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Abstract

Sensibleλ-theories are equational extensions of the un-
typed lambda calculus that equate all the unsolvableλ-
terms and are closed under derivation. A longstanding open
problem in lambda calculus is whether there exists a non-
syntactic model whose equational theory is the least sensi-
ble λ-theoryH (generated by equating all the unsolvable
terms). A related question is whether, given a class of mod-
els, there exist a minimal and maximal sensibleλ-theory
represented by it. In this paper we give a positive answer to
this question for the semantics of lambda calculus given in
terms of graph models. We conjecture that the least sensible
graph theory, where “graph theory” means “λ-theory of a
graph model”, is equal toH, while in the main result of the
paper we characterize the greatest sensible graph theory
as theλ-theoryB generated by equatingλ-terms with the
same B̈ohm tree. This result is a consequence of the fact that
all the equations between solvableλ-terms, which have dif-
ferent B̈ohm trees, fail in every sensible graph model. Fur-
ther results of the paper are: (i) the existence of a contin-
uum of different sensible graph theories strictly included in
B (this result positively answers Question 2 in [7, Section
6.3]); (ii) the non-existence of a graph model whose equa-
tional theory is exactly the minimal lambda theoryλβ (this
result negatively answers Question 1 in [7, Section 6.2] for
the restricted class of graph models).

1. Introduction

Lambda theories are compatible equivalence relations
on λ-terms closed under(α)- and (β)-conversion. They
arise by syntactical or semantic considerations. Indeed, a
λ-theory may correspond to a possible operational (obser-
vational) semantics of the lambda calculus, as well as it may
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be induced by a model of lambda calculus through the ker-
nel congruence relation of the interpretation function. Al-
though researchers have mainly focused their interest on a
limited number of them, the class ofλ-theories constitutes
a very rich and complex structure (see e.g. [4, 7]). Syntac-
tical techniques are usually difficult to use in the study of
λ-theories. Therefore, semantic methods have been exten-
sively investigated.

Topology is at the center of the known approaches to giv-
ing models of the untyped lambda calculus. The first model,
found by Scott in 1969 in the category of complete lat-
tices and Scott continuous functions, was successfully used
to show that all the unsolvableλ-terms can be consistently
equated. After Scott, a large number of mathematical mod-
els for lambda calculus, arising from syntax-free construc-
tions, have been introduced in various categories of domains
and were classified into semantics according to the nature of
their representable functions, see e.g. [1, 4, 7, 21]. Scott’s
continuous semantics [24] is given in the category whose
objects are complete partial orders and morphisms are Scott
continuous functions. The stable semantics (Berry [8]) and
the strongly stable semantics (Bucciarelli-Ehrhard [9]) are
a strengthening of the continuous semantics, introduced to
capture the notion of “sequential” Scott continuous func-
tion. All these semantics are structurally and equationally
rich in the sense that it is possible to build up2ℵ0 mod-
els in each of them inducing pairwise distinctλ-theories
[18, 19]. Nevertheless, the above denotational semantics are
equationally incomplete: they do not match all the possi-
ble operational semantics of lambda calculus. The problem
of the equational incompleteness was positively solved by
Honsell-Ronchi della Rocca [16] for the continuous seman-
tics, and by Bastonero-Gouy [15, 6] for the stable seman-
tics. Salibra [22, 23] has recently shown in a uniform way
that all the semantics, which involve monotonicity with re-
spect to some partial order and have a bottom element, fail
to induce a continuum ofλ-theories. From this it follows the
incompleteness of the strongly stable semantics, which had
been conjectured by Bastonero-Gouy [6] and by Berline [7].



If a semantics is incomplete, then there exists aλ-theory
T that is not induced by any model in the semantics. In such
a case we say that the semanticsomitstheλ-theoryT . More
generally, a semanticsomits(forces, respectively) an equa-
tion if the equation fails (holds) in every model of the se-
mantics. The set of equations forced by a semanticsC con-
stitutes aλ-theory. It is the minimalλ-theory ofC if it is in-
duced by a model ofC.

The following natural question arises (see Berline [7]):
given a class of models in a semanticsC, is there a mini-
mal λ-theory represented in it? Di Gianantonio et al. [14]
have shown that the above question admits a positive an-
swer for Scott’s continuous semantics, at least if we re-
strict to extensional models. However, the proofs of [14]
use logical relations, and since logical relations do not al-
low to distinguish terms with the same applicative behav-
ior, the proofs do not carry out to non-extensional models.
The authors [10] have recently shown that the same ques-
tion admits a positive answer for thegraph semantics, that
is, the semantics of lambda calculus given in terms ofgraph
models. These models, isolated in the seventies by Scott
and Engeler [4] within the continuous semantics, have been
proved useful for giving proofs of consistency of extensions
of lambda calculus and for studying operational features of
lambda calculus. For example, the simplest graph model,
namely Engeler’s model, has been used by Berline [7] to
give concise proofs of the head-normalization theorem and
of the left-normalization theorem of lambda calculus, while
a semantical proof of the “easiness” of(λx.xx)(λx.xx) was
obtained by Baeten and Boerboom in [3]. Kerth has recently
shown in [18] that there exists a continuum of different
(sensible) graph theories (where “graph theory” means “λ-
theory of a graph model”). However, it is well known that
the graph semantics is incomplete, since it trivially omits the
axiom of extensionality (i.e., the equationλx.x = λxy.xy).

Sensibleλ-theories are equational extensions of the un-
typed lambda calculus that equate all the unsolvableλ-
terms and are closed under derivation. The least sensibleλ-
theory is theλ-theoryH (generated by equating all the un-
solvable terms), while the greatest sensibleλ-theory is the
λ-theoryH∗ (generated by equatingλ-terms with the same
Böhm tree up to possibly infiniteη-equivalence). A long-
standing open problem in lambda calculus is whether there
exists a non-syntactic model whose equational theory is the
least sensibleλ-theoryH. A related question is whether,
given a class of models, there is a minimal and maximal sen-
sibleλ-theory represented by it. In this paper we give a pos-
itive answer to this question for the graph semantics. Two
further questions arise: what equations betweenλ-terms be-
long to the least sensible graph theory? And to the greatest
one? The answer to the first difficult question is still un-
known; we conjecture that theλ-theoryH is the least sensi-
ble graph theory. In this paper we answer the second ques-

tion: theλ-theoryB (generated by equatingλ-terms with
the same B̈ohm tree) is the greatest sensible graph theory.
This result is a consequence of the main technical theorem
of the paper: the graph semantics omits all the equations
M = N betweenλ-terms satisfying the following condi-
tions:

H∗ ` M = N andB 6` M = N. (1)

The following are other consequences of the main result of
the paper.

(i) There exists a continuum of different sensible graph
theories strictly included inB (this result positively an-
swers Question 2 in [7, Section 6.3]);

(ii) For every closed termP , the λ-theory generated by
(λx.xx)(λx.xx) = P contains no equation satisfying
condition (1).

A longstanding open problem in lambda calculus is
whether there exists a non-syntactic model whose equa-
tional theory is equal to the leastλ-theoryλβ. In this pa-
per we show that this model cannot be found within graph
semantics (this result negatively answers Question 1 in [7,
Section 6.2] for the restricted class of graph models). From
the above result it follows that the minimal graph theory,
whose existence was shown in [10], is not equal toλβ,
so that graph semantics forces equations between non-β-
equivalentλ-terms.

The paper is organized as follows. In Section 2 we review
the basic definitions of lambda calculus and graph models.
In particular, we recall the formal definition of the Engeler
completion of a partial pair. The proof of the existence of
a minimal sensible graph theory is presented in Section 3,
while in Section 4 it is shown that the least graph theory is
not equal toλβ. Sections 5 and 6 are devoted to the charac-
terization of the maximal sensible graph theory.

2. Preliminaries

To keep this article self-contained, we summarize
some definitions and results concerning lambda calcu-
lus and graph models that we need in the subsequent part
of the paper. With regard to the lambda calculus we fol-
low the notation and terminology of [4].

2.1. Lambda calculus

The setΛ of λ-terms over an infinite set of variables is
constructed as usual: every variable is aλ-term; if t ands
areλ-terms, then so are(st) andλx.t for each variablex.
The symbol≡ denotes syntactic equality. The following are
some well-knownλ-terms:

Ω ≡ (λx.xx)(λx.xx); Ω3 ≡ (λx.xxx)(λx.xxx);



i ≡ λx.x; k ≡ λxy.x; 1 ≡ λxy.xy.

A compatibleλ-relation T is any set of equations be-
tweenλ-terms that is closed under the following two rules:

(i) If t = u ∈ T andw = v ∈ T , thentw = uv ∈ T ;

(ii) If t = u ∈ T thenλx.t = λx.u ∈ T for every variable
x.

We will write eitherT ` t = u or t =T u for t = u ∈ T .
A λ-theoryT is any compatibleλ-relation which is an

equivalence relation and includes (α)- and (β)-conversion.
The set of allλ-theories is naturally equipped with a lattice
structure, with meet defined as set theoretical intersection.
The join of twoλ-theoriesT andS is the least equivalence
relation includingT ∪ S. λβ denotes the minimalλ-theory,
while λβη denotes the minimal extensionalλ-theory (ax-
iomatized byi = 1).

The λ-theoryH, generated by equating all the unsolv-
ableλ-terms, is consistent by [4, Thm. 16.1.3] and admits a
unique maximal consistent extensionH∗ [4, Thm. 16.2.6].
A λ-theoryT is calledsensible[4, Def. 4.1.7(ii)] ifH ⊆ T .
The set of all sensibleλ-theories is naturally equipped with
a structure of bounded lattice.H is the least sensibleλ-
theory, whileH∗ is the greatest one.H∗ is an extensional
λ-theory.

2.2. Böhm trees

The Böhm treeBT (M) of a λ-termM is a finite or in-
finite labelled tree. IfM is unsolvable, thenBT (M) = ⊥,
that is,BT (M) is a tree with a unique node labelled by⊥.
If M is solvable andλx1 . . . xn.yM1 . . .Mk is the princi-
pal head normal form ofM [4, Def. 8.3.20] then we have

BT (M) = λx1 . . . xn.y
��

��
HH

HH

BT (M1) . . . . . . . . . BT (Mk)

Theλ-theoryB, generated by equatingλ-terms with the
same B̈ohm tree, is sensible and non-extensional.B is dis-
tinct fromH andH∗, so thatH ⊂ B ⊂ H∗. Notice that not
all theλ-theoriesT satisfying the conditionB ⊂ T ⊂ H∗
are extensional (see the remark after Thm. 5.2).

In the remaining part of this subsection we characterize
theλ-theoryH∗ in terms of B̈ohm trees.

For all λ-terms M and N , we write M ≤η N if
BT (N) is a (possibly infinite)η-expansionof BT (M) (see
[4, Def. 10.2.10]). For example, letJ ≡ Θ(λjxy.x(jy)),
whereΘ is the Turing’s fixpoint combinator. Then,x ≤η

Jx (see [4, Example 10.2.9]), since

Jx =λβ λz0.x(Jz0) =λβ λz0.x(λz1.z0(Jz1))

=λβ λz0.x(λz1.z0(λz2.z1(Jz2))) =λβ . . .

We write N =η M if there exists a B̈ohm-like treeA
such thatBT (M) ≤η A and BT (N) ≤η A (see [4,
Def. 10.2.25, Thm. 10.2.31]). It is well known that

M =H∗ N ⇔ M =η N (see [4, Thm. 19.2.9]).

2.3. Graph models

The class of graph models belongs to Scott’s continuous
semantics. Historically, the first graph model was Scott’s
Pω, which is also known in the literature as “the graph
model”. “Graph” referred to the fact that the continuous
functions were encoded in the model via (a sufficient frag-
ment of) their graph.

As a matter of notation, for every setD, D∗ is the set
of all finite subsets ofD, while P(D) is the powerset of
D. If C is a complete partial ordering (cpo, for short), then
[C → C] denotes the cpo of all the Scott continuous func-
tions fromC into C.

Definition 2.1 A graph modelis a pair (D, p), whereD is
an infinite set andp : D∗ × D → D is an injective total
function.

As a matter of notation, we writea →p α, or also
simply a → α, for p(a, α). When parenthesis are omit-
ted, then association to the right is assumed. For example,
a → b → α stands forp(a, p(b, α)). If a = a1 . . . an is a
sequence of finite subsets ofD, then we writean → α for
a1 → a2 → . . . → an → α.

The functionp is useful to encode a fragment of the
graph of a Scott continuous functionf : P(D) → P(D)
as a subsetG(f) of D:

G(f) = {a →p α | α ∈ f(a) anda ∈ D∗}. (2)

Any graph model(D, p) is used to define a model of lambda
calculus through the reflexive cpo(P(D),⊆) determined
by two Scott continuous mappingsG : [P(D) → P(D)] →
P(D) andF : P(D) → [P(D) → P(D)]. The functionG
is defined in (2), whileF is defined as follows:

F (X)(Y ) = {α ∈ D : (∃a ⊆ Y ) a →p α ∈ X}.

For more details we refer the reader to Berline [7] and to
Chapter 5 of Barendregt’s book [4].

Let EnvD be the set ofD-environmentsρ mapping the
set of the variables of lambda calculus intoP(D). The in-
terpretationMp : EnvD → P(D) of a λ-term M is de-
fined as follows.

• xp
ρ = ρ(x)

• (MN)p
ρ = {α ∈ D : (∃a ⊆ Np

ρ ) a →p α ∈ Mp
ρ }

• (λx.M)p
ρ = {a →p α : α ∈ Mp

ρ[x:=a]}



If x ≡ x1 . . . xn is a sequence of variables anda =
a1 . . . an is a sequence of finite subsets ofD, then we have

(λx.M)p
ρ = {an → α : α ∈ Mp

ρ[x1:=a1]...[xn:=an]}.

Given a graph model(D, p), we have thatMp = Np if,
and only if,Mp

ρ = Np
ρ for all environmentsρ. Theλ-theory

Th(D, p) induced by(D, p) is defined as

Th(D, p) = {M = N : Mp = Np}.

A λ-theory induced by a graph model will be called a
graph theory. The graph model(D, p) is calledsensible
if Th(D, p) is a sensibleλ-theory. It is well known that
the graph theoryTh(D, p) is never extensional because
(λx.x)p 6= (λxy.xy)p. Di Gianantonio and Honsell [13]
have shown that graph models are related to filter models
(see Coppo-Dezani [11] and Barendregt et al. [5]), since the
class of graph theories is included in the class ofλ-theories
induced by non-extensional filter models. Alessi et al. [2]
have shown that this inclusion is strict, namely there exists
an equation betweenλ-terms, which is omitted in graph se-
mantics, whilst it is satisfied in some non-extensional filter
model.

A graph theoryT will be called

1. the minimal graph theoryif T ⊆ Th(D, p) for all
graph models(D, p);

2. the minimal sensible graph theoryif T is sensible and
T ⊆ Th(D, p) for all sensible graph models(D, p);

3. the maximal sensible graph theoryif T is sensible and
Th(D, p) ⊆ T for all sensible graph models(D, p).

The completion method for building graph models from
“partial pairs” was initiated by Longo in [20] and recently
developed on a wide scale by Kerth in [18, 19]. This method
is useful to build models satisfying prescribed constraints,
such as domain equations and inequations, and it is particu-
larly convenient for dealing with the equational theories of
graph models.

Definition 2.2 A partial pair(D, p) is given by an infinite
setD and a partial, injective functionp : D∗ ×D→D.

A partial pair is a graph model if and only ifp is total.
We always suppose that no element ofD is a pair. This is
not restrictive because partial pairs can be considered up to
isomorphism.

Definition 2.3 Let (D, p) be a partial pair. TheEngeler
completionof (D, p) is the graph model(E, i) defined as
follows:

• E =
⋃

n∈ω En, whereE0 = D, En+1 = En ∪
((E∗

n × En)− dom(p)).

• Givena ∈ E∗, α ∈ E,

i(a, α) =
{

p(a, α) if p(a, α) is defined
(a, α) otherwise

It is easy to check that the Engeler completion of a given
partial pair(D, p) is actually a graph model. The Engeler
completion of a total pair(D, p) is equal to(D, p).

A notion of rankcan be naturally defined on the Engeler
completion(E, i) of a partial pair(D, p). The elements of
D are the elements of rank0, while an elementα ∈ E −D
has rank n ifα ∈ En andα 6∈ En−1.

Classic graph models, such as Scott’sPω [4] and En-
geler’sEA (whereA is an arbitrary nonempty set) [7], can be
viewed as the Engeler completions of suitable partial pairs.
In fact, Pω andEA are respectively isomorphic to the En-
geler completions of({0}, p) (with p(∅, 0) = 0) and(A, ∅).

Let x = x1 . . . xn be a sequence of variables andρ be
aD-environment such thatρ(xi) is a finite set. As a matter
of notation, we writeρ(xn) → α for ρ(x1) → ρ(x2) →
. . . → ρ(xn) → α.

3. The minimal sensible graph theory

In this section we show that the class of sensible graph
theories has a minimum element, i.e., there exists a graph
model whose equational theory is the smallest sensible
graph theory.

In [10] a general technique for “gluing together” the ele-
ments of a family of graph models is described.

The idea is the following: given a family
M = {(Mj , ij)} of graph models, take the par-
tial pair given by the disjoint union of theMj and of
the ij . The key point is that the theory of the Engeler com-
pletion of this partial pair, that we call here thecanoni-
cal productof M, is smaller than that of all the(Mj , ij)’s.
This is enough to conclude that the class of graph theo-
ries has a minimum element (simply take a “complete”
family {(Mj , ij)}, i.e. a family such that, for any inequa-
tion betweenλ-terms which holds in some graph model,
there existsj such that (Mj , ij) realises that inequa-
tion).

Here we restrict our attention to sensible models; we can
use the same technique, starting from a complete family
S of sensible graph models, but we have to be careful: it
remains to show that the canonical product ofS is sensi-
ble. This is a consequence of the property of sensible graph
models expressed in Lem. 3.2 below.

The proof of the following lemma can be found in Ex-
ample 5.3.7 of Kerth’s thesis [17].

Lemma 3.1 Let (D, p) be a graph model. Ifα ∈ (Ω3)p,
then there exists a natural numberk ≥ 1 such that

α = b1 → ... → bk → α



for suitable finite subsetsbi contained in the interpretation
of λx.xxx.

Lemma 3.2 If all the closed unsolvableλ-terms have the
same interpretation in a graph model, then it must be the
empty set.

Proof: Let (D, i) be a graph model and letX be a
nonempty subset ofD, that is the common interpretation
of all closed unsolvables. SinceΩ andλx.Ω are both un-
solvables, then we have that

X = (λx.Ω)i = {a→α : α ∈ Ωi} = {a→α : α ∈ X}.
(3)

It follows thata → α ∈ X for all finite subsetsa of D and
all α ∈ X. Let γ be a fixed element ofX. Thena → γ ∈
(Ω3)i by (3), sinceΩ3 is unsolvable and(Ω3)i = X. From
Lem. 3.1 it follows that

a → γ = b1 → ... → bk → a → γ,

whereb1, . . . , bk are finite subsets contained in the interpre-
tation of λx.xxx. It follows thatb1 = a. By the arbitrari-
ness ofa we can conclude that(λx.xxx)i = D. This is not
possible, because, for example,∅ → β /∈ (λx.xxx)i. 4

We state here some definitions and lemmata, sketching
the main result of [10]. We need them for proving the main
result of this section, Thm. 3.7:

Definition 3.3 LetF = {(Dj , ij)}j∈J be a family of graph
models (without loss of generality, we may assume that
Dj1 ∩ Dj2 = ∅ for j1 6= j2 ∈ J). Consider the partial
pair (DJ , qJ) defined by:

DJ =
⋃
j∈J

Dj ; qJ =
⋃
j∈J

ij .

The canonical productof F is the Engeler completion of
(DJ , qJ).

In the following, we denote by(D, i) the canonical prod-
uct ofF = {(Dj , ij)}j∈J .

Definition 3.4 Letj ∈ J . We callj-flatteningthe following
functionfj : D → D, defined by induction on the rank of
elements ofD:

if rank(x) = 0 thenfj(x) = x
if rank(x) = n + 1 andx = ({y1, ..., yk}, y) then

fj(x) =
{

ij(d, fj(y)) if fj(y) ∈ Dj

x otherwise

whered = {fj(y1), ..., fj(yk)}
⋂

Dj .

Lemma 3.5 For all x ∈ D there exists a uniquej ∈ J such
thatfj(x) ∈ Dj .

Proposition 3.6 Let M be a closedλ-term andM i (resp.
M ij ) be its interpretation in the canonical product(D, i)
(resp. graph model(Dj , ij)); then we have for allj ∈ J :

(i) fj(x) ∈ M i for all x ∈ M i.

(ii) M i ∩Dj = M ij .

A family of sensible graph models is complete if, for any
inequation between closedλ-terms which holds in some
sensible graph model, there exists an element of the fam-
ily in which that inequation holds.

Theorem 3.7 Let S = {(Sj , ij)}j∈J be a countable and
complete family of sensible graph models, and let(S, i) be
the canonical product ofS; then the theory of(S, i) is the
least sensible graph theory.

Proof: By the completeness ofS and by Prop. 3.6(ii) we
have thatTh(S, i) is contained within any sensible graph
theory.

In order to prove that(S, i) is sensible, let us suppose
that a closed unsolvable termM has a non-empty interpre-
tation in(S, i), i.e., there existsα ∈ M i. By Lem. 3.5 there
exists a uniquej ∈ J such thatfj(α) ∈ Sj . By Prop. 3.6(i)
we have thatfj(α) ∈ M i, and finally, by Prop. refmain(ii),
thatfj(α) ∈ M ij . Since(Dj , ij) is sensible, this is impos-
sible by Lem. 3.2. HenceM i = ∅ for any closed unsolvable
M (and actually for any unsolvable in any environment).

4

4. The minimal graph theory is not λβ

A longstanding open problem is whether there exists a
non-syntactic model of lambda calculus whose equational
theory is equal to the leastλ-theoryλβ. In the following
theorem we show that this model cannot be found within
graph semantics. This result negatively answers Question 1
in [7, Section 6.2] for the restricted class of graph models.

Lemma 4.1 All the graph models satisfy the inequality
Ω3 ≤ λy.Ω3y.

Proof: Let (D, p) be an arbitrary graph model andα ∈
(Ω3)p. From Lem. 3.1 it follows that there exists a natu-
ral numberk ≥ 1 such thatα = b1 →p b2 →p ... →p

bk →p α for suitable finite subsetsbi contained in the inter-
pretation ofλx.xxx. We have thatα ∈ (λy.Ω3y)p (that is,
b1 →p b2 →p ... →p bk →p α ∈ (λy.Ω3y)p) iff there ex-
ists a finite setd such thatd →p b2 →p ... →p bk →p

α ∈ (Ω3)p andd ⊆ b1. This last relation is true by defin-
ing d ≡ b1, so thatα ∈ (λy.Ω3y)p. In conclusion, we get
(Ω3)p ⊆ (λy.Ω3y)p. 4

Theorem 4.2 There exists no graph model whose equa-
tional theory isλβ.

Proof: Assume that there exists a graph model(D, p)
whose equational theory isλβ. By Cor. 2.4 in [25] the deno-
tations of two non-λβ-equivalent closedλ-terms must be in-
comparable in every model of lambda calculus whose equa-
tional theory isλβ. Then, for all closedλ-termsM andN



such thatM 6=λβ N , we have that neitherMp ⊆ Np nor
Np ⊆ Mp. We get a contradiction because of Lem. 4.1.4

In [10] the authors have shown that there exists a mini-
mal graph theory. By Thm. 4.2 we have thatλβ is strictly
included within the minimal graph theory. Thus, there ex-
ist equations between non-λβ-equivalent terms satisfied by
all the graph models. In the following proposition we char-
acterize an equation of this kind.

As a matter of notation, letf ≡ Y (λzyx.zy(zy(zyx)))
and A ≡ λxyzwv.fx(fy(fz(fwv))), where Y is the
Curry’s fixpoint combinator. Theλ-termA was defined by
Selinger in [25].

Proposition 4.3 Let t ≡ xΩ3 and u ≡ x(λy.Ω3y) (for a
variablex). Then the equationAtttu = Attuu is satisfied
by every graph model, butAtttu 6=λβ Attuu.

Proof: As a consequence of the proof of [25, Thm. 2.3],
the equationAtttu = Attuu holds in every partially or-
dered model satisfyingΩ3 ≤ λy.Ω3y. Then, by Lem. 4.1
it holds in every graph model. Finally, by Lem. 2.2 and
Prop. 2.1 in [25] the equationAtttu = Attuu cannot be-
long to the minimalλ-theoryλβ. 4

5. Omitting equations and theories

A semantics is incomplete if there exists aλ-theoryT
that is not induced by any model in the semantics. In such a
case we say that the semanticsomitstheλ-theoryT . More
generally, a semanticsomits(forces, respectively) an equa-
tion if it fails (holds) in all the models of the semantics. If
a semantics omits an equationM = N , then it omits all
the λ-theories includingM = N . It is easy to verify that
the set of equations ‘forced’ by a semanticsC constitutes a
λ-theory. It is the minimalλ-theory ofC if it is induced by
a model ofC.

The following two theorems are the main results of the
paper. The proof of Thm. 5.1 is postponed to the next sec-
tion.

Theorem 5.1 The graph semantics omits all the equations
M = N satisfying the following conditions:

M =H∗ N andM 6=B N. (4)

In other words, graph semantics omits all the equations
M = N betweenλ-terms which do not have the same
Böhm tree, but have the same Böhm tree up to (possibly
infinite) η-equivalence (see Section 2.2 and Barendregt [4,
Section 10]).

Theorem 5.2 Theλ-theoryB is the unique maximal sensi-
ble graph theory.

Proof: B is the equational theory of Scott’s graph model
Pω (see Section 19.1 in [4]) and of Engeler’s graph model

EA (see [7]). LetT be a sensible graph theory and suppose
M =T N . We have thatM =H∗ N , becauseH∗ is the
unique maximal sensibleλ-theory. Since graph semantics
does not omit the equationM = N , then fromM =H∗ N
and from Thm. 5.1 it follows thatM =B N , so thatT ⊆ B.

4
It is well known that every graph theory is non-

extensional (see [7]). We remark that Thm. 5.2 is not triv-
ial, because there exist non-extensional sensibleλ-theories
that strictly includeB (see [4, Exercize 16.5.5]).

Berline [7] asked whether there is a non-syntactic sen-
sible model of lambda calculus whose theory is strictly in-
cluded inB. The answer is positive as shown in the follow-
ing corollary.

Theorem 5.3 There exists a continuum of different sensible
graph theories strictly included inB.

Proof: Based on a syntactic difficult result (conjectured
by Kerth [18] and proved by David [12]), Kerth [18] has
shown that there exists a continuum of sensible graph theo-
ries. Then the conclusion follows from Thm. 5.2. 4

It is well known that theλ-termΩ is easy, that is, it can
be consistently equated to every other closedλ-termM . We
denote by(Ω = M)+ theλ-theory generated by the equa-
tion Ω = M .

Theorem 5.4 Let M be an arbitrary closedλ-term. Then
we have:

P =H∗ Q, P 6=B Q ⇒ (Ω = M)+ 6` P = Q.

Proof: By [3] the λ-theory (Ω = M)+ is contained
within a graph theory. Then the conclusion follows from
Thm. 5.1. 4

6. The proof of the main theorem

In this section we provide the proof of Thm. 5.1.
We recall that a node of a tree is a sequence of natural

numbers and that the level of a node is the length of the se-
quence. The empty sequence will be denoted byε.

Let M,N be closedλ-terms such thatM =H∗ N and
M 6=B N . This last condition expresses the fact that the
Böhm treeBT (M) of M is different from the correspond-
ing Böhm treeBT (N) of N .

Let us give an informal overview of the proof. We start
by picking a nodeu = r1 . . . rk satisfying the following two
conditions: (1) the labels ofu in BT (M) andBT (N) are
different; (2) the labels of every strict prefixw = r1 . . . rj

(j < k) of u in BT (M) andBT (N) are equal. Then we
show that the subterms ofM and N , whose B̈ohm trees
are the subtrees ofBT (M) andBT (N) at rootu, respec-
tively, get different interpretations in all graph models. This
is done in Lem. 6.5. In order to get the conclusion, we have



to show that in all graph models it is possible to propagate
upward, towards the roots ofBT (M) andBT (N), the dif-
ference “created” at nodeu. This is done in Lem. 6.6.

Let us introduce now some notations and definitions
needed in the proof.

Let u = r1 . . . rk be a node at least level, where the la-
bels ofBT (M) andBT (N) are different. The sequenceε,
r1, r1r2, r1r2r3,...,r1 . . . rk is the sequence of nodes that are
in the path from the rootε to u. These nodes will be denoted
by u0, u1, u2,...,uk. Then, for example,u0 = ε, u2 = r1r2

anduk = u. From the hypothesis of minimality ofu it fol-
lows that

(i) The label of the nodeuj (0 ≤ j < k) in the Böhm tree
of M is equal to the corresponding one in the Böhm
tree ofN ;

(ii) The labels of the nodeu in BT (M) andBT (N) are
different.

From the hypothesisM =H∗ N andM 6=B N it follows
that

(iii) The nodeu is a starting point for a possibly infinite
η-expansion in eitherBT (M) or BT (N), but not in
both. Without loss of generality, we assume to have
theη-expansion inBT (N).

We define two sequencesMuj
andNuj

(0 ≤ j ≤ k) of λ-
terms whose B̈ohm treesBT (Muj

) andBT (Nuj
) are the

subtrees ofBT (M) andBT (N) at rootuj , respectively.
Let

Mu0 ≡ M ; Nu0 ≡ N.

If k = 0 we have finished. Otherwise, assume by induction
hypothesis that we have already defined twoλ-termsMuj

andNuj
(j < k) and that the B̈ohm trees ofMuj

andNuj

are respectively the subtrees ofBT (M) andBT (N) at root
uj . Assume that the principal head normal forms (principal
hnfs, for short) ofMuj

andNuj
(see [4, Def. 8.3.20]) are

respectively

Muj
=λβ λxj

1 . . . xj
nj

.zjM
j
1 . . .M j

sj
; (5)

Nuj
=λβ λxj

1 . . . xj
nj

.zjN
j
1 . . . N j

sj
.

To abbreviate the notation we will writeMuj
andNuj

as
follows:

Muj
=λβ λxj

nj
.zjM

j
1 ..M j

sj
; Nuj

=λβ λxj
nj

.zjN
j
1 ..N j

sj
.

Then the nodeuj in the Böhm trees ofM andN hassj

sons. Sinceuj+1 = ujrj+1 is a son ofuj in the Böhm trees
of M andN , then we haverj+1 ≤ sj and we define

Muj+1 ≡ M j
rj+1

; Nuj+1 ≡ N j
rj+1

.

Then the B̈ohm trees ofMuj+1 andNuj+1 are respectively
the subtrees ofBT (M) andBT (N) at rootuj+1. When

we calculate the principal hnfs ofMuk
andNuk

(recall that
uk = u is the node where the B̈ohm trees are different), we
get

Muk
≡ Mk−1

rk
=λβ λxk

nk
.zkMk

1 . . .Mk
sk

; (6)

Nuk
≡ Nk−1

rk
=λβ λxk

nk
λyr.zkNk

1 . . . Nk
sk

Q1 . . . Qr,
(7)

whereyi ≤η Qi (1 ≤ i ≤ r) (i.e., Qi is a possibly infi-
nite η-expansion of the variableyi), yi does occur neither
free nor bound inNk

j (1 ≤ j ≤ sk) andQj (1 ≤ j 6=
i ≤ r), and it is distinct from each variablexk

1 , . . . , xk
nk

, zk,
y1, . . . yi−1, yi+1, . . . , yr.

Let (D, p) be an arbitrary graph model. First we will
show that the termsNuk

andMuk
have different interpre-

tations in(D, p), that is, there exist an elementαk ∈ D
and aD-environmentσk such thatαk ∈ (Nuk

)p
σk

, while
αk /∈ (Muk

)p
σk

. Second we will show that this difference
at levelk can be propagated upward, that is, there exist ele-
mentsαi ∈ D andD-environmentsσi (i = 1, . . . , k) such
that αk ∈ (Nuk

)p
σk

iff αi ∈ (Nui
)p
σi

iff α0 ∈ Np
σ0

, and
αk ∈ (Muk

)p
σk

iff αi ∈ (Mui)
p
σi

iff α0 ∈ Mp
σ0

.
To prove these properties of separability, we have to de-

fine the elementsαi and theD-environmentsσi. The defi-
nition of σi is difficult and technical.

We are going to use families of points of the graph mod-
els, which are not only pairwise distinct, but also “function-
ally incompatible”, in the sense expressed by the following
definition. Then, in the appendix we show that such fami-
lies actually exist in all graph models.

Definition 6.1 Let q > 1 be a natural number. A sequence
(βn ∈ D : n ≥ 0) of distinct elements ofD is called aq-
sequenceif the following condition holds:

(∀i, j)(∀0 < t < q)(∀a ∈ (D∗)t) βj 6= at → βi. (8)

Recall that, ifa ≡ a1 . . . at, thenat → βi meansa1 →
a2 → . . . → at → βi. Notice thati may be equal toj in the
above condition (8).

In the appendix it will be shown the following result.

Lemma 6.2 q-sequences exist for everyq > 1.

Let (βn : n ≥ 0) be aq-sequence of elements ofD,
where

1. q > (Σ0≤j≤k
nj) + (Σ0≤j≤k

sj) + r + s;

2. nj is the number of external abstractions in the princi-
pal hnf ofMuj

(see (5) above);

3. sj is the number of sons of the nodeuj in the Böhm
tree ofM (see (5) above);

4. r ≥ 1 is the number ofη-expansions inNuk
(see (7)

above);



5. s is the number of external abstractions in the principal
hnf of the subtermQr of Nuk

:

Qr =λβ λws.yrR1 . . . Rs (s ≥ 0). (9)

We now define a sequence of environmentsρj and two
sequences of elementsδj , αj ∈ D (0 ≤ j ≤ k). Next the
environmentsρj will be used to defineσ0 andσk. We start
by definingρk, δk andαk.

(i) δk ≡ ∅sk+r−1 → {∅s → βk+1} → βk;

(ii) ρk(zk) = {δk}, wherezk is the head variable of the
principal hnfs ofNuk

andMuk
;

(iii) ρk(yr) = {∅s → βk+1, βk}, whereyr is the head vari-
able of the principal hnf ofQr;

(iv) ρk(x) = ∅ (x 6≡ zk, yr);

(v) αk ≡ ρk(xk
nk

) → ρk(yr) → βk.

Notice that, ifs = 0 (i.e., there are no external abstraction
in the principal hnf ofQr), then by definition∅0 → βk+1

is justβk+1. Moreover, the notationρk(xk
nk

) → ρk(yr) →
βk, used in the definition ofαk, meansρk(xk

1) → . . . →
ρk(xk

nk
) → ρk(y1) → . . . → ρk(yr) → βk.

Assume we have definedδj+1, αj+1 andρj+1 (j < k).
We defineδj , αj andρj as follows.

(i) δj ≡ ∅rj−1 → {αj+1} → ∅sj−rj → βj ;

(ii) ρj(zj) = ρj+1(zj) ∪ {δj}, wherezj is the head vari-
able of the principal hnfs ofNuj

andMuj
;

(iii) ρj(x) = ρj+1(x) (x 6≡ zj);

(iv) αj ≡ ρj(xj
nj

) → βj .

As a matter of notation, ifτ andρ are environments, we
write τ ≤ ρ for τ(x) ⊆ ρ(x) for all variablesx.

Lemma 6.3 (a) ρj ≥ ρj+1 (0 ≤ j < k).

(b) Let j < k andα ≡ ct → βj for some sequencect of
lengtht < q. Then,α ∈ ρ0(zj) iff α ≡ δj .

Proof: (a) trivially follows from the definition ofρj . (b) By
definition ofρ0 we have thatγ ∈ ρ0(x) for some variablex
iff γ is one of the following elements ofD: δ0, . . . , δk, βk,
∅s → βk+1. To get the conclusion it is sufficient to apply
the definition ofq-sequence. 4

As a matter of notation, for every environmentτ , we
write

τ [xj
nj

:= ρj(xj
nj

)] (10)

for
τ [xj

1 := ρj(x
j
1)] . . . [x

j
nj

:= ρj(xj
nj

)].

We now define a sequenceσ0, . . . , σk+1 of environments as
follows:

σ0 = ρ0; σj+1 = σj [xj
nj

:= ρj(xj
nj

)] (0 ≤ j ≤ k).
(11)

Lemma 6.4 (a) ρj ≤ σj+1 ≤ ρ0 for every0 ≤ j ≤ k (in
particular, σ1 = ρ0).

(b) δj ∈ σj+1(zj) for all 0 ≤ j ≤ k.

Proof: (a) By definition we haveσ1 = ρ0. Assume by
induction hypothesis thatρj−1 ≤ σj . We have to show that
ρj ≤ σj+1. By definition σj+1(x

j
t ) = ρj(x

j
t ), for every

1 ≤ t ≤ nj . If z is a variable distinct fromxj
t (1 ≤ t ≤ nj),

then we haveσj+1(z) = σj(z) ⊇ ρj−1(z) ⊇ ρj(z), by in-
duction hypothesis and byρj ≤ ρj−1 (see Lem. 6.3).

(b) By definitionδj ∈ ρj(zj). Then the conclusion fol-
lows fromρj ≤ σj+1 (see (a)). 4

Finally, in the following lemma we show thatNuk
and

Muk
have different interpretations.

Lemma 6.5 We haveαk ∈ (Nuk
)p
σk

andαk /∈ (Muk
)p
σk

.

Proof: Recall that

1. Muk
≡ λxk

nk
.zkMk

1 . . .Mk
sk

;

2. Nuk
≡ λxk

nk
λyr.zkNk

1 . . . Nk
sk

Q1 . . . Qr;

3. Qr ≡ λws.yrR1 . . . Rs;

4. δk ≡ ∅sk+r−1 → {∅s → βk+1} → βk;

5. αk ≡ ρk(xk
nk

) → ρk(yr) → βk.

As a matter of notation, let

• τ ≡ σk[xk
nk

:= ρk(xk
nk

)][yr := ρk(yr)];

• Q ≡ Q1 . . . Qr;

• M ≡ Mk
1 . . .Mk

sk
.

• N ≡ Nk
1 . . . Nk

sk
.

• R ≡ R1 . . . Rs.

By the definition ofσk+1 we immediately get thatτ =
σk+1[yr := ρk(yr)]. Then we have:

αk ∈ (Nuk
)p
σk

iff βk ∈ (zk)p
τ N

p

τ Q
p

τ

iff βk ∈ (zk)p
σk+1

N
p

σk+1
Q

p

τ ,

by yi 6= zk not free inNk
j and def.τ

iff βk ∈ {δk}N
p

σk+1
Q

p

τ ,

by σk+1 ≤ ρ0 and Lem. 6.3(b)
iff βk ∈ {δk}∅sk+r−1(Qr)p

τ ,

by def.δk

iff ∅s → βk+1 ∈ (Qr)p
τ .

Finally, we have:

(Qr)p
τ = (λws.yrR1 . . . Rs)p

τ ,

by def.Qr (see (9) above)
= (λws.yrR)p

τ ,

by def.R
= {cs → σ : σ ∈ τ(yr) R

p

τ [ws:=cs]},
by yr 6= wi (i = 1, . . . , s)



= {cs → σ : σ ∈ ρk(yr) R
p

τ [ws:=cs]},
by τ(yr) = ρk(yr)

= {cs → σ : σ ∈ {∅s → βk+1, βk}R
p

τ [ws:=cs]},
by definition ofρk(yr)

⊇ {cs → σ : σ ∈ {∅
s
→ βk+1}R

p

τ [ws:=cs]}
= {cs → βk+1 : cs ∈ Ds}.

Henceαk ∈ (Nuk
)p
σk

, because∅s → βk+1 ∈ (Qr)p
τ .

Recall that by (11)σk+1 = σk[xk := ρk(xk)].

αk ∈ (Muk
)p
σk

iff ρk(yr) → βk ∈ (zk)p
σk+1

(M)p
σk+1

iff ρk(yr) → βk ∈ {δk}(M)p
σk+1

,

by σk+1 ≤ ρ0 and Lem. 6.3(b)
iff ρk(yr) → βk ∈ {δk}∅sk

,

by def.δk

iff ρk(yr)→βk = ∅r−1→{∅s→βk+1}→βk

by def.δk

iff ρk(yr) = {∅s → βk+1},
by def.ρk

iff {∅s → βk+1, βk} = {∅s → βk+1}.

This last relation is false. Henceαk /∈ (Muk
)p
σk

. 4
The different interpretation ofNuk

and Muk
can be

propagated upward as shown in the following lemma.

Lemma 6.6 For everyk > j ≥ 0 we have

αj ∈ (Nuj
)p
σj
⇔ αj+1 ∈ (Nuj+1)

p
σj+1

and
αj ∈ (Muj

)p
σj
⇔ αj+1 ∈ (Muj+1)

p
σj+1

.

Proof: We prove the result forNuj
. The corresponding

proof for Muj is left to the reader. We recall thatNuj =λβ

λxj
nj

.zjN
j
1 . . . N j

sj
, Nuj+1 ≡ N j

rj
andαj ≡ ρj(xj

nj
) →

βj . In the following we will write N for N j
1 . . . N j

sj
, and

σj [x := ρj(xj)] for σj [xj
nj

:= ρj(xj
nj

)].

αj ∈ (Nuj )
p
σj

iff βj ∈ (zj)
p

σj [x:=ρj(x
j)]

N
p

σj [x:=ρj(x
j)]

by def.αj

iff βj ∈ (zj)p
σj+1

(N
j
)p
σj+1

,

by def.σj+1

iff βj ∈ {δj}(N
j
)p
σj+1

,

by σj+1 ≤ ρ0, Lem.6.3(b), 6.4(b)

iff βj ∈ {δj}∅
rj−1

(N j
rj

)p
σj+1

∅
sj−rj

,

by def.δj

iff αj+1 ∈ (Nuj+1)
p
σj+1

,

by Nuj+1 ≡ N j
rj

and def.δj .

The conclusion of the lemma is now immediate. 4

Lemma 6.7 We haveα0 ∈ Np
σ0

, whileα0 /∈ Mp
σ0

.

Proof: Recall thatN ≡ Nu0 andM ≡ Mu0 . By ap-
plying Lem. 6.6 it is easy to show that thatα0 ∈ Np

σ0
⇔

αk ∈ (Nuk
)p
σk

, andα0 ∈ Mp
σ0

⇔ αk ∈ (Muk
)p
σk

. Then
the conclusion is immediate, because by Lem. 6.5 we have
thatαk ∈ (Nuk

)p
σk

andαk /∈ (Muk
)p
σk

. 4

Appendix

In this appendix we prove Lem. 6.2. Let(D, p) be a
graph model andq be an integer greater than1. We show
that there exists aq-sequence in(D, p).

Given α ∈ D, we define thedegreeof α as the small-
est natural numberk > 0 such that there exist finite sub-
setsb1, .., bk of D satisfyingα = b1 → ... → bk → α.
If such a natural number does not exist, we say that the de-
gree ofα is infinite. The degree ofα will be denoted by
deg(α).

The proof of Lem. 6.2 is divided into claims.

Claim 6.8 There exists an element ofD whose degree is
greater thanq.

Proof: If D has an element whose degree is infinite, we
are done. Otherwise, letα0 be an element ofD such that

(∀n > 0) α0 6= ∅n → α0. (12)

Such an element does exist since otherwise the functionp :
D∗ ×D → D would not be total.

Let αi = ∅ → αi−1 (i > 0). In other words,αi =
∅i → α0. We are going to show that there existsk such that
deg(αk) > q.

First remark that, for allj, deg(αj) ≤ deg(αj+1), since
if αj+1 = b1 → ... → bk → αj+1 thenαj = b2 → ... →
bk → ∅ → αj .

Hence, either there existj such thatdeg(αj) > q, and
we are done, or there existj0 and n such thatn ≤ q
anddeg(αj) = n for all j ≥ j0. We are going to show
that this latter case is in fact impossible, hence conclud-
ing the proof. If j0 and n are as above, then there exist
c1, ..., cn ⊂ D such thatαj0+n = c1 → ... → cn → αj0+n,
i.e. ∅j0+n → α0 = c1 → ... → cn → ∅j0+n → α0 hence
α0 = ∅n → α0, that contradicts (12). 4

Claim 6.9 There exists aq-sequence.

Proof: By the above claim there exists an elementα ∈
D whose degree is greater thanq. Given a family{an}n∈ω

of pairwise distinct, finite subsets ofD, defineβn = an →
α (n ≥ 0). We prove that the sequence(βn : n ≥ 0) is a
q-sequence. By the way of contradiction, assume thatβi =
b1 → ... → bt → βj (0 < t < q) for somei andj, i.e.,

ai → α = b1 → ... → bt → aj → α.

It follows thatα = b2 → ... → bt → aj → α. We get a
contradiction because the degree ofα is greater thanq. 4
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