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Abstract to reformulate the lambda calculus as a purely algebraic

theory. The earliest, and best known, algebraic models are
In this paper we show that the Stone representation the-Curry’s combinatory algebras [14]. Combinatory algebras
orem for Boolean algebras can be generalized to combi- have a simple purely equational characterization and were
natory algebras. In every combinatory algebra there is a used to provide an intrinsic first-order, but not equational,
Boolean algebra otentral elementgplaying the role of  characterization of the models of lambda calculus, as a spe-
idempotent elements in rings), whose operations are definectial class of combinatory algebras calleanodels [2, Def.
by suitable combinators. Central elements are used to rep-5.2.7].

resent any combinatory algebra as a Boolean product of Topology is at the center of the known approaches to
directly i_ndecomposable combinatory algebras (i.g., alge- giving models of the untyped lambda calculus. The first
bras which cannot be decomposed as the Cartesian prod-pqgel, found by Scott in 1969 in the category of algebraic
uct of two other nontrivial algebras). Central elements are |attices, was successfully used to show that all unsolvable
also used to provide applications of the representation theo- \ terms can be consistently equated. After Scott, a large
rem to lambda calculus. We show that théecomposable  nymper of mathematical models for lambda calculus, aris-
semanticgi.e., the semantics of lambda calculus given in jng from syntax-free constructions, have been introduced in
terms of models of lambda calculus, which are directly in- yarious categories of domains and were classified into se-
decomposable as combinatory algebras) includes the con-yaniics according to the nature of their representable func-
tinuous, stable and strongly stable semantics, and the terMions. see e.g. [1, 2, 5, 6, 23]. Scott’s continuous semantics
models of all semisensible lambda theories. In one of the[27] is given in the category whose objects are complete
main results of the paper we show that the indecomposabléyartial orders and morphisms are Scott continuous func-
semaptics is'equationally incomplete, and thi; incomplete-tions. The stable semantics (Berry [8]) and the strongly
ness is as wide as possible: for every recursively enumer-giaple semantics (Bucciarelli-Ehrhard [10]) are a strength-
able lambda theor{’, there is a continuum of lambda the-  ging of the continuous semantics, introduced to capture the
ories includingZ” which are omitted by the indecomposable qtion of “sequential” Scott continuous function. All these
semantics. semantics are structurally and equationally rich [7, 18, 19]
in the sense that it is possible to build 2f» A\-models in
each of them inducing, through the kernel congruence rela-
1 Introduction tion of the interpretation function, pairwise distinct lambda
theories. Nevertheless, the above denotational semantics
are equationallyncomplete they do not match all possi-
ble operational semantics of lambda calculus. The prob-
lem of the equational incompleteness was positively solved
Py Honsell-Ronchi della Rocca [16] for the continuous se-
mantics and by Bastonero-Gouy [4, 15] for the stable se-

The lambda calculus is not a true equational theory since
the variable-binding properties of lambda abstraction pre-
vent variables in lambda calculus from operating as real al-
gebraic variables. Consequently the general methods tha
have been developed in universal algebra, for defining themantics. In [25, 26] Salibra has shown in a uniform way

semantics of an arbitrary algebraic theory for instance, are T . .
. . that all semantics (including the strongly stable semantics),
not directly applicable. There have been several attempts . . T .
which involve monotonicity with respect to some partial or-
*Work partially supported by the Equipe PPS of the University Paris der and have a bottom element, fail to induce a continuum
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Salibra [20, 26, 24] has recently launched a research pro-bras are the ‘building blocks’ in the variety of combinatory
gram for exploring lambda calculus and combinatory logic algebras. On the other hand, the result of incompleteness
using techniques of universal algebra. In [20] Lusin and [26], stating that any semantics of lambda calculus given in
Salibra have shown that a lattice identity is satisfied by all terms of partial orderings with a bottom element is incom-
congruence lattices of combinatory algebras iff it is trivial plete, removes the belief that partial orderings are intrin-
(i.e, true in all lattices). As a consequence, it is not possible sic to A-models. It would be interesting to find new Carte-
to apply to combinatory algebras the nice results developedsian closed categories, where the partial orderings play no
in universal algebra (see [12, 21]) in the last thirty years, role and the reflexive objects are directly indecomposable
which essentially connect lattice identities satisfied by all as combinatory algebras. In this paper we investigate the
congruence lattices of algebras in a variety, and Mal’cev class of all models of lambda calculus, which are directly
conditions (that characterize properties in varieties by theindecomposable as combinatory algebiadécomposable
existence of suitable terms involved in certain identities). semanticsfor short). We show that the indecomposable se-
Thus there is a common belief that lambda calculus andmantics includes the continuous, stable and strongly stable
combinatory logic are algebraically pathological. semantics, and the term models of all semisensible lambda

On the contrary, in this paper we show that combinatory theories (theories which do not equate solvable and unsolv-
algebras satisfy interesting algebraic properties. One of theable terms). In one of the main results of the paper we
milestones of modern algebra is the Stone representatiorshow that the indecomposable semantics is incomplete, and
theorem for Boolean algebras, which was generalized bythis incompleteness is as wide as possible: for every recur-
Pierce to commutative rings with unit and next by Comer to Sively enumerable lambda theofy, there is a continuum
the class of algebras with Boolean factor congruences (se@f lambda theories including” which are omitted by the
[13, 17, 22]). By applying a theorem by Vaggione [30], we indecomposable semantics.
show that Comer’s generalization of Stone representation Itis unknown, in general, whether the set of lambda the-
theorem holds also for combinatory algebras: any combina-ories, which are representable in a semantics of lambda cal-
tory algebra is isomorphic to a weak Boolean product of di- culus, is a lattice with respect to the inclusion ordering. In
rectly indecomposable combinatory algebras (i.e., algebraghe last result of the paper we show that the set of lambda
which cannot be decomposed as the Cartesian product otheories representable in each of the classic semantics of
two other nontrivial algebras). Another way to express the lambda calculus is not closed under finite intersection, so
representation theorem is in terms of sheaves: any combinathat it cannot constitute a sublattice of the lattice of all
tory algebra is isomorphic to the algebra of global sections lambda theories.
of a sheaf of indecomposable combinatory algebras over a

Boolean space. 2 Notation and basic definitions
The proof of the representation theorem for combinatory

algebras is based on the fact that every combinatory algebra
hascentral elementd.e., elements which define a direct de-
composition of the algebra as the Cartesian product of two
other combinatory algebras, just like idempotent elements
in rings or complemented elements in bounded distributive
lattices. Central elements in universal algebra were intro-
duced by Vaggione in [29] and were used to investigate the2.1 The untyped lambda calculus

closure of varieties of algebras under Boolean products. In

this paper we show that central elements in a combinatory A and A° are, respectively, the set ofterms and of
algebra constitute a Boolean algebra, whose Boolean operc|osed)-terms.

ations can be defined by suitable combinators. This result e will denotea3-conversion byA3. A lambda the-

h|ghl|ght5 a connection between prOpOSitional classic IOgiC Ory is a Congruence o (W|th respect to the Operators of

and combinatory logic. What is the real meaning of this apstraction and application) which contaiks; it can also

flavour of classic logic within combinatory logic remainsto pe seen as a (specific) set of equations betweesrms.

be investigated in the future. What we would like to em- The set of all lambda theories is naturally equipped with a

phasize here is that central elements have been shown funstrycture of complete lattice, hereafter denotecd\By with

damental in the application of the representation theorem tomeet defined as set theoretical intersection. The join of two

lambda calculus, as it will be explained in the next para- |ambda theorie§” and S is the least equivalence relation

graph. including7 U S. ltis clear that\3 is the least element of
The representation theorem can be roughly summarized\7, while the inconsistent lambda theakyx A is the top

as follows: the directly indecomposable combinatory alge- element ofA7.

We will generally use the notation of Barendregt’s clas-
sic work [2] for lambda calculus and combinatory logic and
the notation of Burris and Sankappanavar [12] for universal
algebra.



The lambda theory generated (or axiomatized) by a sethave:
of equations is the least lambda theory containing it. As a C | (A" .t)u =tz :=ul,
matter of notation/ -~ M = N stands forM = N € T;
this is also written as\/ =7 N. A lambda theoryT is
consistent if there exists at least an equatlén= N such
that7 t/ M = N.

Solvable)\-terms can be characterized as followsA-a
term M is solvable if, and only if, it has lhead normal form
thatis,M =xg Az1...x,.yM; ... M for somen,k > 0
andtermsi,.... My M € Aisunsolvablefitis not 25 Lambda model
solvable.

‘H is the lambda theory generated by equating all the un-
solvable-terms, while?* is the unique maximal consis-
tent lambda theory such that C H*. A lambda theory
T is calledsemisensibl§?, Def. 4.1.7(ii)] if 7 / M = N
wheneverV is solvable andV is unsolvableZ7 is semisen-
sible iff 7 C H*. A lambda theoryl is sensibldf H C 7
(see Section 10.2 and Section 16.2 in [2]).

where the combinatory teritjz := w] is obtained by sub-
stitutingu for z in ¢.

If ¢t is a combinatory term and,z5...,z, (n > 2)
are variables, theAzz, . .. 2 .t is defined by induction as
follows: Azqxs ... 2kt = Aaf.(Axg ... Azl t).

The axioms of an elementary subclass of combinatory
algebras, called-modelsor models of the lambda calculus,
were expressly chosen to make coherent the definition of
interpretation of\-terms (see [2, Def. 5.2.7]). L&T be a
A-model and let be a new symbol for eache C. Extend
the language of the lambda calculus by addires a new
constant symbol for each € C. Let A°(C) be the set of
closed\-terms with constants from’. The interpretation
of terms inA°(C) with elements ofC can be defined by
2.2 Combinatory algebra induction as follows (for al/, N € A°(C) andc € C):

o | L el = c; |(MN)] = M| IN|; [\ M| = 1m,

An applicative structureis an algebra with a distin-
guished2-ary function symbol which we calpplication wherem € C' is any element representing the following
We may write it infix ass - ¢, or even drop it entirely and  functionf : C — C-
write st. As usual, application associates to the lefty
meanqst)u_ f(C) = |]\/f[l‘ = EH, forallc € C.

Curry discovered that a particularly simple applicative
structure has tremendous expressive power [14fom-
binatory algebraC = (C, -, k,s) is an applicative struc-
ture for a signature with two constaritsands, such that
kxy = x andszyz = zz(yz) for all z, y, andz. See else- VaVy(Vz(zz = yz2) = 1z = 1y).
where [14] for a full treatment.

Call k ands the basic combinators In the equational ~ The combinatorl becomes an inner choice operator, that
language of combinatory algebras the derived combinatorsmakes coherent the interpretation of an abstractiderm.

The Meyer-Scott axions the most important axiom in the
definition of a\-model. In the first-order language of com-
binatory algebras it takes the following form

i and1 are defined a$ = skk and1 = s(ki). Itis not EachA-modelC induces a lambda theory, denoted here

hard to verify that every combinatory algebra satisfies the by Th(C), and calledthe equational theory o€. Thus,

identitiesiz = x andlzy = xy. M = N € Th(C) if, and only if, M and N have the same
We say that: € C representsa functionf : ¢ — C interpretation inC.

(and thatf is representablpif cz = f(z) forall z € C. — .
Call ¢,d € C extensionally equalvhen( tzley represent the Definition 1. Given allambda theory’’, a A-modelC rep-
same function irC'. For example: and1c are always ex- resents (orinduces) if 7 = T'h(C).
tensionally equal. (We use below to select a canonical The term model M of a lambda theoryT (see [2,
representative inside a class of extensionally equivalent el-pq¢ 5.2.11]) consists of the set of the equivalence classes
ements.) of A-terms modulo the lambda theofy together with the

For each variable: we define a transformatiohz™ of  gperation of application on the equivalence classes. By

the set of combinatory terms as follows:™.z = i. Lett  [2, Cor. 5.2.13(ii)] M7 is a \-model which represents the
be a combinatory term different from If = does not occur  |ambda theony.
in ¢, defineAz*.t = kt. Otherwisef must be of the fornzs We define various notions of representability of theories

wheres andr are combinatory terms, at least one of which jn classes of models.

containsz; in this case definaz*.t = s(Az*.r)(Az*.s). It

is well known thatr does not occur in\xz*.¢t and that, for Definition 2 Given a classC of A-models and a lambda
every combinatory algebr@ and combinatory terna, we theory7,



1. C represent¥ if there is someM € C representing The set of factor congruences 4f is not, in general,

T. a sublattice ofConA. A® and V4 are thetrivial factor
. . . . congruences, correspondingAo= 1 x A; of course,l is

2. C omits7 if there is noM € C representing’ . isomorphic toA /VA andA is isomorphic taA /AA.
3. C is completefor the setS C AT of lambda theories An algebraA is directly indecomposabl@henA admits

only the two trivial factor congruencedA® andv4), while
A isdirectly decomposablehenA admits nontrivial factor
4. Cisincompletef it omits a consistent lambda theory. congruences.
Clearly, a simple algebra is directly indecomposable,
2.4 Algebra though there are algebras which are directly indecompos-
able but not simple (they just have congruences which do
A congruence on an algebra\ is an equivalence rela-  not split the algebra up neatly as a Cartesian product).
tion which is compatible with respect to the basic operation It is useful to characterize factor congruences in terms
of the algebra. Write CoA for the set of congruences 4f. of algebra homomorphisms satisfying certain equalities (the
This has a natural complete lattice structure by inclusion of next step will be to express the equalities in the equational
sets (considering as a subset oft x A, so the meetis just language of the algebra itself).
set-intersection). A decomposition operation (see [21, Def. 4.32]) for an
g istrivial if it is the top or bottom element in the natural algebraA is a functionf : A x A — A such that
inclusion ordering; write thes&# (equal toA x A) and

if C represents all elements 6t

. , o fla,x) =1
AA (equal to{(a,a) | a € A}) respectively. Also, given
a,b € A write 6(a,b) for the least congruence relating o f(f(z,y),2) = flx,2) = f(x, fly,2));
andb. . . :
Given two congruences and T on the algebraA, we * /s an algebra homomorphism frof x A into A.
can form theelative product By [21, Thm. 4.33] there exists a bijective correspondence

between pairs of complementary factor congruences and de-
composition operations, and thus between decomposition

This is a compatible relation oA, but not necessarily a  ©OPerations and factorizations = B x C. _ _
By this intuition we see that the binary relatiohgandé

Too ={(a,c) | acbrc, for someb € A}.

congruence. :
An algebraA is simplewhen its only congruences are defined by
AA andVA. 20y iff flx,y)=y; z0y iff flz,y) =2z,

An algebraA is asubdirect producof the algebra¢B,; :
i € I) if there exists an embeddingof A into the direct ~ are a pair of complementary factor congruences, and con-
productIl;-;B; such that the projection; o f : A — B; versely we see that for every p&iandé of complementary
is onto for everyi € I. We write A < IL;¢;B; if Aisa factor congruences, the mgpdefined by

subdirect product of the algebréB; : : € I). o -
Call a nonempty clas& of algebras of the same simi- fla,y)=u iff 20uby, @

larity type avarietyif it is closed under subalgebras, homo- js a decomposition operation. Notice that for angndy
morphic images and direct products. By Birkhoff’s theorem there is just one elementsuch that: 6 « 6 y.

(see [21]) a class of algebras is a variety if, and only if, it The reader can easily verify these facts, or find proofs
is an equational class (that is, it is axiomatized by a set of e|sewhere [21].

equations). An algebra hagoolean factor congruencéfsthe factor
congruences form a Boolean sublattice of the congruence
2.5 Factor congruence lattice. Most known examples of varieties in which all al-

gebras have Boolean factor congruences are thosdauwith
Call 6 a factor congruencenvhen there exists another torable congruenceghat is, varieties in which every con-

congruence such that N § = A% andVA = 6o 4. In gruence) on A x B is a product congruena x 6, of
this case calp and@ a pair of complementary factor con-  two congruences; € ConA andf, € ConB. Recall that
gruences (b,c) 61 x B2 (V,c)iff b6y b/ andc bs .

Itis easy to see thak has a paif, §) of complementary
factor congruences precisely when it is isomorphiBte C 2.6 Boolean product

(with B isomorphic toA /6 andC isomorphic toA /6).
So factor congruences are another way of saying ‘this  The Boolean product construction (see [12, Chapter IV])
algebra is a direct product of simpler algebras’. provides a method for translating numerous fascinating



properties of Boolean algebras into other varieties of alge- Then it is possible to show that every idempotent element
bras. Actually the construction that we call “Boolean prod- a # 0,1 defines a paif(a, 1), 6(a,0) of nontrivial com-
uct” has been known for several years as “the algebra ofplementary factor congruences, whéi, 1) is the least
global sections of sheaves of algebras over Boolean spacestongruence containing the pdit, 1) and similarly for the
(see [13, 17]); however the definition of the latter was un- other congruencé(a,0). In other words, the ringA can
necessarily involved. We recall that a Boolean space isbe decomposed in a non trivial way &s= A /f(a,1) X
a compact, Hausdorff and totally disconnected topological A /6(a,0). If E(A) = {0, 1}, thenA is directly indecom-
space. posable. Then the Pierce theorem for commutative rings
A weak Boolean produdif an indexed family(A; : i € with unit can be stated as follows: every commutative ring
I) of algebras is a subdirect produkt< II;c; A;, wherel with unit is isomorphic to a Boolean product of directly in-
can be endowed with a Boolean space topology so that ~ decomposable rings. A is a Boolean ring, then we get the
) ) Stone representation theorem for Boolean algebras, because
(i) the set{i € I : a; = b;} is open for alla,b € A, and the ring of truth values is the unique directly indecompos-
able Boolean ring.
The remaining part of this section is devoted to the proof
of the representation theorem for combinatory algebras.

(i) if a,b € A andN is a clopen subset of, then the
elementc, defined byc; = a; for everyi € N and
¢; = b; for everyi € I — N, belongs toA.

A Boolean producis just a weak Boolean product such that 3.2 The Boolean algebra of central ele-

the set{i € I : a; = b;} is clopen for alla, b € A. ments
3 The Stone representation theorem for com- Combinatory logic and lambda calculus internalize many
binatory algebras important things (computability theory, for example). ‘To

be directly decomposable’ is another internalizable property

h _ h ing th ) ¢ bi | of these formalisms, as it will be shown in this subsection.
The axioms characterizing the variety of combinatory al- -, e equational language of combinatory algebras the

gebras are suggested by an analysis of recursive processeéombinatorst, f representing the booleans are defined by

not by logic (as for Boolean algebras and Heyting algebras)t = kandf = ki. The booleans satisfy the identitiesy —
or by algebra (as for groups and rings). Combinatory al- 2z andfzy = y. ’

gebras are never commutative, associative, finite and recur- The combinators andf correspond to the constartis
sive, so that there is a common belief that these algebras are 41 in a commutative ring with unit, while, as it will be

algebraically pathological. shown below, the so-called central elements of a combina-

On the contrary, |n_th|s segtlon we Sh(.)W that co-mt.nna- tory algebra correspond to idempotent elements in a ring.
tory algebras satisfy interesting algebraic properties: theCentral elements in universal algebra were introduced by

Stone representation theorem for Boolean algebras admit§/aggione in [29]
a generalization to combinatory algebras. '

. Definition 3 Let A be a combinatory algebra. We say an
3.1 Stone and Pierce elemente € A is centralwhen it satisfies the following

equations, for alk;, y, 2z, t € A:
The Stone representation theorem for Boolean rings (the

observation that Boolean algebras could be regarded as (i) exz = .

rings is due to Stone) admits a generalization, due to Pierce,

to commutative rings with unit (see [22] and [17, Chapter () e(exy)z = exz = ex(eyz).

V]). To make the reader familiar with the argument, we give (i) e(xy)(2t) = exz(eyt)

in this subsection an outline of Pierce construction. '
Let A = (4, +,-,0,1) be a commutative ring with unit, (i) ¢ = etf.

andletE(A) = {a € A: a-a = a} be the set of idempotent

elements ofd. We define a structure of Boolean algebra on The set of central elements af will be denoted byF(A ).

E(A) as follows, for alla,b € E(A): Every combinatory algebra admits at least two central el-
ements, namely the combinatdrandf. Now we show that
central elements, as idempotent elements in a ring, decom-
eaVvb=a+b—(a-b); pose a combinatory algebr& as a Cartesian product: if

e € E(A),thenA = A/f(e,t) x A/O(e,f). This will be
ea =1-—a. shown in the next proposition via decomposition operators.

e aANb=ua-b



The use of decomposition operators to characterize centra
elements is new.
Fix some combinatory algebra.

Proposition 4 There is a (natural) bijective correspon-

that A\xy* is defined in Section 2.2) represent respectively
the meet operation and the complementation.

Theorem 6 Let A be a combinatory algebra. Then the al-
gebraE(A) = (E(A), A,” ) of central elements cA, de-

dence between central elements and decomposition operfined by

ators.

Proof. Given a central elementwe obtain a decomposition
operator by takingf.(x,y) = exy. Itis a simple exercise
to show that axioms (i)-(iii) of a central element makea
decomposition operator.

Conversely, given a decomposition operafomwe have
to show that the elemenf(t,f) is central. From Sec-
tion 2.5 we have thaf(t, f) is the unique element satisfy-
ingt 8 u @ f, whered and@ are the pair of complementary
factor congruences associated with the decomposition oper
ator f. Then, from the property of congruenceéndd it
follows, for all x, y:

toy 0 f(t,f)zy 0 £y,

that impliesz 6 f(t,f)xy 6 y. Since by definitionf (x, )
is the unique element satisfying6 f(z,y) 6 y, then we
obtain

flzy) = f(t. fzy 2
Finally, the identities defining as decomposition operator
makef(t, f) a central element.

It is easy to verify that these correspondences form the
two sides of a bijection. Ik is central, then the central
elementf,(t, f) is equal toe, because/.(t,f) = etf = e
by Def. 3(iv). If f is a decomposition operator, then by (2)
we have thatf; ¢ (z,y) = f(t,f)zy = f(x,y) for all
r,y. |

For every central elemenrt we denote respectively by
f and by(é.,6.) the decomposition operator and the pair
of complementary factor congruences determined.by

Corollary 5 If e is central, then we have:
1. 20, exy0, y;

2. 26, yiffexy =y; x0,yiff exy = z;

3. The congruencg. is generated by the paik, t) (i.e.,

0 = 9(6, t));

4. The congruence. is generated by the paig, f) (i.e.,

0. = 0(e,T)).

We now show that the partial ordering over central ele-
ments, defined by

d<eiff 6, C 0, ©)

is a Boolean ordering. The combinatarandf are respec-
tively the bottom element and the top element of this order-
ing, while the combinatorazy*.2ty and Az*.zft (recall

eNd=etd; e

is a Boolean algebra.

= eft,

Proof. We first show that the factor congruencesfof
form a Boolean sublattice of the congruence lattice £on
Let A = B x C be a decomposition oA as the direct
product of two combinatory algebr&andC. Itis easy to
show, by using the equations defining central elements, that
E(A) = E(B) x E(C), i.e., every central element &
can be decomposed as a pair of central elemeni afid
C. In the terminology of universal algebra this means that
A has no ‘skew factor congruences’. We get the conclusion
from [9, Prop. 1.3], where it is shown that an algerdas
no skew factor congruences if, and only if, the factor con-
gruences ofA form a Boolean sublattice of the congruence
lattice Com.

It follows that the partial ordering on central elements,
defined in (3), is a Boolean ordering. We have to show now
that, for all central elements e, the elements™ = eft and
e AN d = etd are central and are respectively associated with
the pairs(d., 6.) and (0. N 64,0, V 0,) of complementary
factor congruences (recall thais associated with the pair
(0c, 0c))-

We check the details farft. By Cor. 5(1) we have that
eft is the unique element such that . u 6. £. By (1) in
Section 2.5 this means theft = ¢(t, f) for the decomposi-
tion operatory associated with the pajp., 6.) of comple-
mentary factor congruences. We have the conclusion that
eft is central associated with the pé,, 6..) as in the proof
of Prop. 4.

We now considee A d = etd. First of all, we show
thatetd = dte. By Cor. 5(1) we have that 6. etd 6. d,
while t 6. dte 6. d can be obtained as followst =
(by Def. 3(i)) dtt 6, (bytb.e) dte 0. (byel.f) dtf =
(by Def. 3(iv)) d. Since there is a unique elementsuch
thatt 6. u 0. d, then we have the conclusiaite = etd.

We now show thattd is the central element associated with
the factor congruenag, N 6y, i.e.,

t (99 N Qd) etd (?e \Y ?d) f.

Fromdte = etd we easily get that 6. etd andt 0, etd,
that is, t (6. N 64) etd. Finally, by Cor. 5 we have:
etd 0, d = dtf 0, f,i.e.,etd (0, V0,) f. m

We now provide the promised representation theorem. If
I'is a maximal ideal of the Boolean algetfdA ), thenul
denotes the congruence dndefined by

x (UI) yiff z 6, y for somee € I.



By a Pierce variety (see [30]) we mean a variety of every recursively enumerable lambda the@rythere is a
algebras for which there are two constamitsl and a continuum of lambda theories includirfgwhich are omit-
term u(x,y, z,v) such that the following identities hold: ted by the indecomposable semantics. In the last result of
u(z,y,0,1) = z andu(z,y,1,0) = y. the paper we show that the set of lambda theories induced
by each of the known semantics is not closed under finite
intersection, so that it cannot constitute a sublattice of the
lattice of lambda theories.

Theorem 7 (Representation Theorerhpt A be a combi-
natory algebra andX be the Boolean space of maximal ide-
als of the Boolean algebrBE(A) of central elements. Then

the map . . .
4.1 Internalizing ‘indecomposable’
[ A= Tex(A/UI), & P
defined by We have shown how to internally represent a factor con-
fl)=(z/Ul:I€X), gruence as a central element. Now we show how to repre-

gives aweak Boolean product representation @f, where ~ Sentthelogical assertion that the only factor congruences of

the quotient algebrad / U I are directly indecomposable. & combinatory algebra are trivial. _
We recall that an algebra is directly indecomposable

Proof. By Thm. 6 the set of factor congruences Af when it is not trivial and it is not isomorphic to a product
constitutes a Boolean sublattice of Gon Then by [13] of two nontrivial algebras (i.e., there is not a pair of non-
f gives a weak Boolean product representatiot\ofThe trivial complementary factor congruences). A combinatory
quotient algebras\/ U I are directly indecomposable by algebraA is directly indecomposable i£(A) = {t, f}.

[30, Thm. 8], because the variety of combinatory algebras  For two combinatory terms and u, define the pair
is a Pierce variety if we defing = t,0 = f andu = [t,u] = \z*.ztuand, for every sequente, . .., t, (n > 3),
Azyzv*.zyr. m define[ty, ..., tn] = [t1, [t2,- -, tn]]-

The mapf of the above theorem does not give in gen- Define the following combinatory terms:
eral a Boolean product representation. This follows from
two results due to Vaggione [29] and to Plotkin-Simpson ® Z = Ae”.[Aa”.exx, Aryz".e(exy)z, Aryz" exz,

[28]. Vaggione has shown that, if a variety has factorable Azyzu*.e(zy)(zu), etf];

congruences (i.e., every congruence in a product is a prod- | U = \e*.
uct of congruences) and every member of the variety can
be represented as a Boolean product of directly indecom-

posable algebras, then the variety is a discriminator variety| emma 8 The classCAp; of the directly indecomposable
(see [12] for the terminology). Discriminator varieties sat- combinatory algebras is a universal class (i.e., it is an ele-

isfy very strong algebraic properties, in particular they are mentary class which can be axiomatized by universal sen-
congruence permutable (i.e., the join of two congruences istences).

just their composition). Plotkin and Simpson have shown

that the property of having permutable congruences is in-  Proof. By Def. 3 we have that is central if, and only

consistent with combinatory logic. if, the equationZe = Ue holds. Then the clas8Ap; is
axiomatized by the following universal formufa

[Ax*.x, Azyz*.exz, Axyz*.ex(eyz),
Azyzu*.exz(eyu), €.

4 The algebraic incompleteness of lambda

calculus p=Ve((Ze=Ue —e=tVe="f)A-(t=1)).

]
The representation theorem of combinatory algebras can

be roughly summarized as follows: the directly indecom- Corollary 9 The classCAp; of the directly indecompos-
posable combinatory algebras are the ‘building blocks’ in able combinatory algebras is closed under subalgebras and
the variety of combinatory algebras. Then it is natural to ultraproducts.

investigate the class of models of lambda calculus, which

are directly indecomposable as combinatory algebnate{ 4.2 Algebraic incompleteness

composable semantictr short). In this section we show

that the indecomposable semantics includes: the continu-  The closure of the class of directly indecomposable com-

ous, stable and strongly stable semantics, and the term modhinatory algebras under subalgebras is the key trick in the
els of all semisensible lambda theories. However, in one Ofproof of the algebraic incompleteness theorem.

the main results of the paper we give a proof, based on cen-
tral elements, that the indecomposable semantics is incomiemma 10 Given a lambda theory the following condi-
plete, and this incompleteness is as wide as possible: fortions are equivalent:



(i) The term modeM + of 7 is directly decomposable. solvable. By [2, Lemma 10.4.1(i)] it is consistent to equate
two solvableA-terms only if they are equivalent according
to [2, Def. 10.2.9]. Then tha-term M should be equivalent
to F andT. By Remark 10.2.20(ii) in [2] this is possible
only if the head variable o zy, wherex andy are dis-
tinct variables, is equal to and toy at the same time. This

contradiction provides the conclusion of the lemnsa.

(i) All' A-models representing are directly decompos-
able.

(i) The indecomposable semantics onits

Proof. (ii < iii): By Def. 2.

(i = ii): Recall that aA\-model C represents a lambda
theory7 (i.e.,Th(C) = 7T) if, and only if, the term model
M7 of T isasubalgebra of. Then the conclusion follows
from Corollary 9. m

In every model of lambda calculus the interpretation of
the combinators andf is equal respectively to that of the
A-termsT = Azy.x andF' = Axy.y. It follows that theA-
termsT" and F' can cover the role of trivial central elements
in every model of lambda calculus.

Theorem 13 The indecomposable semantics is complete
for the set of semisensible lambda theories.

Proof. The conclusion of the theorem follows if we show
that the term model of every semisensible lambda theory is
directly indecomposable. Assume, by the way of contradic-
tion, that there is a semisensible lambda thebryuch that
the term modelM + of 7 admitse as a nontrivial central
element. Since the term modéh satisfies the identity
exx = x (see Def. 3), theM + Mzxz = « for all A\-terms
M € e. By Lemma 12M € e is unsolvable. Then the un-
solvableA-term M xx is provably equal ir¥” to the solvable

Proof. By Lemma 10 it is sufficient to define a lambda A-termz. This contradicts the hypothesim.
theory whose term model is directly decomposable. Let
Q = (Az.zz)(\z.zz) be the usual looping term of lambda 4.3 Continuous, stable and strongly stable
calculus. Consider two arbitrary consistent lambda theories semantics
7T andS satisfying the following conditions:

Theorem 11 (The algebraic Incompleteness Theorérhg
indecomposable semantics is incomplete.

We recall that an algebra 8mplewhen it has just two
congruences (so that every simple algebra is directly inde-
_ , composable).

T and § exist becausel is an easy term (see [2, In the next two theorems we give simple proofs of in-

Prop. 15.3.9)), i.e., it can b.e equated qon5|stent.|y with any completeness for the classic semantics of lambda calculus.
other closed term. It is a simple exercise to verify that the

lambda theory7 NS contains all equations (i)-(iv) of Def. 3 Theorem 14 (Honsell-Ronchi della Rocca [16]Jhe se-

THQ=T;, SFQ=F.

for e = 2, making the equivalence class @fa nontrivial
central element in the term model 8fN S. m

We have shown that theories exist with no indecompos-
able models, so that any class of models which excludes

decomposable models cannot be complete.

In the following theorem we show that, although the
class of directly indecomposablemodels is incomplete,
it is so wide to include all term models of the semisensible
lambda theories.

We recall from Section 2.3 that the term model; of a
lambda theory? is a model of lambda calculus and that the
elements of\ are equivalence classes)eterms modulo
7.

Lemma 12 Lete € M+ be a nontrivial central element in
the term model of a lambda theofy. Then, evenj-term
belonging to the equivalence classs unsolvable.

Proof. By Cor. 5 the congruences = 0(e, T) andf, =
6(e, F) on the term model of are nontrivial. Then, for
everyl-termM € e, the lambda theorie, and7;, gener-
ated respectively by U{F = M} and7 U{T = M}, are
consistent. Assume, by the way of contradiction, thats

mantics of lambda calculus given in terms of continuous
models is incomplete.

Proof. Let C be a continuous model of lambda calcu-
lus. The functiong, defined by:g(z) = cif z £ b and
g(x) = L otherwise, is Scott continuous for every arbitrary
elementc. We now show tha€ is simple as a combinatory
algebra. Le® be a congruence o@ such thata 6 b with
a # b. We havea £ borb £ a. Suppose that we are in the
first case. Since the continuous functigis representable
in the model, then we havel: = g(a) 6 g(b) = c. By the
arbitrariness of we get thad is trivial, so thatC is simple.
The conclusion of the theorem follows from the algebraic
incompleteness theorem (see Thm. 11), because every sim-
ple combinatory algebra is directly indecomposatusie.

The continuous functiog of the above proof is neither
stable nor strongly stable (see [5] for a full treatment of sta-
ble and strongly stable semantics).

Theorem 15 (Gouy-Bastonero [15, 4]; Salibra [25, 26])
The semantics of lambda calculus given in terms of stable
or strongly stable models, and whose underlying domain is
algebraic, is incomplete.



Proof. Let C be a (strongly) stable model of lambda The proof of following lemma is similar to that of [2,
calculus. Takes,b € C such thate # b. We havea £ Prop. 17.1.9], where the cage = 1 (due to Visser) is
borb £ a. Suppose that we are in the first case. Then shown, and it is omitted.
there is a compact elemedtof C such thatd < a and
d £ b. The step functiory defined by :f(z) = cif z > d Lemma 18 Suppose7 is a recursively enumerable.¢)
and f(z) = L otherwise, is stable, and strongly stable for lambda theory and fix arbitrary term¥/;, N; for 1 <i < k
every element. This functionf can be used to show that Which are not provably equal if, that is, such that" I/
every congruence of is trivial as in the proof of Thm. 14.  M; = N; for all i. Then there exists a terfil such that
L@i&?ﬁ;‘;ﬂlﬂgiﬁ;‘;?ﬁa"” aconsequence ofthe algebraie- |\ py 1/ v7, — N, for all ¢ and all closed terms.

We do not know whether the stable and strongly stable
models, whose underlying domains aret algebraic, are
directly indecomposable as combinatory algebras.

Given a clas€” of A-models, we denote bYC the setof ~ Theorem 19 Let 7 be an re. lambda theory. Then, the
lambda theories which are representabl€ifsee Section interval [T) = {S : T C S} contains a subinterval
2.3). Itis unknown, in general, wheth&€ is a lattice with [S1,82] = {S: 81 C S C Sy}, constituted by a continuum

respect to the inclusion ordering of sets and whetk®r  of lambda theories, satisfying the following conditions:
is a sublattice of the lattica7 of lambda theories. In the

remaining part of this subsection we show that, for each of ® Si andsS; are r.e. lambda theories;
the classic semantics of lambda calculus, the\§ets not
closed under finite intersection, so that it is not a sublattice
of the latticeA7 of lambda theories.

Then the following theorem is a corollary of the alge-
braic incompleteness theorem.

e EveryS € [S1,S8,] is omitted by the indecomposable
semantics (in particularS is omitted by the continu-
ous, stable and strongly stable semantics).

Theorem 16 Let C be a class of directly indecomposable

models of lambda calculus. If there are two consistent r0of. The proofis divided into claims.

lambda theoried”, S € AC such that We first constructS; . We recall that a\-term Q is 7 -
easywhen, for every fixed closed-term P, the lambda
THQ=T; SFQ=F, theory generated by U {Q = P} is consistent.

thenAC is not closed under finite intersection, so itis nota cjaim 20 There exists & -easy\-termQ.
sublattice ofAT .

By Lemma 18.
Proof. The term model ofl N S admits a nontrivial yLe als

central elemenf, so that it is directly decomposable. It Claim21 T/ Q=T and7T ¥ Q = F.
follows that7 NS ¢ AC. m

We recall that the graph-models (see, for example, Trivial, because) is 7 -easy.
[6, 11]) and the filtert\-models (see, for example, [3]) are
classes of models within the continuous semantics. LetS; = 7:N73, whereZ; and7; are the consistent lambda
theories generated respectively by {Q = T} and7 U

Corollary 17 Let C be one of the following semantics: (Q=TF).
graph semantics, filter semantics, continuous semantics,

stable semantics, strongly stable semantics (these last twac|aim 22 The lambda theong; is r.e. and containg.
semantics restricted to models whose underlying domain is

algebraic). Them\C is not a sublattice oA7 . Sy isr.e., because it is the intersection of two r.e. lambda

. . . theories. The other property follows froth C 7, N 75 =
Proof. Semantic proofs th&t is an easy term were given

in each of the semantics specified in the statement of the the- 1'
orem (see [5]). Then the conclusion follows from Thm. 16, Claim 23 The term model of; has a non trivial central
because the models in each of these semantics are directlglement.
indecomposable as combinatory algebms.
Let e = [Q]s, be the equivalence class of the lambda

4.4 Concerning the number of decompos- term Q. It is easy to show that satisfies the equations of
able models Def. 3. Moreovere is not trivial becausé; t/ Q@ = T and
Si/Q=F.

Now we show that the incompleteness of the indecom-
posable semantics is as wide as possible. We now define the lambda theaSy.



Claim 24 There exists an r.e. lambda thea8y, which is
a proper extension af;, such thatS; t/ Q@ = T and S,
Q=F.

We apply Lemma 18 to the lambda thed@?y and to the
equationsy = T'and@ = F. We get aS;-easy termR
such thatS; U{R = P} I Q = T andS; U{R = P} I/
Q = F, for all lambda termsP. LetS; = S; U{R =
Az.x}. Sz is a proper extension &; because otherwisg
would not be aS;-easy term.

Claim 25 The equivalence class ¢f is a non trivial cen-
tral element of the term model 6%.

The term modeM s, of S, is @ homomorphic image of
the term modeM s, of S;. Then, every equation satisfied

by Mg, is also satisfied byMs,. In particular, the equa-
tions characterizing) as a central element. FinallyR]s,
is nontrivial as a central element becawse/ Q = T and

S Q=F.

Claim 26 For every lambda theory such thatS; C S C
S» the equivalence class @f is non trivial central element
of the term model aof.

We get the conclusion of the theorem because the
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