from U C intA it
follows that A C U° C (intA)°. A set A is semi-closed if int(A°) C A

4. A set A is semi-preopen if it is between a preopen set and its closure, i.e., there is a preopen
U suchthat U C A C U°“.

5. O(X)CSO(X)NPO(X) C SO(X)UPO(X) C SPO(X).
Definition 10.1 A ser A is

o a-closed if (int(A€))¢ C A; a-open A C int((intA)°).

o (-closed (or semi-preclosed) if int((intA)¢) C A; S-open A C (int(A°))°.
Definition 10.2 A ser A is

o generalized closed (g-closed) if A° C U whenever A C U and U is open.

o semi-generalized closed (sg-closed) if A== C U whenever A C U and U is semi-open.
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e generalized semi-closed (gs-closed) if A== C U whenever A C U and U is open.

The collection of all a-open subsets is a topology on X, called the a-topology, which is finer
than the original one.

Definition 10.3 A space is
e cxtremally disconnected if the closure of every open set is also open.
e strongly irresolvable if no open subspace is the union of two disjoint dense sets.
e sg-submaximal if every dense set is (semi-generalized open) sg-open.
o (semi-Ty3) T2 if every singleton is either (semi-open) open or (semi-closed) closed.

e nodeg if every nowhere dense set is g-closed (generalized closed).
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11 Sober spaces

The family A (z) of the open neighborhoods of a point z of a space (X, 7) is a completely prime
filter of the lattice (7, C), i.e., N (z) satisfies the following conditions.
Filter:

o )¢ N(x);
e X € N(z);
e UecN(@),UCV = VeN@);
e« U,0eN() = UNO e N().

Completely Prime:
UieIOi S N(%) = (32)02 c /\[(.’t)

A formal point p is a completely prime filter of open sets. Question: Is a formal point p equal to
the family of the open neighborhoods of a suitable point z? In general the answer is no. Consider
the natural numbers with the topology generated by the sets [n) = {x : © > n}. Then the set
{[n) : n > 0} is only a formal point.

We denote by pt(X) the set of formal points of the space X. We can define a topology on
the set pt(X) of formal points: a set U of formal points is open iff there exists an open set O in
X suchthat U = {p € pt(X) : O € p}.
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Define a function f : X — pt(X) by
f(z) ={O :Oopenin X and z € O}.

Is f continuous? Yes. The inverse image of the above set U is just the open set O. Moreover, f
is injective iff the space is Tj.

Definition 11.1 The space X is called sober if f is bijective, i.e., if every formal point agrees
with the family of the open neighborhoods of a unique point.

The soberification of a space is the space of its formal points.

The complement —p = {U : U open, U ¢ p} of a formal point p is a prime ideal. Because a
topology is closed under arbitrary unions, then the prime ideal —p is principal. The generator O
of the prime ideal —p is a prime element in the lattice 7 of open sets, i.e.,

UNVCO={UCOorV CO,).

The principal ideal of a prime element O in the lattice 7 of open sets is prime, so that the com-
plement is a formal point.

The complement —O of a prime element O € 7 is closed and irreducible, i.e, the following
condition holds for all closed sets C and D:

—-OCCUD= (-OCCor —0OCD)

Example 75 The prime ideal —N () of the open sets not containing x have a greatest element
O (the set O is the union of all open sets non containing x). The complement of the greatest open
set not containing x is the closure of the singleton set {x:}. The closure x~ of {x} is irreducible.

Proposition 76 A closed subset A of X is irreducible iff the induced topology on A is hypercon-
nected. (In particular, every subset of X directed w.r.t. the specialization order is irreducible).

Proof. (=) If the induced topology is not hyperconnected, then there exist open sets U, V'
such that U N A and V' N A are non empty and U NV N A = (. This means that A C —U U -V,
where —U and —V are closed. Since A is irreducible, then we get either A C —U or A C —V.
This contradicts the hypothesis U N A and V' N A non empty.

(<)Let A C CUD with C, D closed. Then —-C N —D C —A,ie,-CN—-DNA=0.
Since A is hyperconnected it follows, for example, that —C' N A = (), thatis, A C C. m

Recall that the closure of an irreducible set is irreducible.

Proposition 77 A space is sober iff every irreducible closed set is the closure of a unique point.

Proof. (=) If A is closed and irreducible then —A is open and prime. Then the principal
ideal generated by — A is prime and its complement is a formal point. Since the space is sober
we are ok.

(<) Easy. m

Proposition 78 Every sober space X is Ty. The specialization order of a sober space X makes
X a dcpo. Moreover, If D C X is directed, then x = sup D is a limit point of the net () p such
that x4 = d for every d € D.
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Proof. The specialization order of X is the relation C between formal points: p < g iff
O € p= O € g, for all open sets of X iff p C ¢. Then the union of a directed family of formal
points is a formal point. m

Proposition 79 Let (D, <) be a poset and T be a sober topology on D. Then 7 induces < iff
upper C 7 C Scott.

Proof. Let O be open in D and U = {formal points p : O € p} be the corresponding open
set in the space of formal points m

Not every topology 7 such that upper C 7 C Scott is sober (See Chapter II Section 1.9 pag.
46 in Johnstones book: Stone Space).

11.1 Sobriety and nets

There exists a characterization of the sober topology in terms of nets (P. Sunderhauf, Sobriety in
terms of nets, Applied Categorical Structures vol. 8 (2000)).
A net () is observative if x; € O € 7 implies (x); is eventually in O (i.e., a tail is in O).
An observative net is said to strongly converge to a point x (denoted by x; —* x), if it
converges to z and it satisfies the following condition:

, €0eT = xe€0.

A net is observative iff it converges to each of its points.

If a net (x); is observative, then z; —* z iff x; — x w.r.t. the topology (called b-topology)
generated by the subbase constituted by the 7-open and 7-closed sets. (Remark: Is the b-topology
equivalent to the following construction? The closure bB of B is defined as the set of elements
p for which there do not exist open sets O, and Oy withp € O3 — O; and O N B = O, N B.
Equivalently p € bBiffp € (BNp~)7).

Let Fp), = {O € 7: 3i € I [z]>; € O}. The family of sets F,), is always a filter. When
is it completely prime? The following lemma answers the above question.

Lemma 80 Let (x); be an observative net. Then
1. The filter F(y), is completely prime.
2. x; =% x tﬁ‘/\/'(x) = f(r)y

It follows that an observative net cannot strongly converge to two points.

Theorem 81 A space is sober iff every observative net strongly converges to a unique point.

Proof. (=) By the above lemma.

(<) Let p be a formal point. Then p is directed w.r.t. the partial ordering reverse to C. We
define a net (x), indexed by p as follows. Let O € p. Then zo is defined as an element of
O such that N (zo) C p. This element must exist because otherwise we may find, for every
element y € O, an open set U such that y € U ¢ p. This contradicts that p is completely
prime. In conclusion, the net (), exists. Is this net observative? Let U be an open set such that
zy € U. Then U € p and the tail [z]>y is in U. By hypothesis the observative net (x),, strongly
converges to a point z. Then p = A/(2) and the space is sober. ®
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12 Scott Topology

Topological spaces formalize the concept of “neighborhood”. A subset X of the plane is closed
if it contains all the limits of the Cauchy sequences included within X.

Definition 12.1 Let D be a poset. X C D is Scott closed if X = X | and every directed subset
of X has lub in X if this lub exists.

Intuition: X is Scott closed if it contains all the existing limits (as lub) of directed sets
included in X.

The Scott topology will be denoted by o.

O C D is Scott open if O = O7 and, for every directed subset I of D, if sup I exists and
supI € O,then I NO # 0.

Proposition 82 Let D be a poset and a be an element of D. Then the set a| is Scott closed. In
particular, { L} is Scott closed if D has a bottom element.

A topology on a set X satisfies the separation axiom 7y if, for all a,b € X, there exists an
open set O such that O N {a, b} is a singleton set.
Let (X, 7) be a topological space. Define

a<;biff VOeT)(ac O—becO).

The relation < is a preorder (i.e., a reflexive and transitive relation) called the specialization
preorder of 7. X is a Tj topological space iff <, is a partial ordering.

Proposition 83 Ler (D, <) be a poset.
(i) The Scott topology o on D is Ty and it induces < as its specialization order.

(ii) If I C D is directed and sup I exists, then the net (x), defined by x; = i, converges to
sup I w.rt. the Scott topology.

Proof. (i) It is sufficient to show that <, = <. Let a < b and O be a Scott open set such
that a € O. Since O is an upper set w.r.t. <, then b € O. It follows that a <, b. Assume now
a <, b. Theset B = {x : © £ b} is Scott open by Prop. 82. By hypothesis a cannot be an
element of B because b is not in B. Then it must be a < b.

(ii) Let O be a Scott open such that sup I € O. Then there exists d € I such that d € O.
Since O is an upper set, then the tail [z]>4isin O. ®

Example 84 (Partial Functions): Let f be a partial function. Then 7 is Scott open if, and only
if, the (domain of the) function f is finite. It is easy to show that the upper sets f1 with f finite
generate the Scott topology in the cpo of partial functions from N into N.

(Power Set): Let B be a subset of a set A. Then B1 is Scott open if, and only if, the set B is
finite. It is easy to show that the upper sets BT with B finite generate the Scott topology in the
powerset of A.

(Real Line) Every subset of reals is a directed set. Is an open interval (a, b) Scott open? No,
because it is not an upper set. Then Scott open sets are the intervals (a, 00). To understand the
difference with the usual Euclidean topology, consider a net (x); and a real a. If x; > a for
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all i € I, then x; — a w.r.t. Scott topology. If x; < a forall i € I, then x; — a w.r.t. Scott
topology iff x; — a w.r.t. Euclidean topology. Then a sequence (x),, Scott converges to a iff the
subsequence of the elements x; < a converges to a w.r.t. Euclidean topology.

12.1 Scott topology on continuous posets

Define dff = {z : d < z}.

Lemma 85 Let X be a continuous poset and D be a direct subset of X for which there exists
sup D. If d < sup D, then there exists x € D such that d < x.

Proof. Define D' = {y : (y < x) A (z € D)}. Then, the following properties hold:

Claim 86 D’ is an ideal.

D' is trivially a lower set.

Claim 87 sup D = sup D'

If m is an upper bound of D, then it is an upper bound of D’ by construction of D’. Suppose
that m is an upper bound of D’, then for all z € D, m is an upper bound of the set x|}, hence
m > sup x{}. By continuity of X sup x| = z, then m > =z, i.e., m is also an upper bound of D.
D and D’ have the same upper bounds. Then sup D = sup D’. This conclude the proof of the
claim.

Let now d < sup D. From Claim 86 we know that D’ is an ideal, then it holds d < y € D',
henced € D'. m

Theorem 88 Let X be a continuous poset. Then it holds:
1. The family of sets (df} : d € X)) constitutes a basis for the Scott topology.
2. The Scott topology is locally compact (and then core-compact).

Proof. (1) We first show that df} is a Scott open set.

Claim 89 d1} is a upper set.

Let x be an element of d{}, then d < «x by definition of df}. By applying the Proposition 7(3)
Vy € X such that x < y it holds y € dff, then df} is an upper set.

Claim 90 Let D be a directed subset of X. If sup D exists and sup D € d{), then D N df} # (.

By Lemma 85.

Claim 91 Let U be a Scott open set. Then U = |J ¢ di
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Let z be an element of U. By the continuity of the poset X it follows that x = sup x{}. By
Claim 2 there exists an element d € U such that d < x. Then x € dff C d] € U. Hence,
U= UdeU df.

(2) For every z, the set x7 = {y : y > x} is compact. Moreover, x] is a neighborhood of
every element y such that x < y. Let y € D and U an open neighborhood of y. We have to
find a compact neighborhood ) of y such that ) C U. Since U is open then by (1) we have
that U = Ugepdf). This means that there exists d € U such that d < y. But U is an upper
set, then dT C U. In conclusion, dT is compact, d] C U and d7 is a neighborhood of y because
yedyCdl. m

Theorem 92 The Scott topology is sober for every continuous dcpo.

Proof. Let p be a formal point. Then the set U, = {d € D : df} € p} is directed. Let z be the
least upper bound of U,,. We show that U, = {O : . € O € 0}. If O € p, then O = U, coe;f)
Then from the complete primality of p there exists ¢ such that e;f} € p. Thenz € O since e; < z.
[

Example 93 We provide an example (Exercise 11.1.36 Compendium) of dcpo which is not sober
Sor its Scott topology. Let A = N x (N U {oo}) with the partial order

(m,n) < (m',n') iff either m = m’ andn < n' < ocoorn’ =ocoandn <m/.

Then A is a dcpo, the elements (m, c0) are maximal, the Scott topology on A is hyperconnected
(i.e., A is irredducible), but A is not the closure of a unique point.
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