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Abstract

In this paper we give an outline of recent results concerning theories and models of the untyped
lambda calculus. Algebraic and topological methods have been applied to study the structure
of the lattice of λ-theories, the equational incompleteness of lambda calculus semantics, and
the λ-theories induced by graph models of lambda calculus.
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1 Introduction
The untyped lambda calculus was introduced around 1930 by Church (1933, 1941) as part of
an investigation in the formal foundations of mathematics and logic. Although lambda calculus
is a very basic language, it is sufficient to express all the computable functions. The process
of application and evaluation reflects the computational behavior of many modern functional
programming languages, which explains the interest in the lambda calculus among computer
scientists.

Lambda theories are equational extensions of the untyped λ-calculus that are closed under
derivation. They arise by syntactical and semantic considerations. Indeed, a λ-theory may corre-
spond to a possible operational (observational) semantics of the lambda calculus, as well as it may
be induced by a model of lambda calculus through the kernel congruence relation of the inter-
pretation function. Although researchers have mainly focused their interest on a limited number
of them, the class of λ-theories constitutes a very rich and complex structure (see e.g. Baren-
dregt (1984); Berline (2000)). Syntactical techniques are usually difficult to use in the study of
λ-theories. Therefore, semantic methods have been extensively investigated.

Topology is at the center of the known approaches to giving models of the untyped lambda
calculus. The first model, found by Scott in 1969 in the category of algebraic lattices and Scott
continuous functions, was successfully used to show that all the unsolvable λ-terms can be consis-
tently equated. After Scott, a large number of mathematical models for lambda calculus, arising
from syntax-free constructions, have been introduced in various categories of domains and were
classified into semantics according to the nature of their representable functions, see e.g. Abramski
(1991); Barendregt (1984); Berline (2000); Plotkin (1993). Continuous semantics (Scott, 1972) is
given in the category whose objects are complete partial orders and morphisms are Scott con-
tinuous functions. Stable semantics (Berry, 1978) and strongly stable semantics (Bucciarelli and
Ehrhard, 1991) are a strengthening of the continuous semantics, introduced to capture the “se-
quential” Scott continuous functions. All these semantics are structurally and equationally rich
in the sense that it is possible to build up 2ℵ0 models in each of them inducing pairwise distinct
λ-theories (Kerth, 1998, 2001),

Although a rich host of different λ-theories now have a “fully abstract” syntax-free model
(i.e., a model which induces precisely those identities which hold in the given theory), the above



denotational semantics are equationally incomplete, that is, they do not match all the possible
operational semantics of λ-calculus. The problem of the equational incompleteness was positively
solved by Honsell and Ronchi (1992) for the continuous semantics, and by Gouy (1995) for the
stable semantics. Salibra (2001a) has recently introduced a new technique to prove in a uniform
way the incompleteness of all the denotational semantics of the untyped lambda calculus which
have been proposed so far. We have applied this technique to show that most of the semantics
which involve monotonicity with respect to some partial order fail to induce a continuum of λ-
theories (all the λ-theories T satisfying Ωxx = Ω ∈ T and Ωki = Ω /∈ T , where Ω is the usual
λ-term which represents looping). From this it follows the incompleteness of any lambda calculus
semantics given in terms of partially ordered models which are semilattices, lattices, complete
partial orderings, or which have a bottom element. In particular we get the incompleteness of
the strongly stable semantics, which had been conjectured by Bastonero and Gouy (1999) and by
Berline (2000).

It would be interesting to characterize the λ-theories that are not induced by any model of
an incomplete semantics. Bucciarelli and Salibra (2003, 200X) are studying this problem for the
semantics of lambda calculus given in terms of a class of models, the so-called graph models, intro-
duced in the seventies by Plotkin, Scott and Engeler within the continuous semantics. Bucciarelli
and Salibra (2003) have shown that both graph theories (i.e., λ-theories induced by graph models)
and sensible graph theories admit a smallest element. It is an open question whether these two
minimal graph theories are respectively the minimal lambda theory λβ and the minimal sensible
lambda theory H. In a forthcoming article, the same authors show that an equation M = N
between λ-terms does not hold in any graph model if BT (M) 6= BT (N) (i.e., M and N do not
have the same Böhm tree), but M and N have the same Böhm tree up to (possibly infinite) η-
equivalence. From this result it follows that the λ-theory B generated by Böhm trees is the unique
maximal sensible graph theory.

The incompleteness of any semantics given in terms of partial orderings with a bottom element
removes the belief that partial orderings with a bottom element are intrinsic to models of the
lambda calculus, and that the incompleteness of a semantics is only due to the richness of the
structure of representable functions. Instead, the incompleteness is also due to the richness of the
structure of λ-theories. The lattice of λ-theories, hereafter denoted by λT , is naturally isomorphic
to the congruence lattice of the term algebra of the minimal λ-theory λβ. This is the starting
point for studying the structure of the lattice λT by universal algebraic methods. Lusin and
Salibra (200X) have shown that the lattice λT satisfies nontrivial quasi-identities in the language
of lattices and that there exists a sublattice of λT satisfying nice lattice properties. It is an open
question whether the lattice λT satisfies nontrivial lattice identities.

The paper is organized as follows. In Section 2 we review the basic definition of lambda
calculus. In particular, we recall the formal definitions of a λ-theory and of a model of the lambda
calculus. The incompleteness theorems are presented in Section 3. We review the classic result in
Section 3.1, while Section 3.2 is devoted to the order and topological incompleteness of lambda
calculus. Lambda theories that are not induced by graph models are discussed in Section 3.3. The
last section is devoted to the structure of the lattice of lambda calculus.

2 Lambda Calculus: Basic Notions and Notation
To keep this article self-contained, we summarize some definitions and results that we need in the
subsequent part of the paper. Our main reference will be Barendregt’s book (Barendregt, 1984).

2.1 Lambda calculus
The two primitive notions of the lambda calculus are application, the operation of applying a
function to an argument (expressed as juxtaposition of terms), and lambda (functional) abstraction,
the process of forming a function from the “rule” that defines it.

The set ΛI of ordinary terms of lambda calculus over an infinite set I of variables is constructed
as usual: every variable x ∈ I is a λ-term; if M and N are λ-terms, then so are (MN) and (λx.M)
for each variable x ∈ I.



The symbol ≡ denotes syntactic equality. The following are some well-known λ-terms:

i ≡ λx.x; s ≡ λxyz.xz(yz); k ≡ λxy.x; 1 ≡ λxy.xy; Ω ≡ (λx.xx)(λx.xx);

Ω3 ≡ (λx.xxx)(λx.xxx); Y ≡ λf.(λx.f(xx))(λx.f(xx)); Θ ≡ (λxy.y(xxy))(λxy.y(xxy)).

An occurrence of a variable x in a λ-term is bound if it lies within the scope of a lambda
abstraction λx; otherwise it is free. FV (M) is the set of free variables of a λ-term M . A λ-term
without free variables is said to be closed. Λo

I denotes the set of closed λ-terms. M [x := N ] is
the result of substituting N for all free occurrences of x in M subject to the usual provisos about
renaming bound variables in M to avoid capture of free variables in N .

The axioms of the λ-calculus are as follows (for all λ-terms M,N and all variables x, y):

(α) λx.M = λy.M [x := y] for any variable y that does not occur free in M ;

(β) (λx.M)N = M [x := N ]

(β)-conversion expresses the way of calculating a function (λx.M) on an argument N , while
(α)-conversion says that the name of bound variables does not matter. The rules for deriving
equations from instances of (α) and (β) are the usual ones from equational calculus asserting that
equality is a congruence for application and abstraction.

A compatible λ-relation T is any set of equations between λ-terms that is closed under the
following rules, for all λ-terms M,N and P :

• M = N ∈ T =⇒ λx.M = λx.N ∈ T ;

• M = N ∈ T =⇒ MP = NP ∈ T ;

• M = N ∈ T =⇒ PM = PN ∈ T .

We will write on occasion T ` M = N (or M =T N) for M = N ∈ T .
A λ-theory T is any compatible λ-relation which is an equivalence relation and includes (α)- and

(β)-conversion. A λ-theory is consistent if there exists an equation M = N such that T 6` M = N .
The set of all λ-theories is naturally equipped with a structure of complete lattice with meet
defined as set theoretical intersection. The join of two λ-theories T and S is the least equivalence
relation including T ∪S. The least λ-theory including a set W of equations (an equation M = N ,
respectively) will be denoted by W+ (M = N+). λβ is the least λ-theory, while 1λT is the
inconsistent λ-theory. λη is the least extensional λ-theory (axiomatized by i = 1).

A closed λ-term M is solvable if there exist an integer n and λ-terms N1, . . . , Nn ∈ ΛI such that
MN1 . . . Nn =λβ i. An arbitrary λ-term M is solvable if the closure of M , that is λx1 . . . xn.M
with {x1 . . . xn} = FV (M), is solvable. M is unsolvable if it is not solvable. Unsolvable λ-terms
represent “indefinite” computational processes. A λ-term M is solvable if, and only if, it has a head
normal form, that is, M =λβ λx1 . . . xn.yM1 . . .Mk for some n, k ≥ 0 and λ-terms M1, . . . ,Mk.

The Böhm tree BT (M) of a λ-term M is a finite or infinite labeled tree defined as follows. If
M is unsolvable, then BT (M) = ⊥, that is, BT (M) is constituted by a unique node labeled by
⊥. If M is solvable and M =λβ λx1 . . . xn.yM1 . . .Mk, then we have

BT (M) = λx1 . . . xn.y
����

HHHH

BT (M1) . . . ..BT (Mk)

H is the λ-theory generated by equating all the unsolvable λ-terms (i.e., H = H+
0 , where

H0 = {M = N | M,N closed and unsolvable}), while B is the λ-theory generated by equating all
the λ-terms with the same Böhm tree. H∗ is the λ-theory generated by equating two λ-terms M



and N if they have the same Böhm tree, up to (possibly infinite) η-equivalence (see Section 10.2
and Section 16.2 in (Barendregt, 1984) and Section 3 in (David, 2001)). This means that H∗ is
the greatest equivalence relation on λ-terms satisfying the following condition: M =H∗ N if, and
only if,

1. either M and N both are unsolvable;

2. or M =λβ λx1 . . . xn.xM1 . . .Mm, N =λβ λx1 . . . xn+p.xN1 . . . Nm+p and,

• for 1 ≤ i ≤ m, Mi =H∗ Ni

• for 1 ≤ j ≤ p, xn+j =H∗ Nm+j and xn+j is not free in M

3. or N =λβ λx1 . . . xn.xN1 . . . Nm, M =λβ λx1 . . . xn+p.xM1 . . .Mm+p and,

• for 1 ≤ i ≤ m, Mi =H∗ Ni

• for 1 ≤ j ≤ p, xn+j =H∗ Mm+j and xn+j is not free in N .

A λ-theory T is sensible if H ⊆ T . B and H∗ are sensible. H∗ is the unique maximal consistent
extension of H. A λ-theory T is semisensible if T does not equate a solvable with an unsolvable.

2.2 Combinatory Algebras
Combinatory logic is a formalism for writing expressions which denote functions. Combinators are
designed to perform the same tasks as λ-terms, but without using bound variables. Schönfinkel
and Curry discovered that a formal system of combinators, having the same expressive power of
the lambda calculus, can be based on only two primitive combinators.

We begin with the definition of a basic notion in combinatory logic and lambda calculus.
An algebra C = (C, ·, k, s), where · is a binary operation and k, s are constants, is called a
combinatory algebra (see Curry and Feys (1958)) if it satisfies the following identities (as usual
the symbol · is omitted, and association is to the left):

kxy = x; sxyz = xz(yz).

k and s are called the basic combinators. In the equational language of combinatory algebras
the derived combinators i and 1 are defined as follows: i := skk and 1 := s(ki). Hence, every
combinatory algebra satisfies the identities ix = x and 1xy = xy.

A combinatory algebra C is degenerate if C is a singleton set.
A function f : C → C is representable in the combinatory algebra C if there exists an element

c ∈ C such that cz = f(z) for all z ∈ C. If this last condition is satisfied, we say that c represents
f in C.

Two elements c, d ∈ C are called extensionally equal if they represent the same function in C.
For example, the elements c and 1c are extensionally equal for every c ∈ C. The combinator 1 will
be used in the next Subsection to select a canonical representative inside the class of all elements
d extensionally equal to a given element c ∈ C.

2.3 Lambda Models
Although lambda calculus has been the subject of research by logicians since the early 1930’s, its
model theory developed only much later, following the pioneering model construction made by
Dana Scott. The notion of an environment model is described by Meyer (1982) as “the natural,
most general formulation of what might be meant by mathematical models of the untyped lambda
calculus”. The drawback of environment models is that they are higher-order structures. How-
ever, there exists an intrinsic characterization (up to isomorphism) of environment models as an
elementary class of combinatory algebras called λ-models (Def. 5.2.7 in Barendregt, 1984). They
were first axiomatized by Meyer (1982) and independently by Scott (1980); the axiomatization,
while elegant, is not equational.



We now define the notion of a λ-model. Let C be a combinatory algebra and let c̄ be a new
symbol for each c ∈ C. We extend the language of the lambda calculus by adjoining c̄ as a new
constant symbol for each c ∈ C. Let Λo

I(C) be the set of closed λ-terms with constants from C
and variables from I. The interpretation of terms in Λo

I(C) with elements of C can be defined by
induction as follows (for all M,N ∈ Λo

I(C) and c ∈ C):

(c̄)C = c; (MN)C = MCNC; (λx.M)C = 1m,

where m ∈ C is any element representing the following function f : C → C:

f(c) = (M [x := c̄])C, for all c ∈ C. (1)

The drawback of the previous definition is that, if C is an arbitrary combinatory algebra, it may
happen that the function f is not representable. The axioms of an elementary subclass of combi-
natory algebras, called λ-models or models of the lambda calculus, were expressly chosen to make
coherent the previous definition of interpretation (see (Meyer, 1982), (Scott, 1980), (Barendregt,
1984, Def. 5.2.7)).

The Meyer-Scott axiom is the most important axiom in the definition of a λ-model. In the
first-order language of combinatory algebras it takes the following form

∀x∀y(∀z(xz = yz) ⇒ 1x = 1y)

and it makes the combinator 1 an inner choice operator. Indeed, given any c, the element 1c is in
the same equivalence class as c w.r.t. extensional equality; and, by Meyer-Scott axiom, 1c = 1d
for every d extensionally equal to c. Thus, the set Y = {c : cz = f(z) for all z ∈ C} of elements
representing the function f defined in (1) admits 1m as a canonical representative and this does
not depend on the choice of m ∈ Y .

As a matter of notation, we write C |= M = N for MC = NC.
A λ-model univocally induces a λ-theory through the kernel congruence relation of the inter-

pretation function. For every λ-model C, the λ-theory generated by the set {M = N : M,N ∈
Λo

I , C |= M = N} is called the equational theory of C and is denoted by Th(C). We say that a
λ-theory T is induced by a λ-model C (or that C induces T ) if T = Th(C).

A λ-theory T is the minimal λ-theory of a class C of models if there exists a model C ∈ C such
that T = Th(C) and T ⊆ Th(D) for all other models D ∈ C.

3 Completeness/Incompleteness
In this Section we review the known results of incompleteness for the semantics of lambda calculus.
We recall that a class Q of models of lambda calculus is called (equationally) complete if every
(consistent) λ-theory is induced by some model of Q. If this is not the case, Q is called incomplete.

3.1 Classic Results
The first incompleteness result was obtained by Honsell and Ronchi (1992) for the continuous
semantics. They extended to all continuous models arising from an inverse limit construction
an approximation theorem introduced by Hyland and Wadsworth to study the Scott model D∞
(see Barendregt, 1984). The general approximation theorem was applied to prove that the λ-
theory induced by the Park continuous model P is included within a suitable λ-theory T0. Then
the authors prove the incompleteness of the continuous semantics by showing that, whenever the
theory of a continuous model is included in the λ-theory T0, then it is strictly included in T0.
Namely, there exist two λ-terms X and Z such that

T0 ` X = Z, (2)

while
Th(C) 6` X = Z (3)



for every continuous model C such that Th(C) ⊆ T0. The complexity of the proof comes from
the fact that (2) is established syntactically, while (3) is a consequence of the existence of non-
sequential functions within the set of all Scott continuous functions.

Following a method similar to that of Honsell and Ronchi (1992), Gouy (1995) proved the
incompleteness of the stable semantics. Other more semantic proofs of incompleteness for the con-
tinuous and stable semantics were found by Bastonero and Gouy (1999) and are briefly described
in the following. The Park model P was first defined in the framework of continuous semantics.
It is a variant of the Scott model D∞, but with a very different equational theory. This model
has a stable analogue Ps (which was defined by Honsell and Ronchi (1990)), and a strongly stable
analogue Pfs (defined by Bastonero and Gouy (1999)). It is possible to give a semantic proof of
incompleteness for the continuous semantics by using the Park stable model Ps. Bastonero and
Gouy (1999) have shown that the λ-terms X and Z, considered by Honsell and Ronchi (1992), are
distinct in all continuous models C satisfying the following conditions:

(i) C is extensional,

(ii) ΩΩ = Ω,

(iii) λx.Ω(Ωx) = Ω,

(iv) Ω 6= λx.Ω.

The Park stable model Ps satisfies the above conditions (i)-(iv) and equalizes X and Z (see
Theorem 4.1 in (Bastonero and Gouy, 1999)). This proves that no continuous model has the
theory of Ps.

The incompleteness of the stable semantics was proven by Bastonero and Gouy in a similar
way. They show that the same λ-terms X and Z are distinct in all stable models C satisfying the
following conditions:

(a) C is extensional,

(b) ΩΩ = Ω,

(c) Ω(λx.Ω) 6= Ω.

The Park strongly stable model Pfs satisfies the above three conditions (a)-(c) and equalizes X
and Z (see Theorem 5.1 in (Bastonero and Gouy, 1999)). This proves that no stable model has
the theory of Pfs.

3.2 Order and topological incompleteness
Salibra (2001a,b, 2003) has introduced a new technique to prove in a uniform way the incom-
pleteness of all the denotational semantics of the untyped lambda calculus given in terms of
partially ordered models with a bottom element. This incompleteness removes the belief that
partial orderings with a bottom element are intrinsic to models of the lambda calculus, and that
the incompleteness of a semantics is only due to the richness of the structure of representable
functions. Instead, the incompleteness is also due to the richness of the structure of λ-theories. In
this section we briefly describe this technique.

We begin by introducing the notion of a semisubtractive algebra. As a matter of notation, if
A is an algebra, then A denotes the carrier set of the algebra A.

Definition 1 An algebra A is semisubtractive if there exist a binary term s(x, y) and a constant
0 in the similarity type of A such that

s(x, x) = 0.

As a matter of notation, ω denotes the first infinite ordinal, i.e., the set of natural numbers.



Definition 2 Let A be a semisubtractive algebra. The subtraction sequence (cn) of a pair
(a, b) ∈ A2 is defined by induction as follows:

c1 = s(a, b); cn+1 = s(cn, 0). (4)

We say that (a, b) has order k ∈ ω if ck 6= 0, while (a, b) has order ω if ck 6= 0 for all k ∈ ω.

If a pair (a, b) has order k, then a 6= b and cn 6= 0 for all n ≤ k.
We recall that a partially ordered algebra, a po-algebra for short, is a pair (A,≤), where A

is an algebra and ≤ is a partial order on A which makes the basic operations of A monotone. A
po-model is a po-algebra (C,≤), where C is a model of lambda calculus. A po-model (C,≤) is
non-trivial if the partial order ≤ is not discrete (i.e., a < b for some a, b ∈ C). The inequality
graph of a po-model (C,≤) has the elements of C as nodes, while an edge connects two distinct
nodes a and b if either a < b or b < a. Two nodes are in the same connected component if they are
either not distinct or joined by a path. The equivalence classes of the relation “to be in the same
connected component” define the partition of the inequality graph into connected components. A
connected component can be also characterized as a minimal subset of C which is both upward
closed and downward closed.

One of the most interesting open problems of lambda calculus is whether every λ-theory arises
as the equational theory of a non-trivially ordered model (in other words, whether the semantics
of lambda calculus given in terms of non-trivially ordered models is complete). Selinger (1996)
gave a syntactical characterization, in terms of so-called generalized Mal’cev operators, of the
order-incomplete λ-theories (i.e., the theories not induced by any non-trivially ordered model).
Theorem 1 below gives a partial answer to the order-incompleteness problem.

The following are the main technical lemmas used in the proof of the order incompleteness
theorem.

Lemma 1 Let (A,≤) be a semisubtractive po-algebra. If a pair (a, b) ∈ A2 has order ω, then a
and b are in distinct connected components (in the inequality graph of A).

Lemma 2 Let (C,≤) be a po-model of lambda calculus and let Π be the λ-theory axiomatized by
the equation Ωxx = Ω. If Th(C) = Π then the inequality graph of C has an infinite number of
connected components. Moreover, if Π 6` M = N then the interpretations of M and N in C are
in distinct connected components.

Theorem 1 (Order Incompleteness Theorem) Any semantics of the untyped lambda calculus,
given in terms of po-models which have only finitely many connected components (in the inequality
graph), is incomplete.

The monotone semantics is given in terms of po-models with a bottom element. It includes
the continuous, stable and strongly stable semantics.

Corollary 1 The monotone semantics is incomplete.

Corollary 2 Any semantics of lambda calculus given in terms of po-models which are semilattices,
lattices, complete partial orderings, or which have a top element, is incomplete.

Topology is at the center of the known approaches to giving models of the untyped lambda cal-
culus. Indeed, the first mathematical model was found by Scott in the category of algebraic lattices
and Scott continuous functions. After Scott, many authors tried to find lambda calculus models
in Cartesian closed categories of topological spaces. Abramsky (Mislove, 1998, Theorem 5.11) and
Plotkin (Mislove, 1998, Theorem 5.14) have shown respectively that there exists no nondegenerate
model of the lambda calculus in the category of posets and monotone mappings, and in the cat-
egory of complete ultrametric spaces and non-expansive mappings. Hofmann and Mislove (1995)
have shown that the category of k-spaces and continuous maps has no nondegenerate, compact
T2-topological model. Salibra (2001a) asked for the completeness/incompleteness of semantics of



lambda calculus given in terms of suitable topological models. In the remaining part of this section
we briefly describe the results that have been obtained.

A topological algebra is a pair (A, τ), where A is an algebra and τ is a topology on A making
the basic operations of A continuous.

We recall that separation axioms in topology stipulate the degree to which distinct points may
be separated by open sets or by closed neighborhoods of open sets. For example, a topological
space is T0 if distinct elements cannot have the same family of neighborhoods. In Theorem 2 below
we prove that in every semisubtractive T0-topological algebra every pair of elements of order 3 is
T21/2-separable. We recall that a and b are T21/2-separable if there exists two open sets U and V
such that a ∈ U , b ∈ V and the closures of U and V have empty intersection.

Theorem 2 If (A, τ) is a semisubtractive T0-topological algebra, then every pair (a, b) ∈ A2 of
order 3 is T21/2-separable.

Connectedness axioms in topology examine the structure of a topological space in an orthogonal
way with respect to separation axioms. They deny the existence of certain subsets of a topological
space with properties of separation. We introduce a strong property of connectedness, called
closed-open-connectedness, which is orthogonal to the property of T21/2-separability, and it is
satisfied by a topological space if there exist no T21/2-separable elements.

Definition 3 We say that a space is closed-open-connected if it has no disjoint closures of
open sets. In other words, if, for all open sets U and V , we have that the closures of U and V
have empty intersection.

The following proposition provides a wide class of topological spaces whose topology is closed-
open-connected.

Proposition 1 Let (X, τ) be a T0-topological space, whose specialization order ≤τ , defined by

a ≤τ b iff a belongs to the closure of set {b},

satisfies the following property: every pair of nodes of the inequality graph of (X,≤τ ) is joined by
a path of length less or equal to 3. Then (X, τ) is closed-open-connected.

Corollary 3 Every T0-topological space (X, τ), whose specialization order either admits a bottom
(top) element or makes X a direct set, is closed-open-connected.

In particular complete partial orderings with the Scott topology are closed-open-connected.
As a consequence of Theorem 2 of separation, we get the topological incompleteness theorem.
A topological model of the lambda calculus is a topological algebra (C, τ), where C is a model

of lambda calculus.

Theorem 3 (Topological Incompleteness Theorem) Any semantics of the lambda calculus given
in terms of closed-open-connected T0-topological models is incomplete.

A topological model, whose topology is T0 but not T1, has a non-trivial specialization order.
This means that there exists at least two elements a and b such that a belongs to the closure of
set {b}. Then from Theorem 1 and from Theorem 3 it follows the incompleteness of any semantics
of lambda calculus given in terms of T0-topological models, whose topology is either closed-open-
connected or admits a specialization order with a finite number of connected components.

Salibra (2003) has also positively answered the following question: is there a class of models
with a “reasonable” topology which is a complete semantics of lambda calculus?

If (A, d) is a metric space, then τd is the topology on A defined by d. A metrizable model of
the untyped lambda calculus is a topological model whose topology is non-trivial and metrizable.

Theorem 4 (Metric Completeness Theorem) The semantics of the untyped lambda calculus given
in terms of metrizable models is complete.



3.3 Omitting equations and theories
If a semantics is incomplete, then there exists a λ-theory T that is not induced by any model in
the semantics. In such a case we say that the semantics omits the λ-theory T . Salibra (2001a)
has shown that the monotone semantics (that includes the continuous, stable and strongly stable
semantics) omits a continuum of λ-theories: all the λ-theories T satisfying Ωxx = Ω ∈ T and
Ωki = Ω /∈ T . More generally, a semantics omits (forces, respectively) an equation M = N if
C 6|= M = N (C |= M = N) for all models C in the semantics. If a semantics omits an equation
M = N , then it omits all the λ-theories including M = N . It is easy to verify that the set of
equations ‘forced’ by a semantics C constitutes a λ-theory. It is the minimal λ-theory of C (see
Section 2.3) if it is induced by a model of C.

It would be interesting to characterize the λ-theories and/or equations omitted (forced) by
an incomplete semantics. Bucciarelli and Salibra (2003, 200X) are studying this problem for the
semantics of lambda calculus given in terms of graph models (graph semantics, for short). These
models were isolated by Plotkin, Scott and Engeler within the continuous semantics. Historically,
the first graph model was Plotkin and Scott’s Pω, which is also known in the literature as “the
graph model” (see Section 18.1 and Section 19.1 in (Barendregt, 1984)). “Graph” referred to the
fact that the Scott continuous functions were encoded in the model via (a sufficient fragment of)
their graph. Graph models have been proved useful for giving proofs of consistency of extensions
of lambda calculus and for studying operational features of lambda calculus. For example, the
simplest of all graph models, namely Engeler-Plotkin’s model, has been used in Berline (2000) to
give concise proofs of the head-normalization theorem and of the left-normalization theorem of
lambda calculus. A proof of the “easiness” of the λ-term Ω based on graph models was obtained
by Baeten and Boerboom (1979).

As a matter of notation, for every set C, C∗ is the set of all finite subsets of C, while P(C) is
the powerset of C. If C is a complete partial ordering (cpo, for short), then [C → C] denotes the
cpo of all the Scott continuous functions from C into C.

We now define the notion of a graph model. A total pair is a pair (C, p), where C is an infinite
set and p : C∗×C → C is an injective total function. The function p is useful to encode a fragment
of the graph of a Scott continuous function f : P(C) → P(C) as a subset G(f) of C:

G(f) = {p(a, α) | α ∈ f(a) and a ∈ C∗}. (5)

Any total pair (C, p) is used to define a graph model of lambda calculus through the reflexive
cpo (P(C),⊆) determined by two continuous (w.r.t. the Scott topology) mappings G : [P(C) →
P(D)] → P(D) and F : P(C) → [P(C) → P(C)]. The function G is defined in (5), while F is
defined as follows:

F (X)(Y ) = {α ∈ D : (∃a ⊆ Y ) p(a, α) ∈ X}.

The interpretation of a λ-term with constant from P(C) is given by induction over the complexity
of λ-terms:

• X̄p = X, for all X ⊆ C;

• (MN)p = F (Mp)(Np);

• (λx.M)p = G(f), where f(X) = M [x := X]p for all X ⊆ C.

For more details we refer the reader to Berline (2000) and to Chapter 5 of Barendregt’s book
(Barendregt, 1984).

The λ-theory induced by a graph model is called a graph theory.
It is well known that the graph semantics is incomplete. It trivially omits the axiom of ex-

tensionality, i.e., the equation i = 1. Other equations, for example Ω3i = i, are omitted in graph
semantics (see Kerth (1995)). On the other hand, given the huge amount of graph models (one for
each total pair (C, p)), one could ask how many different λ-theories are induced by these models.
Kerth (1998) has shown that there exists a continuum of different (sensible) graph theories.



Given a (reasonable closed) class of models in a given semantics, it would be interesting to
determine whether there exists a minimal theory represented in it (see Berline (2000)). Di Gi-
anantonio et al. (1995) have shown that the above question admits a positive answer for Scott’s
continuous semantics, at least if we restrict to extensional models. Bucciarelli and Salibra (2003)
have provided a positive answer for the restricted class of graph models.

Theorem 5

(i) There exists a minimal graph theory.

(ii) There exists a minimal sensible graph theory.

Another interesting problem arises: what equations between λ-terms are equated by these two
minimal graph theories? The answer to this difficult question is still unknown; we conjecture that
the right answers are respectively the minimal lambda theory λβ and the minimal sensible lambda
theory H.

We conclude the section by giving an outline of the results that will appear in the forthcoming
article (Bucciarelli and Salibra, 200X). Recall that H∗ is the unique maximal sensible λ-theory,
while B is the λ-theory generated by equating λ-terms with the same Böhm tree. It is well known
that H ⊂ B ⊂ H∗ (see Section 2.1).

The following are the main results in (Bucciarelli and Salibra, 200X).

Theorem 6 The graph semantics omits all the equations M = N satisfying the following condi-
tions:

M =H∗ N and M 6=B N.

In other words, graph semantics omits all the equations M = N for which M and N do not
have the same Böhm tree, but they have the same Böhm tree up to (possibly infinite) η-equivalence
(see Section 2.1).

Theorem 7 The λ-theory B is the unique maximal sensible graph theory.

Proof: B is the theory of Plotkin and Scott’s first graph model Pω (see Section 19.1 in (Baren-
dregt, 1984)). Let T be a sensible graph theory and M =T N . We have that M =H∗ N , because
H∗ is the unique maximal sensible λ-theory. Since graph semantics does not omit the equation
M = N , then from M =H∗ N and from Theorem 6 it follows that M =B N , so that T ⊆ B.

Berline (2000) asked whether there is a non-syntactic sensible model of lambda calculus whose
theory is strictly included in B. The answer is positive as shown in the following corollary.

Theorem 8 There exists a continuum of different sensible graph theories strictly included in B.

Proof: Based on a result of David (2001), Kerth (1998) has shown that there exists a continuum
of sensible graph theories which distinguish the fixpoint combinators Y and Θ. Then the conclusion
follows from Theorem 7, because Y and Θ have the same Böhm tree.

It is well known that the λ-term Ω is easy, that is, it can be consistently equated to every other
closed λ-term M . Recall that (Ω = M)+ is the λ-theory generated by the equation Ω = M .

Corollary 4 Let M be an arbitrary closed λ-term. Then we have:

P =H∗ Q, P 6=B Q ⇒ (Ω = M)+ 6` P = Q.

Proof: By Baeten and Boerboom (1979) the λ-theory (Ω = M)+ is contained in a graph
theory. Then the conclusion follows from Theorem 6.



4 The Lattice of λ-Theories
The set of all λ-theories is naturally equipped with a structure of complete lattice (see Chapter 4 in
(Barendregt, 1984)), with meet defined as set theoretical intersection. The lattice λT of λ-theories
has a continuum of elements and it is a very rich and complex structure. The bottom element of
this lattice is the minimal λ-theory λβ, while the top element is the inconsistent λ-theory (denoted
by 1λT ). Techniques of universal algebra were applied by Lusin and Salibra (200X) and Salibra
(2001c) to study the structure of lattice λT . In the remaining part of this section we survey these
results.

Consider the absolutely free algebra of λ-terms:

ΛI := (ΛI , ·ΛI , λxΛI , xΛI )x∈I , (6)

where ΛI is the set of λ-terms and, for all M,N ∈ ΛI ,

M ·ΛI N = (MN); λxΛI (M) = (λx.M); xΛI = x.

The λ-theory λβ is the least congruence over ΛI including (α) and (β)-conversion. The variety
(= equational class) generated by the term algebra Λλβ

I , the quotient of ΛI by λβ, is the starting
point for studying the structure of λT by universal algebraic methods.

The variety generated by Λλβ
I is axiomatized by the equations that hold between contexts of

the lambda calculus (i.e., λ-terms with ‘holes’ (Barendregt, 1984, Def. 14.4.1)), as opposed to λ-
terms with free variables. The variable-binding properties of lambda abstraction prevent variables
in lambda calculus from operating as real algebraic variables. Indeed, the equations between λ-
terms, unlike the associative and commutative laws for example, are not always preserved when
arbitrary λ-terms are substituted for variables (e.g., λx.yx = λz.yz does not imply λx.xx = λz.xz).
Contexts are λ-terms with occurrences of holes that are called here context variables and denoted
by capital letters F,G, H . . .. Equations between contexts are preserved when arbitrary λ-terms
are substituted for context variables. The essential feature of a context is that a free variable in
a λ-term may become bound when we substitute it for a context variable within the context. For
example, if t(F ) = λx.x(λy.F ) is a context, in Barendregt’s notation: t([ ]) = λx.x(λy.[ ]), and
M = xy is a λ-term, then t(M) = λx.x(λy.xy). Thus, context variables play the role of algebraic
variables, and the contexts are the algebraic terms in the similarity type of the term algebra Λλβ

I .
By definition, the variety generated by Λλβ

I satisfies an identity between contexts
t(F1, . . . , Fn) = u(F1, . . . , Fn) if the term algebra Λλβ

I satisfies it; i.e., if all the instances of
the above identity, obtained by substituting λ-terms for context variables in it, fall within λβ:
λβ ` t(M1, . . . ,Mn) = u(M1, . . . ,Mn), for all λ-terms M1, . . . ,Mn. For example, the variety gen-
erated by Λλβ

I satisfies the identity (λx.x)F = F because λβ ` (λx.x)M = M for every λ-term
M .

Lambda abstraction algebras are meant to axiomatize those identities between contexts that
are valid in the variety generated by the term algebra Λλβ

I . We now give the formal definition of
a lambda abstraction algebra (see Pigozzi and Salibra (1995, 1998); Salibra and Goldblatt (1999);
Salibra (2000)).

Definition 4 Let I be an infinite set. By a lambda abstraction algebra of dimension I we
mean an algebraic structure of the form:

A := 〈A, ·A, λxA, xA〉x∈I

satisfying the following identities between contexts, for all x, y, z ∈ I:



(β1) (λx.x)F = F ;

(β2) (λx.y)F = y, x 6= y;

(β3) (λx.F )x = F ;

(β4) (λxx.F )µ = λx.F ;

(β5) (λx.FG)H = (λx.F )H((λx.G)H);

(β6) (λxy.G)((λy.F )z) = λy.(λx.G)((λy.F )z), x 6= y, z 6= y;

(α) λx.(λy.F )z = λy.(λx.(λy.F )z)y, z 6= y.

The class of lambda abstraction algebras of dimension I is denoted by LAAI . LAAI is a
variety, and therefore it is closed under the formation of subalgebras, homomorphic (in particular
isomorphic) images, and Cartesian products.

The following was the main result in Salibra (2000).

Theorem 9 The variety generated by the term algebra Λλβ
I of the minimal λ-theory λβ is the

variety of LAAI ’s.

The lattices of the equational theories and of the subvarieties of a given variety are defined in
any textbook of universal algebra (see, for example, McKenzie et al. (1987)).

Theorem 10 The following lattices are isomorphic.

1. The lattice λT of λ-theories;

2. The interval sublattice [λβ) = {T : λβ ⊆ T } of the congruence lattice of ΛI ;

3. The congruence lattice of the term algebra Λλβ
I of λβ;

4. The lattice of the equational theories that include the equations (β1)-(β6) and (α) axioma-
tizing the variety LAA;

5. The dual lattice of the lattice of the subvarieties of LAAI .

The isomorphism of (1) and (5) is one of the main results in Salibra (2000), while the isomorphisms
of (1)-(2)-(3) and of (4)-(5) are trivially verified.

An identity in the language of lattices is called a lattice identity. A lattice identity is trivial if
it holds in every lattice.

Given the congruence lattice of an algebra, we interpret the variables of a lattice identity as
congruence relations, the join of two congruences δ and γ as the congruence relation generated by
the union δ∪γ, and the meet as the intersection δ∩γ. Given the lattice of λ-theories, we interpret
the variables of a lattice identity as λ-theories, the join of two λ-theories T and S as the λ-theory
(T ∪ S)+ and the meet as the intersection T ∩ S (see Section 2.1). From Theorem 10 it follows
that any lattice identity or quasi-identity (i.e., an implication with a finite number of equational
premises) that holds in the congruence lattices of all LAAI ’s must necessarily hold in the lattice
of λ-theories.

It was shown by Lampe (1991) that the lattice of the subvarieties of a variety satisfies nontrivial
lattice quasi-identities such as the ET condition and the Zipper condition. As a consequence of
the dual isomorphism between λT and the lattice of subvarieties of LAA (see Theorem 10), the
ET condition and the Zipper condition hold in lattice λT .



Theorem 11 (ET Condition) Let (Sk : k ∈ K) be a family of lambda theories. If the λ-theory
generated by ∪k∈KSk is inconsistent, then there is a finite sequence S0, . . . ,Sn with Sj ∈ {Sk : k ∈
K} for j ≤ n such that:

(((. . . (((S0 ∩ G) ∪ S1)+ ∩ G) ∪ S2)+ ∩ G) ∪ . . . ∪ Sn)+ ∩ G = G (7)

for every λ-theory G.

Theorem 12 (Zipper Condition) Let T , G and (Sk : k ∈ K) be lambda theories. If the λ-theory
generated by ∪k∈KSk is inconsistent and Sk ∩ G = T for all k ∈ K, then G = T .

Corollary 5 Let S and T be two λ-theories. If the λ-theory generated by S ∪ T is inconsistent
and S ∩ G = T ∩ G, then G ⊆ S and G ⊆ T .

The following well-known lattices cannot be sublattices of λT .

Corollary 6 Let Mk be the lattice having k atoms, a zero and one, and no other elements. Mk

cannot be a sublattice of λT , provided the top element of Mk is the inconsistent λ-theory.

In every lattice L the modularity law (that is a weakened form of distributivity) is equivalent
to the requirement that L has no sublattice isomorphic to the “pentagon” N5. The pentagon N5

is constituted by five distinct elements 0, a, b, c, 1 such that a ≤ c, while the elements 0 and 1 are
respectively the greatest lower bound and the least upper bound of sets {c, b} and {a, b}. Recall
from Section 2.1 the definitions of the λ-terms i,Ω and of the λ-theories H,H∗. Ω = i+ is the
λ-theory generated by the equation Ω = i.

Salibra (2001c) has shown the following result.

Theorem 13 The lattice λT is not modular because the pentagon N5, defined by

0 ≡ T ∩H∗; 1 ≡ 1λT ; b ≡ Ω = i+; a ≡ (H ∪ (Ω = i+ ∩H∗))+; c ≡ H∗,

is a sublattice of λT .

An identity in the language of lattices enriched by a binary symbol ◦ is called a congruence
identity. We interpret ◦ as the composition of two binary relations. We say that a variety V
satisfies a congruence (lattice) identity if it holds in all congruence lattices of members of V. A
congruence identity is trivial if it holds in the congruence lattice of any algebra. Varieties are often
characterized in terms of congruence identities. For example, the variety of groups is congruence
2-permutable, i.e., it satisfies the following congruence identity γ ◦ δ = δ ◦ γ.

The following theorem is a consequence of the sequentiality theorem of lambda calculus (see
Theorem 14.4.8 in (Barendregt, 1984)).

Theorem 14 The variety LAAI satisfies a congruence identity e if, and only if, e is trivial.

As a consequence of the above theorem, for every nontrivial lattice identity e, there exists an
LAAI A whose congruence lattice does not satisfy e. A can be chosen as a term algebra if we
modify the language of lambda calculus with a finite number of constants.

As a matter of notation, ΛI(n) is the set of λ-terms constructed from an infinite set I of
variables and a finite set of constants of cardinality n.

Theorem 15 Let e be a nontrivial lattice identity. Then there exists a natural number n such
that the identity e fails in the lattice of the λ-theories over the language ΛI(n).

We conjecture that a lattice identity e holds in the lattice of λ-theories over the language ΛI

(without constants) if, and only if, e is trivial.



We conclude this section by showing that there exists a sublattice of λT satisfying good lattice
properties. Consider the λ-theory J axiomatized by

Ωxx = x; Ωxy = Ωyx; Ωx(Ωyz) = Ω(Ωxy)z. (8)

The consistency of J was obtained in Lusin and Salibra (200X) by using intersection types for
defining a filter model for it (see Barendregt et al. (1984), Coppo et al. (1984)). The lattice of all
λ-theories including J has the lattice properties described in Theorem 16 below.

Theorem 16 The interval sublattice [J ) = {T : J ⊆ T } of the lattice of λ-theories satisfies the
following properties:

(i) The finite lattice M3 is not a sublattice of [J ).

(ii) [J ) satisfies a nontrivial congruence identity.

(iii) [J ) is meet semidistributive, i.e. the following implication holds for all λ-theories S, T ,G ∈
[J ).

S ∩ T = S ∩ G ⇒ S ∩ T = S ∩ (T ∪ G)+.
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