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Abstract

Finding typed encodings of object-oriented into procedural or functional programming sheds light on the
theoretical foundations of object-oriented languages and their specific typing constructs and techniques.
This paper describes a type preserving and computationally adequate interpretation of a full-fledged ob-
ject calculus that supports message passing and primitives for object update and extension. The target
theory is a higher-order A-calculus with polymorphic types, recursive types and subtyping. The interpre-
tation specializes to calculi of nonextensible objects, and validates the expected subtyping relationships.

Categories and Subject Descriptors:

Software - Programming Languages - Formal Definitions and Theory (D.3.1): Semantics;

Theory of Computation - Logics and Meanings of Programs - Specifying and Verifying and Reasoning about
Programs (F.3.1): Logics of programs;

Theory of Computation - Logics and Meanings of Programs - Studies of Program Constructs: (F.3.3): Object
Oriented Constructs, Type Structure

Keywords:
object calculus, extensible object, type system, type specialization, subtyping, typed encoding, computa-
tional adequacy.

1 Introduction

Object-oriented languages have introduced a number of ideas, concepts and techniques: the concepts of self,
class and subclassing, as well as the techniques for code reuse based on inheritance and subsumption have
all emerged with the advent of this paradigm. Although some of these ideas and techniques are yet to be
fully formalized, all of them have proved to be very useful and effective in programming.

Interpretations of object-oriented programming are typically defined in terms of reductions to procedural
or functional programming, and help provide sound and formal foundations to object-oriented languages and
their specific constructs and techniques. The reduction is not straightforward: difficulties arise principally
at the level of types, when trying to validate the subtyping properties of the source languages. The first
contributions to this research date back to Cook’s important early work [Coo87, Coo89] on the generator
model, and to Kamin’s interpretation of objects as records of functions (the self-application semantics of



[Kam88]). Refined formulations of the generator model were later proposed by Bruce in [Bru94] to give
direct interpretations for class-based object calculi.

A number of object encodings for the so-called object-based calculi have subsequently been proposed by
Pierce and Turner [PT94], Abadi, Cardelli and Viswanathan [AC96b, ACV96], Bruce, Pierce and Cardelli
[BCP99], and recently by Crary [Cra99]. These interpretations apply to a rich variety of object calculi with
primitives of object formation, message send and (functional) method override: they succeed in validating
the operational semantics of these calculi as well as the expected subtyping relations over object types;
finally they extend nicely to the case of Self Types and other object-oriented constructs.

None of these proposals, however, appears to scale to calculi of extensible objects, where primitives are
provided for modifying the size of an object with the addition of new methods. There are two major difficul-
ties in dealing with interpretations of extensible objects. The first is the presence of the mechanism known
as MyType method specialization [Bru94, FHM94], a typing technique that allows the types of methods
to be specialized when they are inherited from an object (or prototype) to its derivates. The second diffi-
culty arises from the co-existence of subtyping and object extension, two mechanisms that are essentially
incompatible [FM95], and hence difficult to combine in sound and flexible type systems.

In this paper we present an interpretation extensible objects that addresses both these problems. Our
source calculus supports extensible objects in ways similar to the Lambda Calculus of Objects [FHM94] and
subsequent calculi [FM95, BL95, BB99b]. MyType polymorphism is rendered in the type system by means
of match-bounded polymorphism, as in the system we developed in [BB99b]. Subtyping, is accounted for by
distinguishing between extensible and nonextensible objects, as proposed by Fisher and Mitchell in [FM95].

As in most of the existing papers on the subject, we define our interpretation as an encoding: the target
calculus is a polymorphic A-calculus with records, recursive types and (higher-order) subtyping. Within this
calculus, an extensible object is interpreted as a pair of two components: the object generator, which is
made available to contexts where the structure of the object is extended with new methods or fields, and the
interface, a recursive record that provides direct access to the methods and fields of the object, for its clients.
Technically, the two components are collectively grouped into a single recursive record by a technique which
is inspired by, and generalizes, the split-method interpretation of [ACV96].

The resulting interpretation is faithful to the source calculus in that (4) it preserves the validity of typing
judgements, and (i7) it validates the operational semantics, as we prove showing that the encoding is compu-
tationally adequate. Besides providing a fully formal interpretation of extensible objects, the interpretation
also clarifies the relationship between calculi of extensible and nonextensible objects presented in the recent
literature. In fact, the encoding specializes smoothly to the case of nonextensible objects and object types,
validating the expected subtyping relationships. Although we focus on one particular calculus — specifically,
on one approach to combining object extension with subtyping — the translation is sufficiently general to
capture other notions of subtyping over object types (a notable example are the rules for covariant subtyping
of [AC96b]).

An interpretation of extensible objects with essentially the same properties as ours has recently, and
independently, been obtained by Boudol and Dal Zilio [BDZ99]!. We postpone the comparison between
the two solutions to Section 8, and organize the rest of the paper as follows. In Section 2 we introduce the
calculus of extensible objects and describe its type system. In Section 3, we briefly review the target theory
for the encoding. In Section 4 we describe the encoding, and then, in Sections 5 and 6 we prove it sound and
computationally adequate. In Section 7 we discuss the interpretation of nonextensible objects and various
forms of subtyping relationships. We conclude in Section 8 with comparisons with related work. The typing

Interestingly enough, [BDZ99] and the preliminary version of the present paper [BB99a] have been presented at (the same
session of) the same conference



rules of the source and target calculi are collected in Appendices A, B and C.

2 Extensible Objects and Object Types

The source calculus of our translation, named Ob™, is a typed variant of the Lambda Calculus of Objects of
[FHM94], the first calculus that provided a formal type system for extensible objects. There are a few differ-
ences from the original proposal of [FHM94]: firstly, we rely on an explicitly typed syntax, secondly we use
s-binders for method bodies instead of the A-binders of [FHM94], and finally we distinguish methods from
fields, both syntactically and semantically. The typed syntax ensures that well-typed objects have unique
types, a property that was missing in [FHM94]. The use of ¢-binders eases the comparisons between our
translation and related translations in the literature (with ¢-binders, the syntax of Ob ™ is a proper extension of
Abadi and Cardelli’s typed g-calculus [AC96b]). As for the distinction of methods and fields, besides being
a common practice in object-oriented languages and calculi, it arises as a result of a retrospective analysis
of the interpretation of objects and object types. As we shall see, the qualitative nature of the target theory
used in the interpretation changes significantly depending on the kind of updates supported by the source
calculus: specifically, recursive types suffice for the interpretation of both external and self-inflicted field
updates and external method overrides, while self-inflicted method overrides require a non-trivial extension
of the target theory, one where recursion and least fixed points are available not only for types, but also for
type operators.

2.1 Terms and Operational Semantics

The syntax of terms is defined by the following productions:

A,B,C == Types

X, U variable

pro(X)(v; : C*€1 m; : B;{X}€) object type (v;’s and m;’s distinct)
a,b,c = Terms

x variable

S(X=A)(v; = ¢'! )mj = ¢(z : X)bj{X,x}7S7)  object (v;’s and m;’s distinct)

v field selection
a<—4b field update
a4 b field addition
aom method invocation
aom — ¢(X=A)s(z: X)b{X,z} method override
aom —+ ¢(X=A)s(z : X)b{X,x} method addition

Terms of the form ¢(X=A)(v; = ¢;**!,m; = ¢(z : X)b;{X, 2}<7) denote objects, collections of named
fields (or instance variables) and methods that can be selected, updated, or added. The notation b{ X, 2}
emphasizes that the type variable X and the term variable = may occur free in b. Given b{ X, x}, we write
b{ A, c} (or, equivalently b{X := A,z := a}) for the term that results from substituting the type A and the
term a for every free occurrence of X and x in b.

Each of the primitive operations on objects comes in two versions, for fields and methods. a.m invokes
the method associated with the label m in a, while a.v selects the field v; aom «— ¢(X=A)s(x : X)b{X, z}



replaces the current body of m in a with ¢(X=A)¢(z : X)b{X,z}, while a.v « 4 b performs the corre-
sponding operation on fields; finally, aom «—+ ¢(X=A)¢(z : X)b{X, x} extends a by adding a new label
m with associated body ¢(X=A)¢(z : X)b{X,x}, and a.v <+ 4 b does the same with the field v.

Terms that differ only for renaming of bound variables, or for the relative order of method labels are
considered equal: we write a = b to state that a and b are equal. To ease the notation, whenever the
distinction between methods and fields may soundly be disregarded, we use ¢ to denote method or field
labels, and adopt the following shorthands:

S(X=A)(l; =(x) bi{ X}
a-l
a‘EH(X,A) b{X}

S(X=A)(v; = ¢;',m; = ¢(x : X)bj{X,x}j€J>
aol or a.l

aol — ¢(X=A)(x : X)b{X,z} or a.l «— 4b
aol —+ ¢(X=A)s(x : X)b{X,x} or a.l —+ 4b.

> 1> e f1>

The evaluation relation |}, over closed terms is defined in Figure 1 as an extension of the corresponding
relation in [AC96b] that handles field and method addition. A result r is defined to be a term in object form.
We say that a closed term a converges — written a |}, — if there exists a result r such that a |, 7.

(Selecty) a Yo g(X:A)<a.U;UjJ’O:cha> ¢ dor
Selecty) WY@ b{AT bor @=c(X=A)..,m; =c(: X)b{X,a}..))
" aomy; Yo 1
(Override) a Yo s(X=A){l; =x) b {X}) kel
ieI—{k}

a- U —(X,A) b{X} |, <(X=A){¥; =(x) b;{X} U, =(x) b{X})
(Extend) a Yo s(X=A){li =cx) bA{X}'Y) £ ¢ {t:}* |

@ L ieany DX by s(X—AT)E =) BIX} 6 — ) BAXF)

Figure 1: Operational Semantics for Ob™

2.2 Type System

An object type A = pro(X)(v; : Ci*€',m; : Bj{X}<7) is the type of all the objects with fields v; (i € I),
and methods m; (j € J). When invoked, each field v; returns a value of type C;, and each method m; a
value of type B;{A}, that is the type B; with every free occurrence of the variable X substituted by the type
A itself: this type substitution reflects the self-substitution semantics of method invocation defined by the
(Selecty) rule introduced above. As for the syntax of terms, we use the notation pro(X)(¢; : B;{X}*<!)
for pro-types, whenever there is no reason to distinguish methods from fields. Object types that differ for the
order of the component labels, or for the names of bound variables are considered equal: we write A = B
to state that the types A and B are equal.

The typing rules for Ob™ rely on the form of match-bounded polymorphism we studied in [BB99b] for
the Lambda Calculus of Objects [FHM94]. Polymorphic types arise in the typing of methods as a result of
(7) the fact that method bodies depend on self, and (i7) that they may be invoked on extensions of the object
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where they are first installed. As a consequence, to ensure sound typings of method invocation, method

bodies are typed in a context that assumes the so-called MyType for the self variable, i.e., a match-bounded

type variable that represents the types of all the objects arising as a result of the possible extensions of the

host object with new methods and fields. The use of matching [Bru94] in place of the more standard relation

of subtyping is central to the type system, as matching, unlike subtyping, does not support subsumption:

since objects are extensible, absence of subsumption on pro-types is crucial for type soundness [BB99b].
MyType polymorphism is illustrated in the typing rule for object formation, given below.

The:Cy, TUKAx:Ukb{Uz}:B{U} Vieliel
TEo(X=A)(v; = ;"' m; = ¢(x X)bj{X,x}je‘]> DA

The type A is the pro-type pro(X)(v; : C;'S,m; : B; {X}7<7Y, and MyType is the type variable U match-
bounded in the context of the typing judgements of method bodies. The rule also emphasizes the distinction
between methods and fields: since the latter do not depend on self, their type need not depend on MyType.
As a further remark, note that the return type of each method depends polymorphically on MyType: this
allows the (return) type of methods to be soundly specialized upon method addition. The role of MyType for
method specialization is further clarified in the typing rule for method invocation:

F'ta:A TFA<gtpro(X)(¢: B{X})
TFa-0: B{A}

An invocation for (the field or) method ¢ on an object a requires a to have a pro-type containing the label £.
The result of the call has the type B listed in the pro-type of a, with A substituted for X (if £ is a field, this
substitution is vacuous). Note that A may either be a pro-type matching pro(X)(¢ : B{X}), or else an
unknown type (i.e., a type variable) occurring (match-bounded) in the context I'. Rules like the one above
are sometimes referred to as structural rules [AC96b], and their use is critical for an adequate rendering
of MyType polymorphism: it is the ability to refer to possibly unknown types that allows methods to act
parametrically over any U <# A, where U is the type of self, and A is a given pro-type.

The typing rules for Ob™ are collected in Appendix A: comments on the most interesting rules are given
below.

(Val Field Update) is a structural rule: as in (Val Select), the type A of the object a being updated may
either be a type variable, or a pro-type. When it is a pro-type, the update is external, when it is a type
variable, the update is self-inflicted. The judgement I' = A<## pro(X)(¢ : C') requires A (hence a : A) to
have a field ¢ with type C, and the remaining judgement ensures that the update preserves the type of the
object.

(Val Method Override) handles the case of updates for methods: unlike the corresponding rule for fields,
(Val Method Override) is non-structural, as the type A of the object being updated is required to be a pro-
type. As a consequence, method override may not be self-inflicted: instead, it is available as an external
operation which can only be performed from outside the object. This restriction could safely be lifted,
without consequences on the operational behavior of the source calculus, or on the operational soundness of
the type system”. On the other hand, as we mentioned, self-inflicted method overrides do have significant
impact on the semantic interpretation.

(Val Extend) is the typing rule for field and method additions. The label ¢ is assumed to be different
from all of the £’s, ¢ € I, and the type of the object a being extended is required to be a pro-type: since no

*Type soundness in the presence of self-inflicted method overrides can be proved as we did in the calculus described in [BB99b].



subtyping is available on pro-types, this implies that an object extension is typed with exact knowledge of
the type of a.

We conclude the discussion on the source calculus stating the main properties of the type system. Proofs for
the results below are omitted, as they are essentially the same as those given in full detail in [BB99b].

Theorem 2.1 (Subject Reduction). IfT'+a: Ain0b™, and a |, 7, thenalsoT Fr : A. O
Theorem 2.2 (Soundness). Let ¢ be a closed expression such that &\ ¢ : A for some type A. Then:
L ifc=a-l—x 2 b{X}, anda |, 7, thenr = (X=A)(..., L =x) b{X},...).

2. ifc=a-l+xa b{X}, anda |, 7, thenr = ¢(X=A){l; =(x) b { X} and ¢ & {4;}'€L
3. ifc=a-Landa |, 7, thenr = ¢(X=A)(... L =x) b{X},...). O

3 The Target Calculus F,_.,

The target calculus of the translation is an equivalent of the polymorphic typed A-calculus F'¢. with recur-
sive and record types, and higher-order subtyping. We briefly review the syntax, introducing notation and
terminology on type operators and recursive types.

K= Kinds
T type
K=K type operator
A, B ::=  Constructors
X constructor variable
T greatest constructor of kind T
A—B function type
[m1:B,...,my : B record type
V(X <:A:K)A bounded universal type
w(X)A recursive type
AX = K)B operator
B(A) operator application

M, N = Expressions

T variable

Mz A)M abstraction

M N application
A(X <A K)e type-abstraction
MA type-application
[m1 = My,...,m, = Mg] record

M.m record selection
fold(A, M) recursive fold
unfold(M) recursive unfold
letz =M in N local definition

letrec f(z:A):B= M in N recursive local definition



Types and type operators are collectively called constructors: a type operator is a function from types to
types. The notation A :: K indicates that the constructor A has kind K. The typing rules, found in Appendix
C, are standard (see Chapter 20 of [AC96b]). Type equality is defined by judgements of the form I' - A « B,
modulo renaming of bound variables. The following notation is used throughout: Op = T = T is the kind
of type operators, A < B denotes subtyping over type operators, whereas A <:B denotes subtyping over
the kind T of types. We also use the following shorthands to emphasize the relationships between type
operators and their fixed points. Given the type operator A :: Op, A* = p(X)A(X) is the (least) fixed point
of A; dually, given the recursive type A :: T = p(X)B(X), A°® = A(X)B(X) :: Op is the type operator
whose (least) fixed is A. As in [AC96a], A°F is defined in terms of the syntactic form ;(X)B(X) of A: the
notation A°® is well-defined because we rely on a weak notion of type equality whereby a recursive type is
isomorphic, rather than equal, to its unfoldings.

Results, or values, in this calculus are lambda abstractions, records, and recursive folds, as defined by
the following productions:

rou= NMa:A)M | [my=My,...,mp = M) | fold(A,M) | A(X <:A = K)M

A standard call-by-name relation of evaluation for the calculus is given in Figure 2. We say that a closed
term M converges — written M |}y — if there exists a result 7 such that M |} ¢ r.

My Mz:A)M') M{z:=N} {|fr

(8 T
M|y (A(X<:A=zK)N) N{X:=B} |5 r
(@) T
MU’f [...,ijMj...] MjU,fT
sel
(select) Mo, by 7
M |y fold(A,N) N Irr
(unfold) unfold(M) |5 r
(letrec) N{f:=M{f:=1letrec f=Min f}} |y r

letrec f=Min N |y r

Figure 2: Operational Semantics for F, .,

4 Encoding of Extensible Objects and Types

To understand the encoding, and its subtleties, it is useful to proceed by steps, and first discuss solutions
that are intuitively simple but do not quite work. We initially keep the discussion informal, and look at a
simplified case where objects have no fields, and for which the only available operators are method addition
and invocation. Then we extend our analysis to objects with fields, and show how to account for field
selection, addition and update. Finally we look at method overrides, distinguishing external from self-
inflicted overrides: we show that the former can be encoded in F,~.;, with no additional machinery, and



discuss the extensions to F;, .., required to handle the latter. In Section 4.5, we summarize the result of the
analysis giving the formal definition of the interpretation.

4.1 Failures of Self Application

We first consider objects with no fields. Looking at the reduction rules, it would be tempting to interpret
these objects as in the self-application semantics of [Kam88]. In this semantics, methods are functions of
the self parameter, objects are records of such functions, and method invocation is field selection plus self-
application. This semantics was originally proposed as an interpretation of nonextensible objects, and its
properties are well-known [AC96b]: it works well in the untyped case, but fails in the typed case because it
does not validate the expected subtyping relationships over object types.

A similar situation arises for our extensible objects, even though no subtyping is available over pro-
types. Following the self-application semantics, one would interpret the type pro(X){m:B) as the recursive
record type A = p(X)[m : X — B] which solves the type equation A = [m : A—B]. Now, given
(the interpretation of) an object a : A, consider extending a with (the interpretation of) a new method
m’ = A(s)b. The extension is interpreted as the formation of the new record [m = a.m,m’ = A\(s)b],
whose type is AT = pu(X)[m : X—B,m’ : X — B’]. However, typing the new record requires the type of
a.m to be subsumed to AT — B: the problem is that the subtyping relationship A— B <: A*— B fails due
to the contravariant occurrence of the types A and A™.

To circumvent the use of subsumption, a seemingly correct solution would be to give a refined version
of the self-application semantics where methods are typed polymorphically, and pro-types are recursive
types of the form u(X)[m : V(U<# X)U— B{U}|]. Unfortunately this attempt fails when trying to reduce
matching to subtyping in F,..,: the reasons are essentially the same as before, given that the universal
quantifier is again contravariant in its bound.

In both the previous attempts, the actual source of the problem is the poor interaction between the subtyping
rules for recursive types and the contravariant occurrence of the recursion variable in the types of methods:
to find a solution, we need to break this problematic dependency.

4.2 Methods and Split Labels

If we look at the typing rules of Ob™, we may identify two distinguished views of methods. Consider the
rule (Val Object): the premises give the internal view, in which methods are concrete values — abstractions
of self — while the conclusion provides the external view where methods are seen as “abstract services” that
can be invoked by messages. This observation suggests an interpretation that splits methods into two parts,
in ways similar to, but different from, the translation of [ACV96], thus making the two views on methods
explicit. In the untyped case, the object (m; = ¢(2:)b;"*"™) can be interpreted as the recursive record that
satisfies the following equation:
M = [mgeﬂ — )\(8) [[bz ]] iEl..n’ mgel — Mm‘gen(M) iel..n]

K3 (3

ge

Each method m; is represented by two components: the generator m?", associated with the function that

(2
represents the actual body of m;, and the selector m$ which is the result of self-applying m?" to the host
object, and can directly be invoked by selection, without self-application. Thus, clients of the object can
access the object’s methods by means of the selectors, while derived objects, obtained by the addition of
new methods, inherit the generators and re-install the corresponding selectors, thus rebinding self to the

extended structure of the host object. Viewed this way, the set of selectors can be thought of as the abstract



interface that the object provides for its clients, while the generators are available in contexts where the
structure of the object needs to be extended with new methods.

This idea works well in the typed case as well. Consider the pro-type A = pro(X)(m; : B;{X}*€"™).
The interface associated with A is represented by the type operator A™N(X) = [m : B,{X }261""] that
collects the method selectors (here, and below, B; is the translation of B;). The type A, in turn, is in-
terpreted as the (recursive) record type that collects selectors and generators for each of the m;, defined
as follows: A = pu(X)[m" : V(U < AMU*—B{U*} ©€1-n meel . B,{X} €], The generators
have polymorphic function types corresponding to the match-bounded types used in the typing rules of the
source calculus: following [AC96a], matching is interpreted as higher-order subtyping. The typed trans-
lation of terms derives immediately from the untyped translation and the translation of types. The object
¢(X=A)(m; = ¢(x : X)b{X}*€™"™), is interpreted as the following recursive record, where A°P is the type
operator corresponding to A:

M = [ = AU < AN)A(s - U") [bU}] €8, mie! = M (A°7)(M) <17
The (higher-order) subtype constraint U < A™ in the generators ensures that each method may legally
invoke its sibling methods via self. The use of the interface A™ in the bounded quantifier is critical for
well-typedness: besides exposing the selectors, for use within each method body, it validates the subtyping
relationships
V(U < AMU*—B{U*} < V(U < (AT)YMU*—B,{U*}

needed to inherit the generators upon object extension, as well as the relationship A" < A™ needed to
type the self-application M.mJ"(A°?). Finally, the interface (hence the internal view of self), hides the

generators to reflect the fact that in the source calculus objects cannot be self-extended.

4.3 Fields and Field Update

Fields are handled quite easily in the interpretation: they need no generators, as they do not depend on self,
and their evaluation is independent of the structure of the object and of its extensions. On the other hand,
field updates require a different treatment (and interpretation) of the recursive nature of self and of self
reference. The problem is well-known [AC96b]: defining objects by direct recursion, as we did above, does
not quite reflect their computational behavior. Specifically, field updates do not work if the recursion freezes
self to be the object at the time of creation or extension: subsequent updates on a field are not reflected in the
invocation of a method that depended on that field through self. The solution, as in [ACV96, AC96b], is to
give a recursive definition not of the object itself, but rather of the dependency of the object on its methods.
In the untyped case, this correspond to the following interpretation of (m; = ¢(z)b;"S"™).

letrec mkobj(fi,...,fn) =

[mgen _ fiiel..n’ mfel = fi(mkobj(f1,..., fa)) "]
in mkobj(A(z) [b1],..., \Mx) [bn])

Now it is the definition of mkobj, i.e., of the function that creates the object, that is recursive, not the object
itself: this leaves room for a correct interpretation of field updates using the updaters of [ACV96]. The
interpretation of a, now complete, object of the form (v; = ¢;""<" m; = ¢()b;’ €LY can be defined as



follows: . )
letrec mkobj(w;*€1", fjjél“m) =

sel i€l.n
[0 = w g ,
upd . icl.m i€l.n
v; _)\(Z)kabj(wl7“‘7wi—laszi+17”‘7wn7fjj ) )
gen __ p j€l.m

m;el — fj(mk‘obj(wiia”",fjj@"m)) jel..m]
in mkobj([e; ] <", A(x) [b; ]7€"™)

Fields are also split into two components: the selector v°¢ provides access to the contents of the field, the
updater v*P? takes the new value supplied in the update and returns a new object with the value installed in
place of the original. A field update may then be translated by a simple call to the updater associated with
that field. Finally, field or method additions, are translated by corresponding calls to the constructor function
mkobj (see Section 4.5, Figure 4).

The translation extends smoothly to the typed case: to allow field selection and update, the type construc-
tor and the recursive type that represent, respectively, the interface and the type of the object, are extended
with new components corresponding to the selectors and updaters associated with the object’s fields. If
A =pro(X)(v: C,...), the type of the selector v*¢ is C, and the type of the updater v"P? is C — A, that
is the type of a function that, given an argument with the same type as the value to be updated, returns an
object which has the same type as the object prior to the update. As we show in section 4.5, introducing
field updaters preserves all the subtyping relationships needed in the typing of method and field addition.

4.4 Method Override

In the untyped case, method overrides can be dealt with in exactly the same way as field updates, by intro-
ducing an updater m;” 4 for each method, and interpreting a method override as a call to the corresponding
updater. Unfortunately, the typing of method updaters poses a nontrivial problem.

Self-inflicted overrides. Consider an object a : A, where A = pro(X)(m : B{X}), and consider
overriding the method m of a. Using method updaters, the translation of A would be the recursive type:

A= pu(X)[mI" V(U < ANU*=B{U*}, m"4 . (VU < ANU*—-B{U*}) — X, m** : B{X}]

As in the case of fields, the updater m“P? expects an argument of the same type as the actual method body
—the type of m9¢"— and returns a modified copy of the object, preserving the original type. The problem
arises from self-inflicted method overrides: if a self-inflicted override is to be translated as a call to the
updater, the updaters must be exposed in the interface used in the type of the generators. But then, since the
generators and the updaters must be typed consistently, the updaters must be exposed in the interface A™.
This leads to a new definition of the interface associated to the type A, as the type operator that satisfies the
following equation:

ANX) = [m;“”d C(V(U < AMU*=B{U*})—X, mi: Bi{X}]

The problem with this equation is that it involves type operators rather than types: solving equations of this
kind requires a significant extension to the target theory of F|,..,, one that allows fixed points to be taken
not only at types, but also at type operators. To the best of our knowledge, this extended theory has not been
studied in the literature: more importantly, its soundness is still an open problem. Given this, in the formal
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treatment that follows, we disregard method updaters, and focus attention to the simplified case in which
method override is an operation that may only be performed from outside the object. External overrides,
which are legal in the source calculus, can still be accounted for in F,..,, as we discuss here below.

We remark again that self-inflicted field updates stay within the simpler ambient theory. This is the main
reason to distinguish among fields and methods in our setting.

External overrides. The translation of external method overrides relies on essentially the same tech-
nique used for method addition. Given the object a = (m; = ¢(x)b;"S""™), the override a-m; «— (z)b is
interpreted as the call mkobj([a].m{™, ..., [a] m{7, A(z) [b], [a] . miT5, ..., [a] .m%™), which
forms a new object containing new body for m; and the methods inherited from a.

Note that this interpretation of method overrides does not work for the self-inflicted case. As we already
pointed out, the generators m?“" cannot be invoked from within a method body, as they are not exposed by
the interface of the object: on the other hand, exposing the generators in the interface (i.e. using A °" in place
of A™) would break the subtyping required to type an object extension (for (A1)%" < A°F fails due to the

contravariant occurrence of the universal quantifier in the type of the generators).

4.5 The Translation

The translation of types proceeds inductively on the structure of types. As in [AC96a], the treatment of type
variables depends on the context where they are used: in contexts where they are match-bound, they are
interpreted as type operators, in other contexts they are interpreted as types.

A = pro(X)((vi . Ciiel,mj . Bj{X}j€J>>
INTERFACES
P/,X A,F”DX IN & Yy
[ #
[T AN A )\(X)[ sel . [[I\Dc]]TYzEI vlypd: [[FDCiHTY_)XiEI’
[0, X b B{X}] ™Y i€ |
OPERATORS
I X<H#AT'>X]%® & X
[[ ) # )
[[FDA]]OP A )\(X)[ sel . [[FDC]]TYzeI U?Pd: [[FDC%]]TY%X%I,
mel [T, X b By{X}] ™ 7€,
m?en:V(Ug [[TDAHIN)U*—>[[F7X>Bj{X}]]TY{X::U*}je‘],
ext : V(U < [T A]™MU*—U*]
TYPES
[[I",X##A,F”DX]]TY £ X+
[[I",X,I‘"DX]]TY £ X
[[FDA]]TY A /,L(X)[ sel . [[FDO]]TYzEI U?Pd: [[FDCQ]]TY—>XZ‘€I,
mel [T, X b By{X}] ™ 7€,
mjgen:V(US [[FDA]]IN)U*—>[[F7X>Bj{X}]]TY{X::U*}jeJ,
ext :Y(U < [T A]™MU*—U*]

Figure 3: Translation of Types
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The whole translation depends on contexts. For this reason we introduce the notation >, whose meaning is
made formally clear in Figure 5.

The translation of terms, in Figure 4, formalizes the ideas we illustrated in the previous sections. To ease
the notation, we use the following shorthand, where A = pro(X)(v; : C;*€1" m; : B;{X}<""™);

MKOBJ A(My, ..., My, N1,...,Np,) =
letrec mkobja(w; : [[FDC'Z-]]TYi61"n, '
[ VU< [T A]™MU*— [[F,XDBj{X}]]TY{X::U*}]El”m) c[TrA]™=

fold([T> A]™,
[Usel = w; i€l.n
)
U?Pd — )\(Z . [[F > Ci]]TY)kabjA(wl l€1..i—1’ z, w l€i+1..n’ fl; . fm) iGl..n’

m3! = f([T> A] ") (mkobja(wr,.. wn, fro o fr))'S

mgen _ f'jél..m
J J ’

ext =AU < [T>A]™A(z:U")z]

in m/{JObjA(Ml,. .. ,Mn,Nl, ce ,Nm)

The definition of the constructor function MKOBJ 4 is the typed version of the mkobj function we discussed
earlier: in the typed case, we define one such function for each type A. The first n parameters for MKOBJ 4
initialize the object’s fields, the subsequent m initialize the object’s methods. The ext entry, whose body is
the polymorphic identity, is needed to handle the translation of object extension, as we discuss below.

The formation of an object of a given type A is translated directly as a call to the constructor function
MKOBJ 4 . Typing the selectors m 3 requires the relation [T'> A]°" < [T'> A]™, which is derived by
first unrolling the fixed-point and then applying the rules for constructor subtyping.

Field and method selection are translated as a call to the corresponding selectors: invoking a method or
field ¢ on an object a results in a call to the £°¢ component in the translation of a. A recursive unfold is
required prior to accessing the desired component.

An object extension forms a new object by applying MKOBJ 4+ (A™ is the type of the extended object)
to the (translation of) the method bodies of the original object a, and to the newly added method. The call to
MKOBIJ 4+ is passed as argument to the identity function associated to the ezt field: selecting the ezt field
from @, — the object being extended — guarantees that a is evaluated prior to the extension. This is required
for the translation to be computationally adequate, as the evaluation rules of Ob™ do require a to evaluate to
an object prior to evaluating an object extension.

To see why computational adequacy requires the ext field and would otherwise fail, consider the term
Q=g X=P){l =¢(x: X)wol)ol. If we choose P = pro(X)(l : pro(X)()), Q2 is well-typed in Ob ™,
as @ ¢(X=P)({ =¢(z: X)xol): P is derivable, and hence sois @ - Q : A for A = pro(X)(). Now
consider extending ) with a new method, as in Q7 = Qom «—+ ¢(X=A")s(z : X)x. The new term is
also well-typed: taking AT = pro(X)(m : X), from @ - Q : A, one derives @ - QT : AT,

Now, let us look at how  and Q7 are interpreted in F,<.,. In the rest of this section we will use
the following shorthands: P, P'N, P°? stand for, respectively, [@>P]™, [@> P]™, [@> P]°", while
(AT)™, (AT)OF stand for, respectively [@ > AT [™, [@> AT ] °P. By definition we have:
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VARIABLES
[Tozx] &2

OBJECT FORMATION 4
[D5 (X =A){v; = ¢€1,my = (a: X)b;{X,2}<")] 2
MKOBIA([T'o e ] < AU < D5 Al ™M - U%) [T.Us A, 2 U by{U, 2} ]9€7)
where A = pro(X)(v; : Ci'",m; : B{X}'<”)

FIELD AND METHOD SELECTION
[Tea-£] £ unfold([T>a]).f5¢

FIELD UPDATE
[Toaw«ab] £unfold([Ta])v P ([T>b])

FIELD EXTENSION
[T>awnt1 «+a+ b] £
G.ext ([T> AT ]OP) (MKOBI 4+ (@3¢ 1€ [T>b],a.m 9" I€7))
where A = pro(X)(v; : C;*S*™, m; Bj{X}j€J>), At = pro(X)(uv; : G, B{X )
anda = unfold([I'>al).

METHOD EXTENSION
[T aomur «+ o(X=A )s(z: X)b{X,z}] =
a.ext ([T A*]OF) (MKOBI 4+ (@07 17 G.m " JE€1-m AU < [T AT ]™)D))
where A = pro(X)(v; : C;*€!, m; : Bj{X}jel”n}, AT = pro(X)(v; : ;' my : B{X}' €T,
d=unfold([['>a]), andb= A : U*) [T, U<# A", 2 : Usb{U,z}].

METHOD OVERRIDE
[Toaomy «— (X=A)(z: X)b{X,z}] &
d.ext ([T'> A]OP) (MKOBI 4 (@05 €1 amy9en, . AU < [T A]™)D, ..., 4.m,%"))
where A = pro(X)(v; : C;*¢%, m; : B;{X}<"™), @ = unfold([I'>a])
andb= Az : U*) [T, U<# A",z : Usb{U,z}].

Figure 4: Translation of Terms

[2>Q] =unfold([2>¢(X=P){{ =c(z: X)zol)]).£5?, where

[@pc(X=P)({=c(z: X)z.l)]
= MKOBJp(A(U < PM)\(z : U*)unfold(x).L%)
= fold(P, (9" = ...,
03¢t = A(U < P™M)\(x : U*)unfold(x).05¢ (POP)(SELF)
ext=...])
and SELF = MKOBJp(A(U < P™M)A(x : U*)unfold(z).£5¢)

Then, consider defining the interpretation of method addition as a simple call to the constructor function
MKOBJ, thus disregarding the ext field. In our example, this would correspond to defining

[25 Q"] = MKOBI 4+ (A(U < (AY)™)A(z : U")z)

Note that the generator £9¢" is not selected from € as it is not exposed in the type A given to {2. This is a
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problem, because the call to the constructor function converges to the following result:

fold(A™T,[m9" = A(U < (AT)™M\(z : U*)x,
m* = AU < (AT)™MX(z : U*)z (AT)°P (MKOBI 4+ (A(U < (AT)™MA(z : U*))x)
ext=...]

Summarizing, we have [ > Q+]] |} . In the source calculus, instead, Qr 4., as evaluating Ot requires
Q) to evaluate to an object, while €2 diverges while selecting the label £.

Computational adequacy is restored if, as in our translation, one enforces the evaluation of [ @ > Q] via
the selection of the ezt field. In that case, the translation gives the term:

[o>Qt] = unfold([@rQ]).ext((AT)°F)(MKOBI 4+ (---))
= unfold([(9" =...,
05t = A(U < PN)A(x : U*)unfold(z).05¢ (POP)(SELF)
ext = ...].0%%) . ext((AT)OP)(MKOBJ 4+ (- --))

which diverges as it tries to recursively select £°¢ prior to accessing the ezt field from the resulting record.

In section 6 we give a formal proof of computational adequacy, showing that this use of the ext field
works for arbitrary terms in the source calculus. Now, we conclude the presentation of our interpretation
with the translation of contexts and judgements, in Figure 5. The definition derives directly from the type
and term translations given above: note, in particular, that the translation of a judgement I' - a : A does not
depend on its derivation in Ob™: as in [ACV96], we can thus avoid coherence issue in our soundness proofs.

[2] 2 o [Tbo] =2 ©
[T,z:A] = [T],x:[TeA]™Y [ToT,2:A] = [[ol’],z: [0, T/ A]™Y
[T,Xx] & |[I],X [TeT,X] = [I'sI'],X
[T, X<#A] 2 |[I],X<[IoA]™ [IoI/,X<#A] £ [IoI'],X<[I[,TVsA]N
[TF«] 2 [T]Fo [THA<B] 2 [T]F[T>A]N< [TeB]™
[THA] 2 [I]F [sA]™ [CFa:A] 2 [C]F [Dsa]: [DoA]™

Figure 5: Translation of Contexts and Judgements

S Soundness of the Encoding

The main result of this section is a proof that the encoding preserves the validity of judgements. The
following notation and terminology are used throughout. For every (0b™ or F,..,) type A, FTV (A)
denotes the set of free type variables in A, defined in the usual way. We often write I' - < to state that
I' - S is derivable, in either system. Also, we write X ¢ I" to mean that X does not occur in (the types and
declarations of) T, thatis: X ¢ T 2 X & Dom(T) and X ¢ FTV (A) forallz: A€T.

Lemma 5.1 (Core properties of 0b™).

(Contexts) If I' =S, then I F .
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(Weakening) If T'+ S and T, TV - x then T, T F 3.

(Exchange) If T, X, TV S and X € T', then T, T, X - S. Similarly, if U, U<# A, 7'+ Sand U ¢ T,
then T, T, U<# A = 3. The opposite implication holds as well, in both cases.

(Substitution) If T, X<# A,T" - S and T - B<# A, then T,T"{X:=B} - S{X:=BY}. Similarly, if
X, T'FSQSandT F B, then T, T"{X:=B} + 3{X:=B}.

Proof. By induction on derivations [BB99b]. O
Lemma 5.2 (Core properties of F,.,).

(Weakening) If T'+ S and T, TV o then T, T F 3.

(Exchange) If T', X <:A =K, IV FSand X ¢ TV, then T, 1", X <:A :KF S

(Substitution) If I', X <:A =K, IV Sand T F B<:A : K, then I', T'{X:=B} I S{X:=B}.

Proof. By induction on derivations [AC96b]. O

5.1 Basic Properties of the Translation

The first lemma shows that the translation of well-formed Ob ™ types is well defined: to ease the presentation,
we often appeal only implicitly to this result throughout this and the following sections.

Lemma 5.3. I[f T'+ Ain 0b™, then [T > A]™ is well defined.

Proof. By induction on the structure of A. The only interesting case is when A is a type variable, say X, as
[T > X ] depends on how X is declared in I". There are two possible sub-cases: either ' =T/, X, T or " =
IV, X< B,T" for appropriate B, I and I'”. From the hypothesis that I = A, by Lemma 5.1 (Contexts),
I' F *. Hence, in both the sub-cases above, X ¢ Dom(I',I"'): now the claim follows by an inspection of
the translation of types. O

Next, we prove a few lemmas that establish some useful identities for the translation.

Lemma 5.4 (Domain and Free Type Variables). Assume I' - x in 0b™. Then Dom(T') = Dom([T']).
Furthermore, if I' = A, then FTV(A) = FTV ([T > A]™).

Proof. By induction on the derivations of the Ob™ judgements in the hypothesis. U
Lemma 5.5 (Context Split). If ', + % in 0b™, then [I',I"] = [T'], [T >T"].

Proof. By induction on the length |[IV| of T".

| IV |= 0 In this case IV = &, and the proof follows immediately since [I'>@ ] = & by definition.

| T |=n+1 In this case I" = I'”, 9, where 0 is one of X<# A, X, or 2 : A. We take the case when 0 is
x : A as representative, being the proof of the other cases similar. We have

[O,",2:A] = [0,0],z: [[,T"5 A] by definition
= [T],[TeT"],z: [T,I">A] by induction hypothesis
= [T],[TeI" z:A] by definition O
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Lemma 5.6 (Exchange). Let 6 be one of U<# A, X orx : A. If T,56,T' = Aand T',T’,6 - * in Ob™, then
[T,6,T>A]™ = [T, TV, A] ™.

Proof. From the hypothesis it follows that I, T, § = A in Ob™: this follows by induction on the derivation
of I', 6, - A. Then the proof follows by an inspection of the clauses that define the translation. U

Lemma 5.7 (Weakening).
1 IfT+ Aand TU,T' + xinOb™, then [T>A]™ = [T, "> A] ™.
2. IfTta:Aand T, T' b % in0b™, then [T>a] = [T, T">a].

Proof. The proof of (1) is by induction on the derivation of I' - A. (2) is also by induction, using (1). For
(1), we proceed by cases depending on the last rule applied in the derivation of I - A.

(Type X) T' F A is the judgement T'y, X, Ty X for some I'y and I's. From I' - X and I',T” I %, by
Lemma 5.1(Weakening), I', TV + X. By Lemma 5.3, both [T'>X]™ and [T',T"> X ]| ™ are well
defined, and, by definition, [T'>X]™ = [[LI"> X ]|™ = X.

(Type Match U) I' - A is the judgement 'y, X <# B, I's - X. Reasoning as in the previous case, we have,
by definition [T+ X]™ = [, T"F X]™ = X*.

(Type pro) A is the type pro(X)(v; : C;/'! m; : B;{X}’’), and T F A is derived from T' - C; and
I''X F Bj{X} fori € I and j € J. By definition,

HFDAHTY Y #(X)['Ufel: [[FDCZ']]TYZEI, U?Pd: HFDCi]]TY_)XiEI7
m3 s [T, X > Bi{X}]™ 7€/,
mI V(U < [T A]™MU* [T, X b Bi{X} ™ {X:=U*} 7¢/,
ext :YV(U < [T A]™U*—=U"]

where

NE

(1>

)\(X)[del [[FDCi]]TYiGI, vypd: [[FDCi]]TY_)‘X'Z'EI’

1

mse [T, X > Bi{X}]™ ¢/ ]

We may safely assume that X ¢ Dom(T"), as renaming of bound variables may always be used
to enforce this assumption. Then, to prove the claim, it is enough to show that [I'>C;]™ =
[T, IV>C;]™ for every ¢ € I, and that [T', X >B;{X}]|™ = [T, IV, X B;{X}]" for ev-
ery j € J. That [T'>C;]™ = [T,T">C;]™ follows directly by the induction hypothesis on the
judgements I" - C;. For the remaining identity, from I', X F B;{X} (j € J), by induction hypoth-
esis [I', X B;{X}]™ = [, X,I">B;{X}] ™. Furthermore, from I', X - B;{X} by Lemma
5.1 (Contexts), I', X F . Then, from I', T’ F % and X ¢ Dom(I"), one has T',T”, X . Now, by
Lemma 5.6, [T, X > B;{X}]™ = [, IV, X > B;{X}] ™, as desired. O

Lemma 5.8 (Substitution).

1. If T, X, 7'+ AandT + C in Ob™, then

[T, X, A]™{X:=[[>C]™} = [[,I'{X:=C} b A{X:=C}]™
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2.If T,UH# AT+ B{U} andT + C<## A in Ob™, then
[T, U< AT B{U}]™{U := [[>C]°} = [[,T{U := CY > B{C}] ™

Proof. We prove (1), by induction on the derivation of ', X, T + A. The proof of (2) is similar, also by
induction, on the derivation of I', U<# A, T + B{U}.

(Type X) We distinguish two cases depending on whether X is the projected variable or not.

If X is the projected variable, the judgement in question is I', X, T - X. For the left-hand side of the
identity, by definition, [T, X, IV > X | ™ = X, from which [T, X, IV X | "™ {X:=[T>C]™} =
[T>C]™. For the right-hand side, we first note that I', X, I/ - X implies that T', X, I - . From
this, and from the hypothesis I" - C, by Lemma 5.1(Substitution), I', T"{ X := C'} I~ *. From the last
judgement, and from I' - C, by Lemma 5.7, [T'>C]|™ = [T,I"{X := C}>C] ™. This proves
the claim as C' = X{X := C}.

If X is not the projected variable, the judgement is T, X, T - Y, for some Y € Dom(T', "), Y # X,
and the identity to be proved is [, X, TV Y ]|™ = [T, I"{X:=C}>Y ] ™. Reasoning as above,
one derives I', X, TV F % and I', T’{X := C} F % Now, if Y € Dom(T'), one has I" - Y and,
by Lemma 5.7, [TeY]™ = [[LX, oY ][™and [ToY]™ = [[,I'{X:=C}>Y]™. The
claim follows by transitivity from be last two identities. The case when Y € Dom(T") is similar, as
Y # X implies Y € Dom(I"{X:=C}).

(Type Match U) Similar to the previous case.

(Type pro) A is the type pro(X)(v; : C;'! m; : B; {X}’7). By a-conversion, there exists Y fresh so
that A = pro(Y)(v; : C*€1,m; - Bi{Y}<7), with T, X, T" - pro(Y){v; : C;*€!,m; : B;{Y }'¢”)
derived from ', X, IV + C;,i € I, and from I', X, IV, Y + B;{Y } for j € J. Letting I be the context
I, X, T, by definition:

HFDA]]TY A H(Y)[Uisel: [[fbci]]TY i€l U;Lpd: [[fDCiHTY — Y i€l
meel s [T,Y > B{Y}] ™Y i€/,
mi" (U < [T A]™MU*— [T,Y > B{Y}] ™ {Y:=U"} <7,
ext: V(U < [T A]™U*—U* |

where

[ToA]™ 2 AY)[o: [ToC ], o [ToCy]™ — v i€l

?

mi: [T, Y > Bi{Y}] ™ /€]
Now the claim follows by the induction hypothesis on the judgements I' - C; and T, Y + B;{Y}. O
Corollary 5.9. If T, X - Band T',U<# A\~ * in Ob™, then
[T, X>B]™{X:=U*}= [I,Uf#A>B{X:=U}]"

Proof. By Lemma 5.1 (Contexts) from I', X F B one has I, X + %, which implies X ¢ Dom(T"). Then,
from I', U <# A F %, by Lemma 5.1(Weakening), I', U<# A, X F %, From this, and from I', X F B, again
by Lemma 5.1 (Weakening) and (Exchange), I',U<# A, X F B. Furthermore, from I', U<# A I %, by
(Type Match U), one derives I', U<# A - U. By Lemma 5.8.1,

[T.U#A X>B]|™{X:=[[,U#AsU]™} = [T,U# A>B{X:=U}]™.
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By definition, [T',U<# AU ] ™ = U*. Hence the previous identity is
[T, U<#A X B]™{X:=U*} = [[,U<#Av B{X:=U}]™.

To conclude, note that [T, X > B]™ = [I',U<# A, X > B] ™ by Lemma 5.7 and Lemma 5.6. O

5.2 Main Properties of the Translation
Lemma 5.10 (Kinding and Context formation).

I If Tk «in0b" then [T'] b oin F,c.p.
22IfTHAin0b" then [T] F [T>A]™ in Fc.p.

Proof. By simultaneous induction on the judgements in the hypothesis.
(1) If T +in0b* then [I'] Foin F ..

(Ctx ©) T' = S is the judgement & I *, its translation is & = ¢, which is derivable in Fi,..,.

(Ctx X) I' - S is the judgement I', X + #, derived from I' F % and X ¢ Dom(I"). By induction
hypothesis (1) [I'] ¢ in F,, <., and [T'], X F o (the translation of I" - ) derives by (Env
X <:)as X ¢ Dom([I']) by Lemma 5.4.

(Ctx Match) I' = S is the judgement I', U< A + x, derived from I' = A for U ¢ Dom(T).
An inspection of the type rules shows that A = pro(X)(v; : C;*S,m; : Bj{X}]E‘I). By
definition,

HFDAHTY ey M(X)[ sel . [[FDCHTYZEI Uiupd: HFDCi]]TY_)XiEI7
msel s [T, X > Bi{X}]™ ¢/,
mge" V(U < [T A]™MU*— [T, X > Bi{X} ] ™Y {X:=U*} 7€/,
ext : V(U< [T A]™U*-U"]
where

HFDAHIN L )\(X)[ sel . [[FDCHTYZEI Uiu HFDCi]]TY_)XiEI7
sel [[F XDB{X}]]TY]EJ]

From I' - A, by induction hypothesis (2), [T'] + [T'>A]™. From this, the judgement
[T] F [T'>A]™ :: Op derives routinely in Fi,.,. From U ¢ Dom(I'), by Lemma 5.4,
U & Dom([T']). Then, the [T'],U<: [T>A]™ :: Op F ¢ (the translation of I' F )
derives by (Env X <:).

2) If TF Ain0Ob* then [T'] F [T>A]™ in F,,..

(Type X) T’ - S is the judgement IV, X, T + X, derived from I', X, T"” + x, for appropriate T"/
and I'”. From the last judgement, by Lemma 5.5 and the translation of contexts (cf. Figure 5),
[T, X,I7] = [T"],X, [T/, X>T"]. Again from I, X, T | x, by induction hypothesis
(1), [TV, X,T"] + o. From this, by the identity we just proved, [T'], X, [T/, X >T"] F o.
From the last judgement, by (Con X), [I], X, [TV, X >I"] + X, which is the translation of
res

(Type Match U) Similar to the previous case.
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(Type pro) T' I S is the judgement T’ - A, with A = pro(X)(v; : C;*¢!,m; Bj{X}j€J>>, and
I' - Aderived fromI' - C; and ', X - B;j{X} foreveryi € I, j € J. By induction hypothesis
(2),wehave [I'] - [I'>C;]™ and [T'], X F [T, X > B;j{X}]". By definition,

[ToA]™ 2 (X))o [T Ci]™ &L o [T ]™ — X €,
mjel [T, X > Bi{X}]TY e,
m?m V(U < [Te A]™MU*— [T, X > B{X}]™{X:=U*} 1€/,
ext : V(U< [T A]™U*-U"]

where

[T AN A )\(X)[U$el. [[FDCiHTYiEI, Uiupd: HFDCi]]TY_)XiEI’

i .

miel: [T, X > Bj{X}] ™ 7€/

To verify that [T'] = [T'> A]™, it remains to show that the following judgements are deriv-
able in Fi,..,,, where U is a fresh variable not in Dom(T"), hence not in Dom( [I']).

(¢) [T'] F [T'>A]™ :: Op. This follows easily from [I'], X + [T, X > B,;{X}]", and
from [I'] = [T'>C;]™ by an inspection of the typing rules of F,..,.

(@) [T],X, U< [ToA]™NFU* whereU* = pu(Y)U(Y). From [T'] F [T'>A]™ :: Op
(proved above), one has [I'], U < [I'>A]™ F <. From this, and U ¢ Dom(T'),
[T], U < [T>A]™ F U :: Op. Then, by By Lemma 5.2 (Weakening), one derives
[T].U < [TsA]™Y U = Op. Since [T'],U < [T'>A]™,Y F Y, by (Con
Appl) and (Con p), [T'],U < [T>A]™ F U*. Now the claim follows by Lemma
5.2(Weakening) and (Exchange).

(iti) [T],X,U < [T>A]™F [T, X > Bi{X}]™{X:=U"}. From the F|,.., judgements
[T],X F [T, Xp>B;{X}]", by Lemmas 5.2 (Weakening) and (Exchange), one de-
rives [I'],U < [T A]™ X F [T, X>B;{X}]™. By Lemmas 5.7 and 5.6 this
judgement is [I'],U < [T A]™ X F [T,U#A,Xp>B;j{X}]"™. Reasoning as
in (i) above, [T'],U < [T>A]™ F U*. From this, by Lemma 5.2(Substitution),
[T],U < [ToA]™F [T,U#A X Bj{X}]"™{X:=U*}. Again by Lemmas 5.7
and 5.6 this is the judgement we wished to derive. U

Lemma 5.11 (Matching). IfT'+ A< B in0b™, then [T+ A<# B] in F,<.,.

Proof. By induction on the derivation of I' - A<# B.

(Match U) The judgement in question is I, U<# A, T = U<g A, derived from I'', U< A,T” F . By
Lemma 5.10, [IV,U<# A,T”] F ¢ is derivable in F,.,; by Lemma 5.5, [TV, U<# A, I"] =
[T'],U < [IVo A]™, [IV,U<# A>T"]. By (Con Sub X),

[['],U< [T'o A]™, [T, U<t AsT"] FU < [T/ A]™.
By Lemma 5.7, this judgement is

[T'], U< [T'o A]™, [T, U4 AST"] FU < [TV, X<# AT > A]™,

which is the translation of I' - A<# B.
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(Match Refl) (Match Trans) By induction hypothesis, and by (Cons Sub Trans) to handle the case of
(Match Trans).

(Match pro) The judgement in question is I' = A<# A’, and it is derived from I' - A, with A =
pro(X)(vi : Ci*€!,m; : Bi{X}¢7), A = pro(X)(uv; : Ci'€" ,m : B{{X}<""), for I' C I and
J' C J. ThenalsoT' - C;and I', X + B;{X} in Ob™ forevery i € [ and j € J. By Lemma
510, [T'] F [T>C;]™and [I'], X+ [I', X >B;{X}]" in F,..,, with ¢ and j ranging over [
and J. From these judgements, [I'] = [T'>A]™ < [I'> A"]™ derives in F,, ., routinely. This
concludes the proof, as the last judgement is the translation of I' = A<g A’. U

We need two more lemmas to prove that the translations preserves the validity of typing judgements.

Lemma 5.12 (Types vs Operators). Assume I' = A in 0b™. If [T > A] " is defined, then [T > A]™ =
(ITsA]or)"

Proof. By induction on the derivation of I' - A.

(Type X) T Ais the judgement IV, X, T + X, and the claim follows vacuously, since [T'> A] °" is not
defined, as I' is well formed.

(Type Match U) (Type pro) Directly by the definition. |

Lemma 5.13 (Operators vs Interfaces). If I' = A is derivable in O0b™, and [T > A]°F is defined, then
[T]F[T>A]° < [T'> A]™ is derivable in F,.,,.

Proof. By induction on the derivation of I" - A.

(Type X) We have I' = A is the judgement IV, X, T” F X, and the claim follows vacuously since
[T > A]°" is not defined.

(Type Match U) T' - A is the judgement I, U< C, T + U, for appropriate I',T” and C. By definition,
[T UH#CT'>U] = [TV, UH#C,T">U]™ = U. By Lemma 5.5, [TV, U#C,T"] =
[T'],U < [T'sC]™, [T/, U#C>T"]. Now the desired judgement derives by (Con X) and
(Con Sub Refl).

(Type pro) We have A = pro(X)(¢;:B;{X}*¢’), and T F A derives from I, X - B;{X}, fori € I.
By Lemma 5.10, we know that [T'], X F [T, X > B;{X}]™, (i € I). From these judgements,
[T]F[I>A]°" < [T'>A]™ derives by (Con Sub Abs) and (Con Sub Record). O

Theorem 5.14 (Validation of Typing). If the judgement I' & a : A is derivable in Ob™, then the judgement

[T]F [Tea] : [T>A]™Y isderivable in F,.,,.

Proof. By induction on the derivation of I' - a : A.

(Val x) The judgement in question is I,z : A, T”  x : A, derived from I,z : A,T” I x. By Lemma
5.10, the judgement [I',z : A,T”] F o is derivable in F,.,. By Lemma 5.5 [IV,z: A,T"] =
[T],z: [T/>A]™, [T,z : A>T"]. Hence, by (Val ) [IV,2: A, T"] bz : [TV A]™ in

F,,<.;,. This concludes the proof, as the last judgement is the translation of I,z : A, T” -z : A. In
fact, [I'>z] =z and, by Lemma 5.7 [T>A]™ = [T,z : A T">A]™.
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(Val Object) The judgement is I' - ¢(X=A)(v; = ¢;',m; = ¢(x : X)bj{X,x}j€J> : A derived from
the judgements I' - ¢; : Cj, ¢ € Tand T, U<#A,x : U F b; : Bi{U,z}, j € J, for A =
pro(X)(v; : C;*1 m; : Bi{X 1€y, By induction hypothesis, the following judgements are all
derivable in F, .., (forz € I and j € J):

[T] + [T>e]: [DeCi]™ (1)
[D,U#Az:U] + [DU#Az:Usb{Ua}]: [T,U#Az:UsB{U™ ()

By Lemma 5.5, and the translation of contexts, [\ U<# A, z:U] = [T'],U < [I'> A "™, 2:U".
Then, from the judgements in (2), by (Val Abs) and (Val Abs2):

[T] F AU < [ToA]™A(z: U [T, U<# A,z : U b{U,z}]
VU < [Te A]™MU*— [T, U# A,z :Us B{U}]™  jel.

By Lemma 5.7 and Corollary 5.9, [T, U<# A, : U B;{U} | ™ = [I', X > B;{X} | " {X:=U"}.
Now the proof follows by an inspection of the recursive definition of mkobj 4, and the typing rules of
Fw<:,u-

(Val Extend) We take the case of method addition as representative: the case of field addition is similar.
For the case in question, the judgement is I’ - aom «—+ ¢(X=AT)¢(s : X)b{X,z} : AT, derived
from the judgements I' F a : A, and from T, U<# At ,z : U + b{U,z} : B{U}, with A =
pro(X)(v; : C;' m; : Bj{X}je‘])) and AT = pro(X)(v; : C;'¢! m : B{X},m; : Bj{X}je‘])).
By induction hypothesis, the following judgements are both derivable in Fi,<.,:

[T] = [Tsa]:[T>A]™ (1)
[T, U A, x:U] + [T, UH#AT 2. Usb{U,z}] : [T,Ux¢t A, 2:UsB{U}]™ (2)

Form (1), by (val Unfold) [T'] F unfold([T'>a]): [T>A]°P([T>A]™). From this judge-
ment, using the definition of [T'> A] °F, by (Con eval Beta), (Con Sub Refl) and (Val Subsumption):

[T] Funfold([T>al) : [vi: [ToC;]™ L, v?pd: [ToCi]™ — X €, 3)

i .

ms [T, X o Bj{X}] ™7/,

et
mI" V(U < [T A]™U*— [T, X > B{X}] ™{X:=U*} </,
ext YU < [To A]™MU*—-U* {X := [T>A] "}

Applying the substitution {X := [I'> A] ™}, and then Lemma 5.8.1, (3) above is the judgement

[T] Funfold([T>a]) : [vf: [DoCi] ™ €L, v [ToC]™Y — X € “)
m;el :[T>Bi{X = AT e
mI" V(U < [T A]™MU*— [T, X o Bi{ X} ™ {X:=U"} /<,
ext: V(U < [T A]™MU*—U* |

From the the last judgement,

[T] Funfold([T>a]).ext : V(U < [T A])™)U*—U* ®)
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Since [T'>A]°" is defined, by Lemma 5.13, [T'] + [T>A]°" < [T>A]™. From I +
AT < A, derivable in Ob* by (Match pro), by Lemma 5.11, [T'] F [T AT]™N < [T>A]™.
From the last to judgements, by transitivity, [T'] = [T> AT ] < [T'> A]™. From (5), and the
last judgement [T'] F unfold([T'>a]).ext([T>AT]O%) : ([T>AT]P)* — ([T>AT]O%)*
derives by (Val Appl2). By Lemma 5.12, the last judgement is

[T] Funfold([T>a])ext([T>AT]"): [TeAT]™ — [T AT]™.

To conclude, it only remains to show that the arguments of mkobj 4+ are well typed, that is, that the
following judgements are derivable in Fi, . ,;:

[T] + wunfold([Twsal])w®: [T>Ci]™Y (6)
[T] F unfold([T>a])mi" :V(U < [T AT]™MU*- [T,UH# AT, 2: UsB;{U}]™ @)
[T] + AU [ToAT]™Na:U*)[D,UH# AT, 2: U b{U,z}] ()

YU < [To AT ™MU*— [T, U#AT,s: U B{U}]™

The judgements in (6) derive directly from (4) by (Val Select). That (8) is derivable follows as in the
case (Val Object) discussed above. Finally, for the judgements in (7), we reason as follows. From
[T] F [T>AT]™ < [T A]'™ the following judgements derive routinely in F,,..,, forall j € J:

[T] F VUL [T A]™MU*— [T, U#A,x:UsBj{U}]"™ ©)
< VUL [T AT MU [T, UH# AT, 2: Us Bj{U}]™

Then, each of the judgements is (7) derives from (4) by (Val Select) and from the corresponding
judgement in (9).

(Val Select) The judgement in question is I' - a - £ : B{A}, derived from the two judgements

' - a:A (1)
I' v A<#tpro(X)(¢: B{X}) (2

From (1), by induction hypothesis, [I'] - [T'>a] : [T'>A] ™ in F,.,. From this,
[T] F unfold([T>a]): [TeA]°"([T>A]™) 3)

derives by (Val Unfold). From (2), an inspection of the typing rules of Ob™, shows that A is either
a pro-type or a type variable, match-bound in I'. In both cases, [I'] = [I'>A]°" is defined.
Then by Lemma 5.13, [T'] F [T>A]°" < [T'> A]™. Again from (2), by Lemma 5.11, [T'] F
[T>A]™ < [Tepro(X)(¢: B{X})]™. Using the definition of [I"'>pro(X)(¢: B{X})]™,it
follows easily that [T'] F [T'>pro(X)(¢: B{X})]™ < A(X)[¢*¢! : [T, X > B{X}]"]. Now,
by transitivity, one derives [T'] F [T'> A] %" < A(X)[¢*¢ : [T, X > B{X}]"]. From this, by
(Con Sub Appl), (Con Eval Beta), and Lemma 5.8.1:

[T F [ToA]([D> AT™) < [ [To B{A}]™] @

From (3) and (4), by (Val Subsumption), [T'] F unfold([T'>a]): [¢*¢: [T'> B{A}]"]. Then
[T] Funfold([T>a]).5¢: [T> B{A}]™ derives by (Val Select).
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(Val Field Update) The judgement in question is I' - a.v «— 4 b, derived from the judgements I' - a : A,
'+ A<tpro(X)(v: B) and T + b : B. By induction hypothesis, [T'] + [T'>b] : [T>B]™
and [T'] - [T>a] : [T'>A] "™ are derivable in F,..,,. From the last judgement, by (Val Unfold)
[T] Funfold([T'>a]): [T>A]°([T>A]™). Reasoning as in the case (Val Select) above,
one shows that [T'] F [[>A]% < A(X)p*? : [T>B]"™ — X] is derivable. From this,
[T] F [T>A]°P([T>A]™) < [0%?: [T>B]™ — [T'>A]™] and the proof follows as in
the previous case by (Val Subsumption) and (Val Select).

(Val Method Override) The proof is similar to the case (Val Extend), discussed above. O

6 Computational Adequacy

In this section we give a proof that the translation is computationally adequate, that is, closed terms converge
in Ob™ if and only if their encodings converge in F,,«.,,. At a first look, it is tempting to try and give a direct
proof by induction, showing that given any closed term a of 0b™, and its encoding [ & >a],onehasa |, r
for some value 7 if and only if [@>a] |y [@>r]. Unfortunately, this fails even in the simplest case,
when a is in object form. In fact, for any such a, a |, a, while [@ > a] does not converge to itself, simply
because [ @ >a] is nota F,,.., value: itis a Letrec definition.

To circumvent the problem, we introduce two new evaluation relations for the source and target calculi.
Specifically, we define 5 ¢ and ~5, to be the transitive and reflexive congruences generated by the reduction
relations in .., and in Ob™, defined in Figures 6 and 7.

a=c(X=A)(v; = ;"1 ,m; = ¢(z: X)b;{X, a:}jeJ>
(Select,) aw; =, ¢ el

(Select,,) aom; >, b;j{A, a} jeJ
a = g(X=A)l; =x) bi{X}'<)

(Extend) a0 +(x.ar)yb{X} =, <(X=AT)(l =x) b{X},; =(x) b{X}') 0 ¢ {6;}i!
(Override) a -y, «—x a) D{X} =0 (i =(a) bi{X}iEI_{k},ék =(a) b{X}) kel

Figure 6: Reduction for 0b™

B1) AMz:AM)N -¢  M{z:=N} (select)y [...,mj;=DM;j,...]m; =5 M;
B2) AX<AM)B >y M{X:=DB} (unfold) unfold(fold(A,M)) =5 M
(letrec) letrec f =M in N >; N{f:=M{f:=1letrec f=M in f}}

Figure 7: Reduction for F, .,
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Then we define an equivalence relation over results in F,, . ,, stating that two results ry and r are equivalent,

written 1 ~ ro, if and only if there exists a result r such that r; 5 ¢ randr 3 ¢ 7 (i.e. v and ro differ for
reductions under lambdas or other constructors). Given that, we are able to prove that a |}, 7, if and only
if there exists ¢ such that [@>a] |y ryand [O>7,] ~ 7y

Lemma 6.1 (Evaluation vs Contextual Reduction).

1. For every closed F,,., term M and result v, M |l; r = M ~:f r

2. for every closed Ob™ term a and result v, a ||, 1 = a o
Proof. Standard. ]
Lemma 6.2 (Substitution).

1. If T,o: ATV b{z}: BandT - a: Ain0b*, then [T,z : A, T >b]{z:= [[>a]} = [[,I">b{a}]
2.0 T, UH#AT Fb{U} : BandT = C<¢t Ain 0b™, then [T, U<+ A, T >0{U}]{U := [T>C]°"} =
[T, T{U :=C}>b{C}]

Proof. (1) is by induction on the derivation of I',x : A,T b : B. (2) is by induction on the derivation of
U< AT+ b{U} : B, using Lemma 5.8.2. O

Lemma 6.3 (Properties of Contextual Reduction in F,..,).

1. Let M and N be two terms, and r be a result, all of F,<.,. If M vif N and N s r, then there
exists a result r' such that M |y r'" and r’ vif r.

2. Let M be a term, and r a result, both of F,.,,. If M vif 1 then there exists a result r' s.t. M ¢ 1’
and r' ~= 7.

3. Let M and N be two terms of F,<.,, such that M vif N.IfM |y then N .

4. Given a term M, we write h(M | 1) for the height of the derivation of M ¢ r. Let M and M’ be
two terms, such that M~y M'. If M ¢ v, and M" 1}y o', then R(M' 1} ') < h(M {f 7).

Proof. (1) is by induction on the number of steps in M ~> ¢ N: for the base case, by induction on the
derivation of N {}; 7. (2) is an immediate corollary of (1). (3) is proved by induction on the number of

steps in M ~> ¢ N, and (4) by induction on the height of M |} r. O

Lemma 6.4 (Validation of Contextual Reduction). Let a be an 0b™ term such that @ & a : A is derivable
in Qb™, then for every b such that a ~5, b, one has [@>a] ~>; [@>b].

Proof. We prove the lemma for the reduction >, showing that a >, b implies [@>a] ~; [@>b].
The proof for contextual reduction follows by induction on the context of reduction and by a subsequent
induction on the number of reduction steps. For the reduction >, the only nontrivial case is when the redex
is a method selection aomy. In that case, a = ¢(X=A)(v; = ¢;**!,m; = ¢(z : X)bj{X,m}j€J>, ke,
and the reductum is b { A, a}. By definition,

[@>a] =MKOBIA([D ;" AU < A™MNa : U [U# A,z U bi{U, 2} ]7€7)
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Then we have:

L

unfold([@ > a]).mi

(AU < [To A]™A@= : U [U#t A,z : U bp{U,2}]) ([T>A] ") ([@>a])

=r (M ([TrA]"))N (U4 Az :Upbp{U,z}[{U := [T>A]°"})) ([@>a])

by Lemma 5.12

(A= : [ToA]™) [Ut Az : U bp{U, 2} J{U := [[FDA]}OP}) ([g>a])

by Lemma 6.2.1

(Ma: [ToA]™)[2: Avbe{A,2}]) ([@>a])

=t [z:Avbp{Az}]{z:=[ora]}

by Lemma 6.2.2

[@>br{A a}] O

[[@Daomk]]

Y S«

Theorem 6.5 (Computational Adequacy). Let a be an Ob™ term such that @ = a : A is derivable in 0b™.
Then a |, ifand only if [@>a] ;.

Proof. We first prove the “only if” direction: if a |}, , then [@>a] |s. Since a |, , there exists an Ob™
result r such that @ |}, 7. By Lemma 6.1, a ~, 7, and by Lemma 6.4, [@>a] ~5; [@>r]. Since r
is a result, it has the form ¢(X=A)((; =(x) b;{X }'!); by definition, [@ > r] = MKOBI 4(...), and then
[o>r] J»f fold(A,...), whichis a F{, ., result, say 7. By transitivity, [@>a] ~3f 7, and, by Lemma
6.3.2, [@>a] |y asdesired.

The proof of the opposite direction is by induction on the height of the derivation of [@>a] | ¢. The
base case is vacuous, as there exists no expression a such that [@>a] | ¢ has a derivation of height < 1.
For the inductive case, we distinguish several cases, depending on the possible shapes of a.

(Obj) This case is trivial since every expression a in object form is a result, hence a |, .

(Field Update) By hypothesis, there exists an F, .., result rr such that [@>aw; —ab] | ¢ rr. By
definition, [ @ > awvy, <4 b] = unfold([@ > a]).vf??([@ > b]). By an inspection of the evalua-
tion rules, unfold([@ > a]).of**([@>b]) Iy rr must have come from unfold([@>a]) s
[ 0P = M .., for some M. unfold([@>a]) Uf [.. v}?* = M ..}, in turn, must have
come from [@>a] |; fold(A,N) for some N such that N ; [.. v/? = M ..]. From
[@>a] U5 fold(A,N), by induction hypothesis there exists a result -, such that a |, r,. Since
O F awy <4 b is derivable, by Theorem 2.2, r, is in object form and contains a field labeled vy.
Hence, a.v; <4 b |, by (Override).

(Method Override) By hypothesis, [ @ > aom «— ¢(X=A)c(x : X)b] | rp for some result 7. By def-
inition, [@>aom «— ¢(X=A)s(x: X)b] = unfold([@ra]).ext([2> A] ") (MKOBIA(...)).
unfold([@>al]).ext([@ > A] °°)(MKOBI4(...)) | rp must have come from [@>a] |f 7,
for some r. By induction hypothesis, a |, 7, for some result r,. Then, by (Override), one derives
aom — ¢(X=A)s(x : X)b |,. As in the previous case, Theorem 2.2 ensures that (Override) is
applicable.

(Extend) By hypothesis one has [@>a- ¢ «+x 4)b{X}] | 7F for some result rr. By definition,
[@>a-le+x.a)b{X}] = unfold([@>a]).ext(...). Now, unfold([@>a]).ext(..) Iy
rr must have come from [@>a] ¢ 7, for some result . By induction hypothesis, a |}, 7, for
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some result 7. Then a - £ «—+x 4 b{X} |, by (Extend): again, Theorem 2.2 ensures that (Extend)
is applicable.

(Select) We first handle the two cases of field and method selection uniformly: we will distinguish them
later in the proof. By hypothesis, there exists a result 7z such that [@>a- €] | rp. By def-
inition, [@>a-¢;] = unfold([@ra]).;. Now, unfold([@>a]).li |; rp must have
come from unfold([@>al) s [... 638 = My...] for some My, such that My ; rp. Similarly,
unfold([@ral) Uy [... 43¢ = Mg...] must have come from [@>a] {; fold(A, M), for some
M such that M | [... 65 = Mj...]. From [@>a] |y fold(A, M), by induction hypothesis
a o 7o, for some result r,. By Theorem 2.2, we know that r, is in object form: more precisely,
ro = ¢(X=A)(v; = ¢'¥! mj = ¢(z : X)b;j{X,2}<’). Since a |, 7o, by Lemma 6.1, a ~5, 7,
and, by Lemma 6.4 [@>a] ~5; [@ > 7,]. Given the shape of r,, by definition,

[@>7] =MKOBIA([@ e[, AU < [@b A]™A(x: U [U<t A,z : Us b {U,x}]77)

Clearly, [@>7,] ~5; fold([@> A]™,[..., 3¢ = Mj,...]). This, together with [@>a] ~5¢

[@>r,] implies, by transitivity, [@>a] ~>; fold([@> A]™, ..., 5% = M/ ...]), By Lemma
6.3.2, there exists a result 7 such that [@>a] {; rand r ~5; fold(A,[.., ¢ = M, ...]).
But we derived [@>a] |5 fold(A,M) from the hypothesis: then, since ll ¢ 1is determinis-
tic, 7 = fold(A, M), and therefore fold(A, M) ~5; fold(A,[..., £3¢ = M/ ...]). This implies

M ~5f [, £5°0 = M ..]. From M ~5; [..., 63 = M, ..], and from M s [... 655 = M.
(which follows again from the hypothesis), by Lemma 6.3.2 and the reasoning we have just described,
[ 6368 = My....] ~54 [, €3¢0 = M, ...]. From this, M, ~5; M. Furthermore, since M, |}; rr by
hypothes1s by Lemma 6. 3 3 we know that M, {}¢ 7’ for some result 7.

Summarizing: M, vif M, My, Y5 rpand M; ¢ /', with 7 and 7 two results in F,..,. Now
we distinguish the two cases of field and method selection.

(Field selection) In this case M, = [@ > ¢y ||, for some ci, 50 [@>ci] Iy 7. By Lemma 6.3.4,
h(My U5 r') < h(My s rr). Furthermore, since h(My | rr) < h([@>aly] Y5 rF)
(by Lemma 6.3.4, as we showed that [@ > a.l] | ¢ 7 depends on My |y 7p), by transitivity
h(My g ") < h([2>ady] Uf rr). Then, by induction hypothesis, it follows that there exists 7
such that ¢, |}, 7. Now, from a |, r,, and from ¢; |}, 7, by (Select,) one has a.f;, |, 7 as desired.

(Method selection) In this case
M. =AU < [9 A]™XNz: U [UH A z: Usb{U,z}]) ([o>A] ") ([D>710]).

and Mj, ¢ r’ depends on the following derivations:

(AU LS [@p A]™MNz : U [U#t Az U bp{U,z}]) ([o>A]°") U5 A : C)N
for some type C and expression N such that N{z := [@p>r,]} {5 r';

AU < [@0 A]MA @ UN) [Ut A,z Usbp{U,2}] Iy AU < [@5A]™)N for
some expression N’ such that N'{U := [@>A]°"} |5 A(z: C)N;
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Looking at the shapes of those derivations, we can give the exact description of the expressions N and
N’ namely: N' = XNz : U*)[U<# A,z : U bi{U,x}], from which N = [z : A>bp{A,z}] by
Lemma 6.2.2. From the hypothesis N{z := [@>7,] }{¢r/,byLemma6.2.1, [@ > bi{A, 7.} ] 47

Summarizing, M, ~>; M} ~5; [@>b{A,7,}]. Then, by Lemma 6.3.4, h(by{A, 7.} | ') <
h(My s vp). Furthermore, since h(My ¢ rr) < h([@>aoly] ¢ 7F), by the inductive
hypothesis, it follows that there exists 7 such that by{A,r,} {, 7. Now, from a |, 7,, and from
be{A, 1m0} o T, by (Select,,) one has a.l) |, 7 as desired. O

Theorem 6.6. Let a be an O0b™ term such that @ & a : A is derivable in Ob™. Then, a |, r, for a given
Ob™ result v, if and only if there exists an Fyc.yresult rp such that [@>a] Uy rpand [D>1,] =~ 1.

Proof. By theorem 6.5 we know that a |}, 7, if and only if [@>a] | ¢ rr for two given results r, and
7. We only need to show that [@>7,] = 7F , ie. that there exists r such that [@>7,] ~>; r and
TR NS

If a |, 7, then 7, is an expression in object form, i.e. 7, = ¢(X=A)({; =(x) b;{X}*¢’). By defini-
tion, [@>7,] = MKOBI4(...) and hence [@ > 7,] ~>; r = £old(A,...). From the hypothesis a |, 7,
it also follows, by Lemma 6.1, that a ~>, 7,: then, by Lemma 6.4, [@>a] ~5; [@>7,], and hence
[@>a] ~5; r by transitivity. Now, by Lemma 6.3.2, there exists a result 7’ such that [@>a] | " and
r! vif r. Since |} is deterministic, this implies r" =rpand hence rp ~ [ >r,] as desired. O

7 Subtyping and Nonextensible Objects

Combining object extension with subtyping has long been known to be a difficult problem. The essence of
the problem is easily explained: in an object with two methods m and my of types B; and Bs, the typing
of my may require my to have type By. Forgetting mo by width subtyping would result in the possible
re-addition of my with a type B/, incompatible with Bs. A related problem arises from the combination of
depth subtyping with overriding. Suppose, in the example above, that we promote the type of m s to a new
type Bj, super-type of By: then, it is possible to override mg with a new method of proper type B, thus
violating the assumption used in the typing of m.

Solutions to these problems may be found in the current literature that follow two orthogonal approaches:
either allow a limited form of subtyping in the presence of object extension, or distinguish extensible from
nonextensible objects and disallow subtyping on the former while allowing it on the latter. Both approaches
have their own merits, but the type systems following the former do not lend themselves to direct inter-
pretations, as they rely on somewhat ad-hoc notions of object types (see, for example [BBDL99, Rém9S]).
For this reason, in the rest of this section we focus our attention on the second approach. Besides having a
number of interesting conceptual consequences [FM98], this approach is interesting for its generality: as we
discuss next, it allows different subtype relations to be formalized uniformly within the same framework.

7.1 From extensible to nonextensible objects, via subtyping

The idea of distinguishing extensible from nonextensible objects originated with the work of Fisher and
Mitchell in [FM95]. This distinction may be accounted for in our source calculus by extending the type
system of Ob™* with new types, contexts, and judgements: the typing rules for the extended system, named
ObZ., are collected in Appendix B.
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The new types are of the form obj(X)(¢;:B;{ X1}, and their reading is similar to that of the
pro-types of Section 2, with two important differences: (i) like pro-typed objects, elements of obj-types
may be sent messages, or modify their own structure from the inside, via self-inflicted updates; (i) unlike
pro-typed objects, methods and fields of obj-typed object may not be modified or added from the outside.

The typing of field and method selection for obj-typed objects is governed by (Val Select Obj) rule,
whose reading is essentially the same as the corresponding rule for pro-types.

The subtype relation, denoted by <:, obeys the standard laws of reflexivity and transitivity, and it is used
in conjunction with a rule of subsumption, also standard. Subtyping judgements have the form I' - A <: B
where A and B are pro-types, obj-types or type variables. Contexts of the extended type system may
include subtype constraints over type variables. The translation we defined in the previous sections extends
uniformly to the new contexts and judgements: the new clauses are given in Figure 8.

TYPE VARIABLES JUDGEMENTS
[[F,’X<:A,1“”|>X]]TY%X [THA<:B] £ [T]+ [[FDAHTY<: [[FDB]]TY
CONTEXTS

[T, X <:A] £ [T],X<: [T>A]™
[ToT X<:A] £ [T>I"], X <: [T, V> A]™Y

Figure 8: Translation of Contexts and Judgements in Ob .

The subtype relation orders pro and obj- types, so that pro-types can be may be promoted, by subtyp-
ing, to their corresponding obj-types. While only reflexive subtyping is defined over pro-types, different
rules may be introduced to define subtyping over obj-types. The translation of obj-types depends on the
chosen notion of subtyping: we illustrate two cases — the obj-types of [FM95], and the covariant Self Types
of [AC96b] — and we show that in both cases the interpretation validates the expected subtyping relation-
ships.

7.2 Covariant Subtyping a la Fisher-Mitchell’95

The subtype relation is defined by the following rule from [FM95], where probj stands for pro or obj:

IY,X<YFB{X}<:B{Y} Vielmn

[k probj(X)(€;: B;{ X} 1" 7Y <: obj (V) (€::BI{Y }'€1-™)

According to this rule, pro-types may only be promoted to obj-types, not to other pro-types: as a con-
sequence, only reflexive subtyping is available for pro-type, as it is required for the soundness of object
extension and override. For obj-types, instead, the rule allows subtyping both in width and depth: since
objects with obj-types may not be extended or updated from the outside, this form of subtyping is sound.
A translation for obj-types is given in Figure 9.

obj-types are interpreted directly as recursive record-types: for each of the field and method labels occurring
in the obj-type, the interpretation lists the corresponding selectors, hiding method generators and field
updaters. Consequently, as in the source calculus, any attempt to modify the structure of an obj-typed
object from the outside is ill-typed in the interpretation. Also, given the encoding of pro and obj-types, it

28



i€l..n

[T o0bj(X) {6 : BAXY ") ]™ & p(0[6 : [T, X > BAX}]™ ]

Figure 9: Translation for obj types

is easy to verify that the subtype relation
[T o pro(X)(4; : BAXY ") ] ™ < [Tmobj(X) (¥ : Bi{X}' ™)™

is validated by the subtying rules for recursive and record types of F,.,. The properties of the translation
are stated in the following theorem:

Theorem 7.1 (Validation of Fisher-Mitchell Subtyping).
1. IfTHA<:Bin0bl, then [T] F [T A]™<: [T>B]™in F,c.p
22IfTha:Ain0bt, then [Tpa: A] - [T>A] in Fycp.

Proof. (1) is by induction on the derivation of I' - A <: B. (2) is also by induction, using (1) to handle the
subtyping judgements in the derivation of I' - a : A. U

7.3 Invariant Subtyping for Covariant Self Types a la Abadi-Cardelli’96

Covariant Self Types, denoted here by the type expression objac(X)(¢; : Bi{X}'€™") are described by
Abadi and Cardelli in their book [AC96b] (cf. Chaps. 15, 16). These types share several features with the
obj types of [FM95], notably the fact that both describe collections of nonextensible objects. However, they
have important specificities, that we summarize as follows: (i) updates are legal on elements of obj s types,
and (77) subtyping over objsc types is only allowed in widrh, and defined by the following rule:

I'X+B{X*} Viel.n+k

[ F probjac(X){f; : BAXY'S") <:objac(X) (€ : B{X}"")

The notation B{X ™} and the covariance condition expressed by the judgements I', X + B;{X ™}, both
defined in [AC96b], imply that X must not occur within an obj ¢ type within any of the B;’s. A translation
that validates the subtyping relation defined by the rule above is given in Figure 10. Note that the field

A = objac(X)(vi : G my - Bi{XPE™)
[[FDA]]TY 2 ,U(X)[Ui“pd : [[FDC’J]TY — X, Uisd . [[FDCi]]TY iel..n’mjsel . [[F7XDBJ'{X}]]TY le..m]

Figure 10: Translation of objac types

updaters are exposed by the translation, thus making the translation of field updates well typed, as these
operations are allowed on Abadi-Cardelli objects. Each of the components C;’s is invariant in the translated
type, as a result of a contravariant occurrence, in the updater’s type, and of a covariant occurrence in the se-
lector’s type. From this observation, the proof that the translation validates the expected subtypings follows
routinely using the covariance condition on the occurrences of X.
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Theorem 7.2 (Validation of Abadi-Cardelli Subtyping).
1. IfTHA<:Bin0bL, then [T] F [ToA]™<: [T>B]™in Fc.p

2. IfTha:Ain0bl, then [Tra: A] b [T A] in Fuc.y O

Remarks. A final remark is in order, to complete the comparisons with the type systems of [FM95] and
[AC96b]. There is a difference between nonextensible objects in our ObZ, and the corresponding notions in
those systems, as we disallow self-inflicted method overrides that are instead legal in [FM95] and [AC96b].
The results of Theorems 7.1 and 7.2 do hold even though we lift our restriction, and extend the translation to
include method updaters. Again, however, the soundness of these theorems is conditioned to the soundness
of the extended type theory needed to interpret self-inflicted method overrides via method updaters.

8 Related Work

Several papers on object encodings have recently been published in literature.

Encodings of nonextensible objects. In [ACV96], Abadi, Cardelli and Viswanathan describe and en-
coding based on the “split-method” technique that inspired our encoding. While the two interpretations
share this initial idea, they are different in several respects. In [ACV96] (nonextensible) object types are
interpreted by means of a clever combination of recursive and existential types that validates the invari-
ant subtyping relationship of their source calculus. The use of existential types has a price however, as it
complicates the interpretation of message sends: a self field, filled with a recursive pointer to the object
representation, must be maintained in the object, to validate the typed interpretation of method invocation
by self-application. As discussed in Section 7, our translation specializes to nonextensible objects with
essentially equivalent results. The absence of abstraction primitives in our setting, due to the absence of
existential quantifiers, simplifies our treatment of method and field selection, and makes our translation ap-
plicable to other notions of objects, notably, to the nonextensible objects of [FM95], whose semantics is
rendered with exact precision.

In [AC96b], Abadi and Cardelli study several variants of the split-method encoding of [ACV96]. The
closest to ours is the first variant, that uses recursive types and no existentials (see Chapter 18.3.5). We
extend that interpretation to capture object extension and MyType specialization.

In [Vis98], Viswanathan improves the encoding of [ACV96] with a fully abstract interpretation that uses
a first-order target theory.

In [BCP99], Bruce, Cardelli and Pierce give an insightful analysis of object encodings, where several
models of objects are compared within the same target theory, an equivalent of F,..,. The recursive record
model of [Car88, Coo89, Red88], the encodings of [Bru94] based on recursive and existential types, of
[PT94] (existential encoding), and the bounded existentials of [ACV96] are all evaluated and compared on
the basis of several parameters: responsibility for packaging results, internal access to “self methods”, target
type theory, quantifiers and subtyping, support for covariant interface, and method update.

In [Cra99], K. Crary shows that a simple encoding of the object types studied in [ACV96] may be
given using a combination of existential and intersection types. In his paper, Crary studies the cases of
nonextensible objects, showing that his translation avoids the need to split methods in several components.
It would be interesting to investigate whether his proposal can be adapted to the translation of extensible
objects we have presented.
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Boudol and Dal Zilio’s encoding of extensible objects. In [BDZ99], Boudol and Dal Zilio study an
encoding for extensible objects that relies on essentially the same idea used in our interpretation. They also
represent an extensible object as a pair of a generator and a non extensible object. Technically, however,
the two interpretations are fundamentally different. Firstly, the source calculus of [BDZ99] is the original
Lambda Calculus of Objects of [FHM94], with untyped terms and A-abstractions. Secondly, the target
theory used in their translation is a variant of F,,.., where (i) recursive types are assumed to be equivalent
(rather than isomorphic) to their unfoldings (i7), records are extensible, and consequently, (#ii) subtyping
over record types is non-standard. Based on these assumptions, their translation models object generators
in ways similar to [Coo89]. Interestingly, the target theory requires fixed points at type operators to handle
self-inflicted method updates, just as in our translation.

Other type systems for object extension and subtyping. In [RS98], Riecke and Stone take a different
approach to combining object extension with subtyping. Their type system allows object extension even in
the presence of subtyping: the system is sound as, operationally, when a method m happens to be re-added
to an object, it is treated as a complete new component. This is accomplished by generating a fresh name for
the new method, and storing it in a dictionary which is held as part of the object representation. The name
m then refers to the newly added method body, whereas the newly generated name refers to the body of the
old m method, and it is not available for external references.

A different approach to the problem is to allow object extension to coexist with limited forms of sub-
typing. This idea has been pursued in several papers: the type systems proposed by Abadi [Aba94], Bono
et al. [BBDL99], Rémy [RémIS], and [Liq97] may all be ascribed to this approach. To account for the
combination of object extension and subtyping, these proposals devise different mechanisms that allow sub-
typing to be traced: the intention is to either isolate safe uses of subtyping in the presence of primitives
of object extension, or reconstruct the “true type” of an object and use it to prevent unsound extensions.
Unfortunately, these tracing mechanisms are rather difficult to interpret and explain within translations like
the one we have described.
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A The Object Calculus 0b™

Context Formation

Cx ©) (Ctx Match) (Ctx X)

I'-A U¢gDom(l) (A=pro(X){l:B{X}<)) Thrx X¢&Dom(l)

2 R i

T, U<t AF T, X+«
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Type formation
(Type X) (Type Match U) (Type pro)
I, X, I F x U+ AT o« I, X+ B{X}
X I"FX T UH#AT"FU Tk pro(X)(4 : B{X}<")

Term Formation

(Val x) (Val Select)
IMa: AT F 'Fe: A TFA<tpro(X)(¢: B{X})
Ma: AT'Fax: A 'te-¢: B{A}

(Val Object: A = pro(X)(v; : C'Z-iel,mj : Bj{X}j€J>>)
Phe:C TUfAz:Ubb{Ua}: B{U}  VielieJ

Tk o(X=A)(v; = ¢/ mj = ¢(a : X)b;{X,2}<) : A

(Val Extend Field: A = pro(X)(¢; : BZ-{X}ZEI», A+ = pro(X)(£: B{X},(; : Bi{X}iEI>>)
'ta:A, T,Fc:B, ({(#L;Viel)

TFad e« rc: AT

(Val Extend Method: A = pro(X)(/; : B{X}'S') At =pro(X)(¢: B{X},4; : B{{X}*<"))
F'ta:A, T,UH#AT,z:UbLWU,z}:B{U}, ({#L;Viel)

IC'Faom—+¢(X=A)s(z: X)b{X,z}: AT
(Val Method Override: A = pro(X)(v; : Ci'S! m; : B;{X}’¢7Y)
Tha:A, T, UHAz:UFb:BUY kel
F'Faomy —c(z:A)b: A

(Val Field Update)
'a:A, T'FA<#pro(X){(v:C) TI'kFec:C
I'Faw—y 4c: A

Matching
(Match U) (Match Refl) (Match Trans)
I U# AT« I'U#AT'"+U I'tU<#B THB<gtA
VUHAT'FU<HA I'U#AT' FUHU r-U<#A
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(Match pro)
I+ pro(X)(4; : B;{ X}y

'k pro(X)(¥; : Bi{X}iEI“m_k))qéépro(X)((& : Bi{X}iel..n>>

B Additional Rules for Ob’.

Context and Type Formation

(Ctx Sub) (Type Sub X) (Type obj)
I'A U¢ Dom(T) I X <:AT" F x IN'XEB, Viel
U< AR I X <:AT"F X T obj(X)(l: B;'")

Term Formation

(Val Select 0bj) (Val Subsumption)
F'ka:A (A=obj(X)(l;: B{X}* ), jel) Tra:A THA<B
I'Fa-{;: B;{A} I'a:B
Subtyping
(Sub U) (Sub Refl) (Sub Trans)
I'U <:AT" I % T'FA A <:Ay TFAy<: Az
I'U<:AT'FU<: A 'HFA<:A I'F A< Ag
(Sub probjFM95)

IY,X<:Y+FB{X}<:B{Y} (i=1.n)

I' - probj(X)(¢; : Bg{X}iel"”+k>> <:obj(Y)(£; : B{Y}E-™)

(Sub probjAC96)
X F B{X} Bjcovariantin X Vi=1l.n+k

[ F probjuc(X){f; : B{X}' ") <:objac(X) (¢ : B{X}"")

C The Target Calculus F, .,

Judgements
I'ko I' is a valid context
I'FK kind K is a kind
I'HA: K Constructor A has kind K

'FA—B:K A and B are equivalent constructors of kind K
I'FA<:B::K A is a subconstructor of B, both of kind K
I'Fa:A a is a value of type A
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Notation

[T] £ T Op L T=T
[K1 = K2] = X :Kp)[Kz] 1<J £ 1<:J:O0p
X K £ X<:[K] =K T-A 2 THA:T
X <:A £ X<:A:T 'FA—~B £ THFA—B:T
X £ X<:TuT F'FA<:B £ THA<:B:T
Context Formation
(Env @) (Env X <) (Env x)
'FAzXK X¢Dom(l') TFA z¢ Dom(l)
e I,X<:A:Kko Tz:AFo
Kind Formation
(Kind T) (Kind =)
I'ko I'FKkind T FHEkind
I'+Tkind I'K=Hkind
Constructor Formation
(Con X) (Con T) (Con —) (Con Record)
I X<:AzKI"Fo Tko THFA TFB 'eB; (Viel)
I"X<AzkI"FXu:k I'ET I'FA-B I'F [m; : B!
(Con V) (Con 1) (Con Abs) (Con Appl)
I'N'X<:A:KFB I''XFA I'X :KFB:H I'B:K=H I'A:K
FrEVX<:AzK)B TFp(X)A THFAMX:2KB:K=H 'FB(A) = H
Constructor Equivalence
(Con Eq X) (Con Eq Symm) (Con Eq Trans) (ConEq T)
I'-X K I'FA—B:K I'"rA—B:K I'FB< C:K I'ko
'FX «— X K I'FB«— A:K 'FA—C:K I'ET T
(Con Eq 1) (Con Eval Beta)
I'XFB«B X KEB{X}:H I'HA:K

F'Fu(X)B— u(X)B THAX:KB{X})(A) < B{A}::H
(Con Eq Record) (Con Eq V)
I'-B, « B, (Viel) F'FA—A =K I''X<:A:KFB— B

Lk [my; : B¢ [m; : B]J€! I'FV(X <:A KB« V(X <:A":: K)B
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(Con Eq Abs)

(Con Eq AppD)
X :KFB<B;:H BB :K=H IFA«A K
FEFAX KB AMX KB :K=H ['B(A) < B'(A) = H
Constructor Inclusion
(Con Sub Relf) (Con Sub Trans) (Con Sub X)
'FA—B:K F'FA<:B:K T'FB<:C:K I X<:AzKI"Fo
'FA<:B:K 'FA<:C:K I X<:A=zKI"FX<A:zK
(Con Sub T) (Con Sub Arrow) (Con Sub p)
kA FFA<:A THFB<:B FFpX)A THpY)B TNV, X<:YFA<B
F'FA<:T - A-B<:A'—B ' p(X)A<:u(Y)B
(Con Sub Record) (Con Sub V)
'EB;<:B,(Viel.n) I'FB; (Vien+1l.n+k) F'FA<:AzK I'N'X<:A2KFB<:B
L& [my : By'€mtk < [my « BjJiELn FEVY(X <:AzKB<V(X <A K)B
(Con Sub Abs) (Con Sub Appl)
X KFB<:B' ::H FFB<:B'::K=H TI'A:K
FEAMX 2K)B<:A(X :K)B'::K=H 'FB(A)<:B'(A) ::H
Term Typing
(Val Subsumption) (Val x)
'-M:A THA<B Mz: AT Fo
'EM:B IMa: AT Fa:A
(Val Abs) (Val Appl)
Iz:AFM:B 'FM:A—B THN:A
' Az:A)M : A—B '-MN:B
(Val Abs2) (Val Appl2)
NX<:A:KHM:B F'FM:V(X<:AzKB I'FA <:A:K
FFAX<:A:zKM:V(X<:A:K)B I'F MA":B{A"}
(Val Record) (Val Select)

PHM:B; (Viel) THA« [m B TrFM:[m:B]€ (jel)

Fl—[mZ:MZ]ZEIA FI—M.mj:IB%j
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(Val Fold) (Val Unfold)
'FM:B{A} THA=puX)B{X} TFM:A A=upuX)B{X}
't fold(A,M): A '+ unfold(M) : B{A}

(Val Let) (Val LetRec)
'FM:A T,z:AFN:B Df:A—=BFAz:A)M:A—-B TI',f:A-B,x:AFN:C

'letz:A=MinN:B I'Fletrec f(r:A):B=Min N :C
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