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Abstract

We discuss the impact of Partial Evaluation within the framework of structured logic pro-
gramming. We define a general scheme for Partial Evaluation to be applied to a wide class of
structuring policies for logic programming, capable of supporting both block- and inheritance-
based systems. We show how the properties of soundness and completeness of Partial Evaluation
in Logic Programming are preserved in this extended scheme.
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1 Introduction

Structuring mechanisms have become nowadays a crucial topic in Logic Programming. Several
authors have addressed this problem in the literature, on the basis of different approaches: modules
and blocks [?, ?, ?, ?, ?], inheritance [?, ?, ?] and viewpoints, [?, ?].

Some efforts have recently been devoted, [?, ?], to the design of a unifying framework in which
a wide range of current proposals can be integrated in a uniform and coherent way. This approach,
inspired by [?], is based on the idea that a program can be structured as a collection of elementary
components, each component being a separate logic theory called unit. Units can be (possibly
dynamically) connected into linear hierarchies called contexts and contexts, in turn, provide the
(possibly dynamic) data base of clauses used for the evaluation of the queries. Depending on the
different policies adopted for unit combination, different structuring mechanisms can be identified.
Blocks, modules, and inheritance-based systems [?] are easily implemented by means of statically
configured hierarchies of units, whereas dynamic configurations provide a natural support for some
well-known Artificial Intelligence techniques such viewpoints and hypothetical reasoning.

Some interesting results have also been achieved from the implementation point of view. In [?],
the authors address the relevance of a compilative approach based on the definition of an extended
Warren Abstract Machine, [?], where new instructions and data structures have been introduced
to deal with units and contexts.

In this paper we discuss the application of Partial Evaluation as a further enhancement to the
compilative approach proposed in [?]. We focus on statically configured systems since they are the
best-suited for such a compilative approach. Static configurations allow in fact predicate calls to
be directly bound to the corresponding predicate definitions at compile-time thus eliminating most
of the tun-time overhead due to context handling.

We introduce a definition of Partial Evaluation which extends that given in [?] to capture the
notions of unit and unit composition, and which produces a specialization of the source program
with respect to a given goal to be evaluated in a given context.
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An interesting feature of our technique is that it preserves the original structure of the program
so that no collaption of several units into a more compact configuration occurs during the trans-
formation. This ensures non-replication of code for the new program, high generality for it, and
finally, full compatibility with the compilation technique addressed in [?].

Furthermore it allows to isolate some closedness conditions for the soundness and the complete-
ness of the transformation, which involve only syntactic checks on the partially evaluated program
and the goal. For block-based systems these conditions actually correspond to those introduced in
[?] for definite logic programs; for inheritance-based systems, instead, some further checks on the
static structure of the program are required.

The paper is structured as follows. In section 2 we first sketch the basic notions of unit and
context and then we show how they can be used to implement block- and inheritance-based systems.
In section 3, the theory of partial evaluation for these systems is presented together with some simple
examples. In section 4, we address the soundness and completeness issues and finally, in section 5,
we show some relevant applications.

2 Hierarchies of Logic Programming Theories

Our characterization of structured logic programs originates from the Contextual Logic Program-
ming paradigm introduced by [?]. The key idea is that a program can be conceived as a collection
of indipendent modules called units. A unit is simply identified by the set of clauses it defines and
by a unique, atomic name used to denote it. Units can be (possibly dynamically) connected into
contexts and contexts, in turn, provide the set of definitions for the evaluation of the queries. As a
matter of fact, contexts are represented as ordered lists of units of the form buN , . . . , ui, . . . , u1cand
denote the union of the sets of clauses of the composing units.

Example 2.1 Let P be the program composed by the following units:

unit(u1) : unit(u2) : unit(u3) :
a(X) : −b(X). b(1). c(X) : −a(X).

The proof of the goal c(X) in the context bu3, u2, u1c corresponds, in logic programming, to a
proof with respect to the set of clauses:

c(X) : −a(X).
b(1).
a(X) : −b(X).

Different policies for composing units into contexts can be adopted and, accordingly, different
classes of structuring mechanisms can be identified as discussed in [?] and [?].

2.1 Static and Dynamic Systems

A first relevant issue concerns the distinction between static and dynamic composition.
Statically configured systems are systems in which each unit has a fixed associated context. This

means that, if buN , . . . , u1cis the context associated with a unit u, then, whenever u is asked for
the proof of a goal g, the evaluation of g actually takes place in the context bu, uN , . . . , u1c. The
association of a unit with a context is obtained by establishing explicit inheritance links between
units. Therefore, when a unit gets defined, its parent unit must be also specified and its associated
context is obtained by recursively computing the ordered list of its ancestors. Formally, if U(P )
and C(P ) denote respectively the set of units of a program P and the set of contexts formable over
U(P ) , the context associated with a unit u is computed by the function hierarchy : U(P ) 7→ C(P )
defined as follows:

hierarchy(u) =

{

u.hierarchy(u′) if u′ is the parent unit of u.

b c if u is the top unit of the hierarchy
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A top, empty unit, common to all the hierarchies, is assumed. A switch operator “:” allows us
the switching from one hierarchy to the others. The invocation of a goal of the form u : g in the
current hierarchy causes a switch to the hierarchy associated with the unit u.

Example 2.2 Let P be the following structured program:

unit(u1,parent(top)) : unit(u2,parent(u1)) : unit(u3,parent(u2)) :
a(X) : −b(X). b(1). c(X) : −a(X).

The call u3 : c(X) enforces bu3, u2, u1c as the new current context for c(X). The unit specified
as parameter of the parent structure represents the inheritance link for the unit itself.

Dynamically configured systems, on the other side, provide a more flexible framework in which
a context buN , . . . , u1ccan be dynamically extended to include new units at each instant of the
computation. Each unit can have therefore a dynamic associated context. This is actually the idea
behind the proposal of [?].

2.2 Conservative/Evolving Systems

The evaluation of a goal in a context involves two issues: first we have to identify, in that context,
the appropriate set of clauses which provide the definition for the goal, and then we solve the goal
with respect to that definition.

An important remark here concerns the distinction between conservative and evolving policies.
Let’s suppose that C = buN , . . . , ui, . . . , u1cis the current context.

An evolving system is a system in which, for each predicate call g occurring in the unit ui,
the corresponding predicate definition is given by the clauses contained in the whole context C.
Examples of evolving systems are Miller’s one [?], Multi-Prolog [?] and N-Prolog [?].

A conservative system is a system in which, for each predicate call g occurring in the unit
ui, the corresponding predicate definition is given by the clauses contained in the the sub-context
bui, . . . , u1c. The definitions visible from a unit u, are therefore those found in u and its ancestors
in the current context. Examples of conservative systems are blocks and modules [?], Meta-Prolog
[?], Contextual Logic Programming [?].

Example 2.3 Let us consider the program of example 2.2 and the top goal: u3 : c(X). We use the
notation Ctx ` G, introduced in [?] (see appendix), to explicitly represent the context associated
to each predicate call.

In an evolving system we get the derivation steps:

b c ` u3 : c(X)
bu3, u2, u1c ` c(X)
bu3, u2, u1c ` a(X)
bu3, u2, u1c ` b(X)
success : {X ← 1}

Notice that the goal b(X) is proved in the whole context bu3, u2, u1c even though it is called in the
sub-context bu1c.

By converse, in a conservative system, the context for the call b(X) is bu1c and, since bu1c
contains no definition for b(X), we get a failure as shown below:

b c ` u3 : c(X)
bu3, u2, u1c ` c(X)
bu2, u1c ` a(X)
bu1c ` b(X)
failure
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2.3 Examples of Statically Configured Systems

Most of the proposals for structuring logic programs found in the literature, can be included in the
above classification. An interesting discussion about this topic can be found in [?].

In this paper we focus on statically configured systems. The main reason for this choice is
that, due to their static configuration, these systems are better-suited for a compilative approach
such as the one based on Partial Evaluation. The details about this point will be clarified in
the next sections. What is worth mentioning here is that, even though static systems are not
powerful enough to cover the whole range of structuring mechanisms, nontheless they capture
several interesting proposals in this field such as modules, blocks, inheritance-based systems (see
[?]).

2.3.1 Blocks and Modules

In block-based systems, static scope rules determine predicate visibility on the basis of the nesting
of blocks in the program. To prove an atomic goal occurring in a clause of a given block, only those
clauses defined in that block or in enclosing blocks can be used. In terms of our classification, such
a behaviour corresponds to a conservative policy where each block is encapsulated into a separate
unit having the enclosing block as its parent.

Example 2.4 Let us consider the following program presented in [?]:

P = {r → q, (((q → p) ∧ r)⇒ p)→ s}

and structured into two nested blocks: b1, the enclosing one, which contains the definitions for q

and s, and b2, the inner one, which contains the definitions for p and r. Block b2 is nested into the
second clause of block b1 and, therefore, its clauses are not visible by the predicates defined in b1.
P can be mapped to the following conservative system:

unit(b1,parent(top)) : unit(b2,parent(b1)) :
q : −r. p : −q.

s : −b2 : p. r.

Since the system is conservative, the goal b1 : s cannot be proved. In fact, the predicate r, which
is locally defined in b2, is not visible from the external unit b1. Notice that, on the other side, in
the case of an evolving system the goal s would succeed.

Such scope rules become more strict in the case of closed modules (see [?, ?]): to prove a goal in
a module M , only those predicate definitions which are local to M have to be taken into account.
Modular systems are actually a special case of conservative systems, where each unit defines the
top unit as its parent and therefore it only uses its local definitions.

2.3.2 Inheritance-based systems

Inheritance- and object-based systems can be classified as evolving systems. We can interpret
contexts as the explicit representation of a branch in an inheritance tree (for the sake of simplicity
we will not consider multiple inheritance). The first unit in the context is the tip node, while
the last one is the top of the hierarchy. Inheritance-based systems are intrinsically evolving since,
as stated in [?], “a self-reference in a type or class is bound to the object on whose behalf an
operation (demonstration) is being executed, rather than on the textual module (unit) in which
the self-reference occurs.”

Example 2.5 Let us consider the class template language described in [?]. When we say that a
bird is a special case of animal we are stating that whatever is true for animals is also true for
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birds: the bird theory inherits from the animal theory. In the class template language we express
this kind of relationship between classes by means of class rules:

bird ⇐ animal

tweety ⇐ bird

horse ⇐ animal

person ⇐ animal

where:

animal :







mode(walk).
mode(run) : −self : no of legs(2).
mode(gallop) : −self : no of legs(4).

bird :







mode(fly).
no of legs(2)
covering(feather).

horse :
[

no of legs(4).

human :
[

no of legs(2).

tweety : [no of wings(2).

The call self:g causes the proof of g to be performed in the tip class of the current hierarchy, no
matter what the current class is. The use of self allows therefore to model the expected behaviour
of inheritance.

This behaviour is intrinsically evolving; in our framework this program can be translated into
the following:

unit(animal,parent(top)) :







mode(walk).
mode(run) : −no of legs(2).
mode(gallop) : −no of legs(4).

unit(bird,parent(animal)) :







mode(fly).
no of legs(2)
covering(feather).

unit(horse,parent(animal)) :
[

no of legs(4).

unit(human,parent(animal)) :
[

no of legs(2).

unit(tweety,parent(bird)) : [no of wings(2).

Now the taxonomy is embedded in the parent declaration, and the self label behaviour is
automatically expressed by the evolving policy.

3 Extending Partial Evaluation

Partial Evaluation (PE) has been devoted great attention in the last few years since Komorowski
[?] introduced it in logic programming in 1981. PE can be conceived as a source-to-source trans-
formation technique which, given a program P and a goal G, produces a new program P’, which is
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more efficient than P and has the same set of answer substitutions for the goal G or its instances.
The basic technique for obtaining P’ from P is to construct a partial search tree for P and suitably
chosen atoms as goals, and then extract the definitions — the resultants — associated with the
branches of the tree. P’ is then obtained from P by replacing the set of clauses in P, whose head
contain one of the predicate symbols appearing in G, with the set of the produced resultants.

As pointed out in [?], the main foundational questions about PE concern soundness and com-
pleteness. Soundness of the partially evaluated program P’ wrt the original program P and the
goal G means that each correct (computed) answer for G and P’ is a correct (computed) answer
for G and P. Completeness is the converse of this.

In standard logic programming, soundness follows from the soundness of SLD-resolution. A fur-
ther closedness condition must be satisfied by the resulting program in order to ensure completeness
[?].

The application of these issues to the structured logic systems presented in section 2 involves
several major extensions to the basic principles of Partial Evaluation.

In fact, we have to consider that the evaluation of the goal occurs now in a context and,
furthermore, we have to take into account the modular configuration of the program.

Given a program P, a goal G and a context C, we should therefore define a new program P ′

which specializes P with respect to the definition of G found in the context C. Furthermore, in
order to ensure the highest level of flexibility for the resulting program, we should also impose that
the transformation preserve the original structure of P.

This rises further problems with respect to the case of logic programming. Given the partial
tree resulting from unfolding, and the corresponding set of resultants, we have first to define an
assignment function to determine which unit each resultant should be assigned to. Then, the
derived program is obtained from the original one by replacing (possibly) all the units in the initial
context with their specialized versions. These, in turn, are obtained by erasing the old definitions
for the initial goal and by introducing the new ones, according to the assignment function.

In the following, we will denote by PE(P,G,C) the Partial Evaluation of P with respect to a
goal G and a context C. A formal definition of PE(P,G,C) can be given, in two steps, in terms
of the following notions of program representation and of Partial Evaluation of a goal in a context:

Definition 3.1 (Program Representation) Let U(P) be the set of units of a program P. We
denote by |u| the set of clauses of a unit u. Then the representation of P is given by:

R(P ) = {〈d, u〉 : u ∈ U(P ), d ∈ |u|}

Definition 3.2 (Partial Evaluation of a goal in a context) Let P be a program, C a context,
G an atomic goal, and RT the set of resultants of a partial search-tree T for P and 〈G,C〉. Let
also Fass : RT 7→ U(P ) be a given assignment function, which assigns the resultants in RT to the
units of P. The Partial Evaluation of G in C is given by:

PE(G,C) = {〈d, u〉 : d ∈ RT and u = Fass(d)}

Definition 3.3 (Partial Evaluation of P wrt C, G) Let P be a program, C a context, G an
atomic goal. Then:

PE(P,G,C) = P ′ such that : R(P ′) = (R(P ) \ D(C,G)) ∪ PE(G,C)

where D(C,G) is the representation of the set of definitions for the goal G contained in the context
C.

The definition of the assignment function is a crucial point of our construction. In fact, different
choices for the assignment function determine different configurations for the transformed program
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and, correspondingly, different properties for the transformation. Therefore, the choice of the
assignment function will be determined by the properties we expect from Partial Evaluation.

In logic programming, Partial Evaluation provides a specialization of the program with respect
to a goal G; accordingly we cannot expect to be able to have correct answers for calls more general
(less instantiated) than G.

In the same way, in structured logic programming, since we specialize the program with respect
to a goal in a context C, we won’t be able to have correct answers for that goal in contexts more
general than C. In this case more general means logically subsuming. As a matter of fact, we say
that a context C ′ is logically subsumed by a context C (C ′ v C) if all the theorems derivable in
C are also derivable in C ′. Notice that, being the composition of units in contexts a monotonic
operation, it is easy to show that C ′ v C if C ′ is an initial sublist (a sub-context) of C.

Therefore, what we can expect from the transformation is that it preserves the equivalence
between P and P’ with respect to instances of G (as in [?]) and sub-contexts of C, i.e. with respect
to all those computations in which (instances of) G are evaluated in sub-contexts of C.

3.1 Configuring the Transformed Program

Even in sub-contexts of the initial one, chosing an assignment function that ensures the safeness
of the transformation is not straightforward. In fact, replacing each clause with the corresponding
set of resultants in the same unit, which might appear the obvious choice, leads to unsoundness in
some cases.

Example 3.1 Let P be the evolving program:

unit(m1,parent(top)) : unit(m2,parent(m1)) :
p : −q. q.

By partially evaluating P wrt the goal p in the context bm2,m1c if this assignment function is
assumed, we get the following program

unit(m1,parent(top)) : unit(m2,parent(m1))) :
p. q.

The transformation is unsound: in fact, in the context bm1c, which is a sub-context of the initial
one, the goal p fails in P and succeeds in P’.

Here the problem is that, while in P the body of the clause p : −q needs the definition of q in
m2 to succeed, the corresponding resultant in P ′ succeeds in sub-context bm1cwithout even calling
q. In other words, while in P the deduction context for p : −q is bm2,m1c, in P ′ the deduction
context for the corresponding resultant p. is bm1c.

On the contrary, in order that the transformation be sound, we should ensure that the deduction
context for the clause and the corresponding resultant be kept unchanged.

More in general, given a goal in a context C and the corresponding partial tree, for each resultant
Ri in the tree, we have first to identify the deduction context Dc(Ri), which is the minimal sub-
context of C, needed to derive Ri. Then, in order to guarantee the consistency of the deduction
contexts, Ri is to be assigned to the head unit of Dc(Ri).

A formal definition of an assignment function satisfying theses requirements needs introducing
some preliminary notation and definitions. We first consider a restricted class of structured pro-
grams in which no dynamic context switch occurs during the evaluation of a query. The problem
of dynamic context switches during PE will be considered in section 4.1. Let:

• 〈G,C〉 denote a c-atom, where G is an atomic formula and C a context,

• a c-goal be a conjunction of c-atoms
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• 〈(g1, . . . , gn), C〉 be a shorthand for 〈g1, C〉, . . . , 〈gn, C〉.

We give an extented notion of derivability, well-suited for computing the deduction contexts
associated to the resultants.

Definition 3.4 (Matching Context Set.) Let G be an atomic goal. Then the matching context
set for 〈G,C〉 is given by:

Mcs(G,C) = {C ′ : C ′ v C
∧

|head(C ′)| contains a clause for G}

Each element ofMcs(G,C) is therefore a sub-context of C which contains a clause for G in its
head unit.

Definition 3.5 (Derivability) Let P be a program, CG be the c-goal

〈g1, c1〉, . . . , 〈gi, ci〉, . . . , 〈gn, cn〉

and let 〈gi, ci〉 the selected c-atom. We say that the new c-goal CG’ is derived from CG and P via
the substitution σ, the clause Cl and the context LC , if the following conditions hold:

Cl = h : −b1, . . . , bm is the selected clause in a unit u of ci

σ = mgu(h, gi)
CG′ = [〈g1, c1〉, .., 〈gi−1, ci−1〉, 〈(b1, . . . , bm), C ′〉, 〈gi+1, ci+1〉, . . . , 〈gn, cn〉]σ
LC ∈Mcs(G, ci) is the matching context corresponding to Cl (u = head(LC ))

The new context C ′ is computed according to the inference rules (see appendix). Namely:

C ′ =

{

LC if the system is conservative
ci if the system is evolving

We will henceforth denote a derivation step from a c-goal CG to a c-goal CG′, by CG `LC
CG′

where, for the sake of simplicity, we omit mentioning the substitution.
A C-SLD Derivation will be, accordingly, a (finite or infinite) sequence of derivation steps

CG0 `c1 . . . `cj
CGj . . .

Finally we generalize the notion of resultant and we introduce a constructive definition of
deduction context.

Definition 3.6 (c-resultant) Let G0 be a goal and C0 a context. Given a finite C-SLD derivation:

〈G0, C0〉 `c1 . . . `cj 〈g1, ck〉, . . . , 〈gi, ci〉, . . . , 〈gn, cn〉

the c-resultant corresponding to the resultant G0 : −g1, . . . , gn, is given by:

G0 : −〈g1, c1〉, . . . , 〈gi, ci〉, . . . , 〈gn, cn〉.

Proposition 1 (Deduction context) Given a finite C-SLD derivation:

〈G0, C0〉 `c1 . . . `cj
〈Gj , Cj〉

the deduction context Dc(R) for the c-resultant R = G0 : −〈Gj , Cj〉 is the maximum element of
the set {cj , . . . , c1} which is also a sub-context of C0.
Proof. By construction from the definition of C-SLD derivation.

We are now ready to introduce the assignment function:
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Definition 3.7 (Assignment function: Fass) Let T be a finite C-SLD tree. Let CR be a c-
resultant in T and Dc(CR) = buk, . . . , u1c. Let finally R be the corresponding resultant. Then

Fass(R) = uk.

Example 3.2 In example 3.1, if this assignment function is assumed, we get the following (finite)
C-SLD tree. Each branch is marked by the label contexts used in the derivation.

〈p, bm2,m1c〉
|
bm1c
|

〈q, bm2,m1c〉
|

bm2,m1c
|
2

R = p. is the only resultant; its deduction context is Dc(R) = bm2,m1c. Therefore the new clause
produced by PE(P, p, bm2,m1c) is assigned to m2 and the previous definition for p is dropped from
m1. Accordingly the following sound program P’ is produced,

unit(m1,parent(top)) : unit(m2,parent(m2)) :
p.

q.

3.2 Determining the Context for the Residuals

The choice of a well-defined assignment function only partially answers the questions about the
soundness and completeness of the transformation. Once the new configuration of the program has
been established, there is still the problem of the residuals occurring in the bodies of the resultants
created by unfolding. Namely, for each resultant of the form h : −b1, . . . , bn, it must be ensured
that each of the bis be evaluated in equivalent contexts before and after the transformation. As a
matter of fact, two contexts C and C ′ are equivalent if they have the same success set.

Example 3.3 In a conservative system, let P be the following program:

unit(u1,parent(top)) : unit(u2,parent(u1)) : unit(u3,parent(u2)) :
q : −r. r. p : −q.

Let us consider a PE(P, p, bu3, u2, u1c). A finite C-SLD tree for 〈p, bu3, u2, u1c〉 is:

〈p, bu3, u2, u1c〉
|

bu3, u2, u1c
|

〈q, bu3, u2, u1c〉
|
bu1c
|

〈r, bu1c〉

Then the resulting program P’ is given by:

unit(u1,parent(top)) : unit(u2,parent(u1)) : unit(u3,parent(u2)) :
q : −r. r. p : −r.
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Again, the transformation is unsound: r is evaluated in bu3, u2, u1c in P’ and in bu1c in P and
these two contexts are obviously not equivalent.

Finding the correct context to be associated with each atom in the body of the resultants is
straightforward in our scheme since it can be determined by a direct inspection of the partial search
trees. The switch operator can be explicitly used to enforce the right context.

Definition 3.8 (Residuals) Let CR = G : −〈gi, Ci〉 be a c-resultant for the c-goal 〈G0, C0〉.
Then, the corresponding resultant R is determined depending of the the relationship between
Dc(CR) and Ci. Namely,

(i) if Ci = Dc(CR), then R = G : −gi.

(ii) if Ci < Dc(CR), i.e. Dc(CR) = buN , . . . , uj , . . . , u1c and Ci = buj , . . . , u1c, then:

R = G : −uj : gi

In both cases R is assigned to the head unit of Dc(CR). The general case of a resultant whose body
contains more than one atom can be simply obtained by the previous cases, by simply applying (i)
and (ii) to each atom in the body.

Example 3.4 In example 3.3 condition (ii) occurred. Accordingly the transformation produces
the following program:

unit(u1,parent(top)) : unit(u2,parent(u1)) : unit(u3,parent(u2)) :
q : −r. r. p : −u1 : r.

Notice that now, in both the source and the transformed program, r is evaluated in bu1c.

4 Soundness and Completeness

As already noticed, what we expect from the transformation is that it preserves the equivalence
between the source and the resulting programs with respect to all those computations in which
(instances of) G are evaluated in sub-contexts of C. This is in fact what the following lemma
establishes.

Lemma 4.1 Given a program P, a goal G = g(T ) and a context C, let P’ be a Partial Evaluation
of P wrt G and C.

• P’ is sound wrt P if each occurrence of g in P’ is evaluated in a context C ′ v C.

• P’ is complete if each occurrence of g in P’ is an instance of g(T) and is evaluated in a context
C ′ v C.

Proof.
If the occurrences of g are always evaluated in contexts which share no units with C, the proposition
is trivially true since these contexts are not affected by the transformation. Otherwise, notice that
the Partial Evaluation of a program P with respect to a goal G can be seen as the iterative process:

P ≡ P 0
; P 1

; · · ·; P n
; · · ·

where each P i corresponds to a partial search tree T i for P and G and where P i+1 is obtained from
P i by an unfolding step on one of the resultant of T i.

The proof that, for any given n, P n is sound and complete wrt P ≡ P 0 can be then obtained
by showing that each single unfolding step defines semantic-preserving transformation.
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Correspondingly, in the structuring framework we have devised, if C is the initial context, the
unfolding process maps into a sequence of transformations, over C, of the form:

C ≡ C0
; C1

; · · ·; Cn
; · · ·

Then, if we denote by C|i the sub-context of C of length i, the soundness and completeness of Partial
Evaluation in sub-contexts of C can proved by showing that, given a query Q and a substitution
σ, the following relation holds:

∀n, i Cn|i `σ g ⇐⇒ Cn+1|i `σ g

We use here the notation ctx `σ as a shorthand for the extended notation ctx `LC
σ where the label

context is also mentioned. Let

• g be an instance of G

• T n be the partial tree obtained by the application of n steps of unfolding;

• Cn be the associated context;

• R = Gθ : −b a resultant in T n ;

• b the node selected for the next unfolding step;

• T n+1 be the partial tree obtained by unfolding b;

• S be the set of resultants derived from R

We assume, for the sake of simplicity, that the set S be the singleton {Rj = Gθσj : −Bj}
Now, let’s consider the structure of the contexts Cn|i and Cn+1|i.
First notice that, from the definition of Fass, it follows that R ∈ head(Dc(R)) and Rj ∈

head(Dc(Rj)). Furthermore, by the construction of the deduction context (proposition 1), it follows
that Dc(R) v Dc(Rj).

Therefore, if we denote by ‖Dc(R)‖ the length of Dc(R), since no change occurs in sub-contexts
of Dc(R), it immediately follows that

∀i < ‖Dc(R)‖ Cn|i ≡ Cn+1|i (1)

For indexes i such that i ≥ ‖Dc(R)‖ it is worth distinguishing the cases of evolving and conser-
vative systems explicitely.

[Evolving Systems].

Let i be such that ‖Dc(R)‖ ≤ i < ‖Dc(Rj)‖ (2)

(Soundness). First notice that R 6∈ Cn+1|i since R has been erased from head(Dc(R)). Fur-
thermore, by definition of Fass and by i < ‖Dc(Rj)‖, it follows that Rj 6∈ Cn+1|i. Therefore, we
get

Cn+1|i = Cn|i \head(Dc(R)) R

where C \u R denotes the context obtained form C by erasing R from the unit u. Finally

Cn+1|i `σ g ⇐⇒ Cn|i \head(Dc(R)) R `σ g ⇒ Cn|i `σ g

(Completeness). Let’s assume that Cn|i `σ g. By contradiction, if the deduction of G in
Cn|i used the clause R = Gθ : −b, then it should also use the definition for b. Such definition,
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by construction, is contained in head(Dc(Rj)), but this contradicts the assumption i < ‖Dc(Rj)‖.
Therefore we get

Cn|i `σ g ⇒ Cn|i \head(Dc(R)) R `σ g ⇐⇒ Cn+1|i `σ g

Let finally i be such that i ≥ ‖Dc(Rj)‖ (3)

In this case we get Cn+1|i = Cn|i \head(Dc(R)) R ⊕head(Dc(Rj)) Rj where C ⊕u R denotes the
context obtained form C by adding R to the unit u.

If Cn+1|i `σ g, then there exists a c-derivation of the form

〈Cn+1|i, g〉 `φ 〈Cn+1|i, Bj〉

At the same time, since Rj is contained from R by unfolding, and g is an istance of the initial goal,
a c-derivation of the form

〈Cn|i, g〉 `θ 〈C
n|i, b〉 `σ 〈Cn|i, Bj〉

exists in Cn|i with φ = θσ.
If Bj is a recursive call for g, we can repeat the above construction. Otherwise, since the only

differences between Cn|i and Cn+1|i concern the definitions for g, it immediately follows that

Cn|i `δ Bj ⇐⇒ Cn+1|i `δ Bj

[Conservative Systems].
In conservative systems, by construction, it always holds that Dc(R) = Dc(Rj). Then, let’s consider
the case

i ≥ ‖Dc(Rj)‖ (4)

As in the case of evolving systems, if Cn+1|i `σ g, then there exists a c-derivation of the form:

〈Cn+1|i, g 〉 `φ 〈Dc(Rj), Bj〉

At the same time, since Rj derives from R by unfolding, and g is an istance of the initial goal, a
c-derivation of the form

〈Cn|i, g〉 `θ 〈Dc(R), b〉 `σ 〈LC(b), Bj〉

exists in Cn|i, with φ = θσ and LC(b) is the label context for b.
If LC(b) < Dc(R) the two c-derivations are not equivalent. But in this case, as stated in

definition 3.8, if u = head(LC(b)), Rj is actually defined as Rj = Gθσj : −uj : Bj . Accordingly,
also in Cn+1|i we actually get the c-derivation

〈Cn+1|i, g 〉 `φ 〈Dc(Rj), u : Bj〉 `σ 〈LC(b) : Bj〉

Again the two derivations are equivalent. This concludes the proof.

On the basis of this result, we can prove some further relevant properties of our transformation
scheme. By simply extending the results of the lemma, Partial Evaluation turn out to be always
sound for statically configured system.
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Proposition 2 (Soundness) Let P be a program, and P ′ a Partial Evaluation of P wrt a goal
and a context C. Then, for any given goal g, each computed answer for g and P ′ is a computed
answer for g and P .
Proof (sketched)
From lemma 4.1, the proposition trivially holds for any goal G in sub-contexts of C. It also holds
in all those contexts which share no units with C. Let’s then consider the case of a context C 6v C.
Since the program is statically configured, C can only be of the form un . . . u1.C|i where C|i is an
arbitrary sub-context of C.

Let’s the consider the simpler case C = u.C|i. We prove that each single unfolding step is a
sound transformation on C.

If we denote by Cn the result of applying n unfolding steps on C ( Cn = u.Cn|i ), what we have
to prove is that:

Cn+1 `θ g ⇒ Cn `θ g

If Cn+1 `θ g, then either the whole derivation takes place in buc, or it also involves Cn+1|i.
In the first case the proof is straightforward. Otherwise, let Rj ≡ Gθσj : −Bj be the resultant
obtained at the n+1 step by unfolding the previous resultant R ≡ Gθ : −b. As shown in lemma 4.1,
if Rj is eventually selected in the derivation of G in Cn+1, then an equivalent derivation involving
R is obtained in Cn.

Under the closedness condition stated in [?], for conservative systems, the proof of proposition 2
can be performed backwards thus proving the converse implication and therefore, the completeness
of the transformation.

Proposition 3 (Completeness for Conservative Systems) Let P be a program, and P ′ a
Partial Evaluation of P wrt a goal G = g(T ) and a context C. Then, given a goal G ′, each
computed answer for G′ and P is a computed answer for G′ and P ′ provided that P ∪G′ is {g(T )}-
closed .
Proof (sketched)
Again, from lemma 4.1, the proposition trivially holds for any goal G and sub-contexts of C. It also
holds for all those contexts which share no units with C.

Let’s then consider the case of a context C 6v C. Again let C = u.C|i where C|i is an arbitrary
sub-context of C. We prove that each single unfolding step is a complete transformation on C.

If we denote by Cn the result of applying n unfolding steps on C ( Cn = u.Cn|i ), what we have
to prove is that:

Cn `θ g ⇒ Cn+1 `θ g

Let Rj ≡ Gθσj : −Bj be the resultant obtained at the n + 1 step by unfolding the previous
resultant R ≡ Gθ : −b. Therefore a clause b′ : −Bj must exist in Dc(R), with σj = mgu(b, b′).
Then the evaluation of b in Cn actually takes place in the sub-context Dc(R), no matter which units
have been stacked on top of Cn|i and accordingly, the only selected clause for b will be b′ : −Bj

which is just the clause used to derive Rj . Therefore the proof immediately follows from lemma
4.1.

The result of proposition 3 cannot be extended to evolving systems, as shown below.

Example 4.1 Let P ≡ P 0 be the following evolving program:

unit(u1,parent(top)) : unit(u2,parent(u1)) : unit(u3,parent(u2)) :
p(X) : −q(X). r(1). q(2).
q(X) : −r(X).
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Let C = bu2, u1c be the initial context and G = p(X) the initial goal. Then by a single unfolding
step we obtain P 1:

unit(u1,parent(top)) : unit(u2,parent(u1)) : unit(u3,parent(u2)) :
p(X) : −r(X). r(1). q(2).
q(X) : −r(X).

Now consider the context C = bu3, u2, u1c; the transformation is not complete in C. In fact C0 ` p(2)
but C1 6` p(2)

For evolving systems, it is therefore necessary to impose a stronger closedness condition for
completeness. This condition is, in fact, a natural extension of that given for Horn Clause Logic in
[?]to consider the notion of context.

Definition 4.1 (〈G, C〉-closedness) Let P be a program, 〈G,C〉 a c-atom, with G = g(T).

• P is 〈G,C〉-closed if each occurrence of g in P’ is an instance of g(T) and is evaluated in a
context C ′ v C.

Now we are ready to state the following:

Proposition 4 (Completeness in Evolving Systems) Let P be a program, and P ′ a Partial
Evaluation of P wrt a goal G and a context C. Then, P’ is complete with respect to P if P’ is
〈G,C〉-closed.

4.1 Dealing with “:” During Partial Evaluation

Extending the Partial Evaluation scheme we have devised so far to include dynamic context switch
is indeed quite straightforward. The only remark concerns the computation of the deduction context
for the residuals. In fact , when dynamic context switch is considered, a unique maximum element
for the label contexts along each derivation path might not exist. Furthermore, if the construction
defined in proposition 1 is assumed, some resultant may get assigned to units which do not belong
to the initial context.

Example 4.2 Let us consider the following program :

unit(u1,parent(top)) : unit(u2,parent(u1)) :
p : −u2 : q. q.

A Partial Evaluation of p in bu1c produces the following C-SLD tree:

〈p, bu1c〉
|
bu1c
|

〈u2 : q, bu1c〉
|

〈q, bu2, u1c〉
|

bu2, u1c
|
2

Accordingly, the resultant p. is assigned to u2. This, in turn, yields uncompleteness since the
derivation bu1c ` p succeeds in P, while it fails in P’.
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Therefore, the computation of the deduction context needs restating as follows:

Proposition 5 (Deduction context revised) Given a C-SLD derivation:

〈G0, C0〉 `c1 . . . `cj
〈Gj , Cj〉

the deduction context Dc(R) for the c-resultant R = G0 : −〈Gj , Cj〉 is the maximum element of
the set {ck, . . . , c1 | k ≤ j} where {ck, . . . , c1} is the set of label contexts which occur before the
first context switch in the derivation.

Finally, the construction of the residuals in the body of the resultants (definition 3.8), immedi-
ately extends to the case Ci 6v Dc(CR). Formally:

Definition 4.2 (Residuals) Let CR = G : −〈gi, Ci〉 be a c-resultant for the c-goal 〈G0, C0〉.
Then, the corresponding resultant R is determined depending of the the relationship between
Dc(CR) and Ci. Namely,

(i) if Ci = Dc(CR), then R = G : −gi.

(ii) if Ci 6v Dc(CR) and Ci = buj , . . . , u1c, then:

R = G : −uj : gi

5 Applications

For the class of systems we have considered, the transformation technique described in the previous
sections provides an effective framework for some relevant applications.

First notice that the closedness condition simply corresponds to a static check on the inheritance
chains established in the partially evaluated program. It is worth mentioning that this wouldn’t be
possible for dynamically configured systems due to the possibility of dynamically associating units
with contexts.

A further important remark concerns evolving systems: in this case the completeness of Partial
Evaluation is automatically guaranteed if the choice of the initial context corresponds to a whole
chain in the inheritance tree. If this is the case, the resulting program is complete-closed by
definition. This provides an effective use of Partial Evaluation in inheritance-based systems. Given
the whole inheritance tree for a program P a complete transformation is obtained by specializing
P with respect to a goal G and to the inheritance chain corresponding to all the branches of this
tree.

If {C1, . . . , Cn} are the contexts corresponding to these branches, we get the set of Partial
Evaluations {PE(G,C1), . . . , PE(G,Cn)}. The new program in then obtained by deleting all the
original definitions for G, and adding the new ones. This yields to the extended notion of Partial
Evaluation with respect to a goal and a set of contexts. Namely,

PE(P,G, {C1, . . . , Cn}) = P ′ such that : R(P ′) = (R(P ) \ D(C,G)) ∪ (∪i∈[1,..n]PE(G,Ci))

Example 5.1 Let us consider the inheritance scheme given in example 2.5. Suppose we are inter-
ested in specializing the program with respect to the goal mode(X). We have here three branches
inheritance chains:

top→ animal→ bird→ tweety

top→ animal→ horse

top→ animal→ human

A Partial Evaluation with respect to the goal mode(X) and the single branch

btweety, bird, animal, topc
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produces the transformed program:

unit(animal,parent(top)) :
[

mode(walk).

unit(bird,parent(animal)) :











mode(fly).
mode(run).
no of legs(2).
covering(feather).

unit(horse,parent(animal)) :
[

no of legs(4).

unit(human,parent(animal)) :
[

no of legs(2).

unit(tweety,parent(bird)) : [no of wings(2).

Notice that the goal human : mode(run) fails now while it succeeded in the original program
since banimal, humanc is not a subcontext of btweety, bird, animal, topc. By converse, if we take
into account all the branches, the union of all the resulting Partial Evaluations yields the following
complete program:

unit(animal,parent(top)) :
[

mode(walk).

unit(bird,parent(animal)) :







mode(fly).
mode(run).
no of legs(2).covering(feather).

unit(horse,parent(animal)) :

[

mode(gallop).
no of legs(4).

unit(human,parent(animal)) :
[

mode(run).

unit(tweety,parent(bird)) : [no of wings(2).

6 Conclusions

In this work we presented a Partial Evaluation scheme that can be suitably applied to different
structured logic programming systems. The framework we have devised extends the one presented
in [?] for Horn Clause Logic, to capture the notions of units, contexts and contextual evaluation of
goals. For the class of systems we have considered the transformation turns out to be always sound;
different closedness conditions must be satisfied by the partially evaluated program to preserve the
completeness.

In particular, for the class of conservative statically configured systems, which represent the
traditional, block-based, structured system, these conditions just correspond to those introduced
in [?] for Horn Clause Logic.

For evolving systems, if Partial Evaluation is performed with respect to all the leaves of the
inheritance tree, these conditions can be still conveniently applied.
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Appendix: The Operational Semantics

Let:

• A, A′ be atomic goal formulae;

• g be an atomic goal or an extension goal;

• G a conjunction of atomic goals;

• ε, θ, σ δ be answer substitutions; ε be the empty answer substitution;

• (θσ) be the composition of the answer substitutions θ and σ;

• Gθ be the application of the substitution θ to the formula G;

• mgu(A,A′) be the most general unifier of the atomic formulas A and A′;

• the atomic clauses have the conventional body ”true”, which always holds;

• U(P ) be the set {u | u is a unit name};

• |u| = {c | c is a clause in u};

• C(P ) = {ctx | ctx is a list of unit names}

• ctx `θ gi a top down derivation of gi from the context ctx with substitution θ

The following set of rules is inspired by those reported in [?]
TRUE:

buN , . . . , u1c `ε true

CONJUNCTION:

buN , . . . , u1c `θ g; buN , . . . , u1c `σ Gθ

buN , . . . , u1c `θσ (g,G)

ATOMIC GOAL (Evolving Systems):

A′ : −G ∈ |ui|, θ = mgu(A,A′); buN , . . . , u1c `σ Gθ

buN , . . . , u1c `θσ A
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ATOMIC GOAL (Conservative Systems):

A′ : −G ∈ |ui|, θ = mgu(A,A′); bui, . . . , u1c `σ Gθ

buN , . . . , u1c `θσ A

CONTEXT SWITCH

u ∈ U(P ); ctx = hierarchy(u); bu|ctxc `θ G

buN , . . . , u1c `θ u : G
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