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Abstract

We present a new type system based on the notion of
Split types. In this system, every method is assigned two
types, namely, an update type and a select type. We show
that the system of Split types is strictly more powerful
than the system of recursive types and that type inference
remains decidable and feasible. We include a number of
interesting examples not typable with recursive types that
are typable with Split types. In particular, we demonstrate
that the subtyping relation needed to encode the \-calculus
into the Abadi and Cardelli’s s-calculus holds. We also
present a polynomial-time algorithm that infers Split types
and show that it is sound and complete with respect to
the type system. We conclude our presentation by relating
the typing power of Split types to the typing power of
other systems, such as, the system of recursive types with
variance annotations and the system of Self types.

1 Introduction
1.1 Background and Motivation

Type inference, the process of automatically inferring type
information from untyped or partially typed programs,
plays an important role in the static analysis of computer
programs. Originally devised by Hindley [Hin69] and in-
dependently by Milner [Mil78], it has found its way into
the design of several recent programming languages. Type
inference may or may not be possible, depending on the
language and the typing rules. If it can be carried out,
type inference turns untyped programs into strongly typed
ones. Modern languages such as Haskell [PJHH'93],
Java [GJS96], and ML [MTHM90] were all designed with
strong typing in mind.

While functional languages such as ML and Haskell
have successfully incorporated type inference in their de-
sign, type inference for object-oriented languages is con-
siderably less developed and has yet to achieve the same
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degree of practical importance. In this paper, we con-
sider an untyped object-calculus based on the formulation
presented by Abadi and Cardelli, also known as the ¢-
calculus [AC96].

Type inference for the ¢-calculus has already been stud-
ied in the past. In [Pal95], Palsberg presents a method for
inferring recursive object types based on a reduction to the
problem of solving recursive constraints. An O(n?) algo-
rithm is presented and a proof that the underlying prob-
lem is PTIME-complete outlined. In [PJ97], Palsberg and
Jim extend the type system proposed in [Pal95] with the
inclusion of a restricted form of Self types [AC96]. The
new system is more powerful than the system of recursive
types because it relies on a more flexible subtyping rela-
tion on object types, but at the same time imposes severe
restrictions on the way methods can be updated: specifi-
cally, methods returning self cannot be updated. In spite
of these restrictions, type inference in the new system is
shown to be NP-complete.

Subtyping is a key feature in any type system for ob-
ject calculi, but it does not coexist naturally with recursive
types in the presence of method (and field) updates. Sim-
ple and perfectly sound examples fail to type check as a
result of a poor interaction between the subtyping rules for
recursive types and object types.

E.X<YFA<B
E+ p(X)A < p(Y)B
(JCI)
E+ [[1 : Biiel] S [éj : BijJ]

(Sub 1)

(Sub Object)

The problem arises from the invariant restriction on the
component types imposed by (Sub Object). As a conse-
quence, although it is clear that a 2D point can “subsume”
a 1D point in a context where the latter is expected, the
two rules above prevent the expected relation among those
types. That is, if P; = pu(X)[z : int,move : X] is the type
of a 1D point and P, = p(X)[z : int,y : int,move : X]



is the type of a 2D point, using (Sub 1) and (Sub Object)
it is not derivable that P, < P;. Unfortunately, the in-
variance requirement imposed by (Sub Object) is neces-
sary for soundness: lifting that restriction turns the system
unsound, i.e. a reduction of a typable term may generate a
run-time error.'

EXAMPLE 1.1. Given P; and P» as defined above, sup-
pose we change the typing rules so that P, < P;. Let p), =
[z = ¢(s)s.move.y,y = 0,move = ¢(s)s.y := s.y + 1].
It is easy to check that p} has type P». Thus, if p; is an
arbitrary term of (proper) type P; then the following term
is typable and generates a run-time error,

(ph.move := p1).x (oops !

because the term p,, can be assigned the type P, by sub-
sumption. The rest follows directly from the definition of
P and the rule for typing updates. A run-time error is pro-
duced as a result of attempting to select y from p;, which
by assumption is a proper term of type P;. o

Despite their more restricted subtyping rule, recursive
object types still allow useful types to be derived for terms
that seem to require variant subtyping.

EXAMPLE 1.2. Let p1 = [x = 0,move = ¢(s)s.x :=
sx+1landpy = [z = 0,y = 0,move = ¢(s)s.y :=
sy+1). If P = p(X)[z : int,move : X] and P, =
w(X)[z :int,y : int, move : X] then p; can be assigned the
type P and ps can assigned the type P». Now, consider the
term py.move := p;. This term is typable with recursive
types, as ps can be assigned the type,

P =z :int,y:int,move : Py].

This follows by observing that P < [x : int,move : P;| =
P, where the last equality holds by unfolding P;. Conse-
quently, the term py.move := p; is typable in this system
even though we cannot prove P> < Pj. O

How large is the set of terms for which “useful” recur-
sive types can be inferred ? In many cases, it is possible to
find a derivation like that for example 1.2. In other exam-
ples, however, a more powerful system is needed.

EXAMPLE 1.3. Let pg = [move = ¢(s)s] and py = [z =
¢(s)s.move.y,y = 0,move = ¢(s)s.y := s.y + 1] and let
o be the term [¢ = p}]. := py. Notice that in p/, method
x refers (indirectly) to method y via move. Using recursive
types, the only common type that can be assigned to pg
and p, for the update to type check is [] (the empty object
type). Contrary to example 1.2, the dependency between x
and y through move, does not allow us to assign the type,

[z :int,y : int,move : u(X)[move : X]]

I'We refer to as a “run-time error”, an error that is traditionally pre-
vented using a type system. For example, attempting to select or update a
non-existing method from an object.

to p4 so that it can be subsumed to (X )[move : X]. As a
result, the most informative type for o that can be inferred

using recursive types is [¢ : []]. Animmediate consequence
of this observation is that the term o.f.move is not typable
with recursive types. |

To overcome these difficulties, Abadi and Cardelli pro-
pose two solutions. The first is the use of variance annota-
tions to surmount the restrictions imposed by invariant sub-
typing. Using variance annotations, the type of 2D points
can be written as Py” = p(X)[x : int,y : int, move™ : X]
where the superscript T on move signals that this method is
read-only. With this restriction, 2D points can subsume 1D
points, as Py" < P;" = pu(X)[y : int,movet : X] is vali-
dated by the subtyping rule. The price to pay, of course, is
that the move method cannot be updated. The second and
more refined solution is the system of Self types, which is
based on a combination of recursive and bounded existen-
tial types. In this system, it is possible to prove subtyp-
ing relations like P, < P; as a result of the inclusion of
a clever (and sound) update rule. This solution also has a
price: the type inference problem for this system appears to
be at least as complex as in the restricted system of [PJ97].

The system of Split types presented in this paper offers
anew and alternative solution for combining subtyping, re-
cursive types and method updates in a sound and flexible
way. The new system is strictly more powerful than the
system of recursive types and allows a fairly elegant en-
coding of variance annotations. On the other hand, as we
discuss in Section 6, Split types do not validate some of the
subtypings available with Self types (the two systems are
shown incomparable). However, type inference for Split
types remains decidable and feasible.?

1.2 Split Types

Split  types are object types of the form
w(X)[; - (B, B8)'S'] where B* < B for every
i € 1.3 These types are a variant of the recursive object
types presented in [AC96], obtained by splitting the type
of each method /; into two components. Intuitively, the
component B}* — or update component — is used to type an
update for ¢;, whereas the component B — or select com-
ponent — is used to type a selection for ¢;. The operational
behavior of objects is not affected by this presentation of
object types. In particular, objects are still formed as a
collection of methods of the form [¢; = ¢(s) bilel].

The presence of two type components for each label
allows a more flexible subtyping relation for object types
than the invariant subtyping presented in [AC96]. The sub-

2By the word “feasible” we mean, that can be carried out in polyno-
mial time.

3This restriction is required for the system to be sound. The reader is
referred to appendix A for a proof of the subject reduction theorem.



typing relation is defined by the following rule:
(Sub Object)

E,X<YFC!<BY EX<YFB;<C; (JCI)
EF p(X)[li = (BY, BY)'S'] < u(Y)l; : (Cy, €3]

This definition of subtyping guarantees that every pair of
object types A and A’ not only has a least upper bound
AU A, but also a greatest lower bound A M A’. This, in
turn, has interesting and appealing consequences.

EXAMPLE 1.3. (Revisited) Let pg and p) be object terms
as defined in the first part of this example. Define the Split
types So = p(X)[move : (X,X)] and So = pu(X)[x :
(int,int), y : (int,int), move : (X, X)]. The terms po and
ph can be assigned the types Sg and Sa, respectively. The
least upper bound between Sy and S5 is:

So U Sy = p(X)[move : (Sp M Sz, X)]

where Sy M .Se = p(X)[x : (int,int),y : (int, int), move :
(SQ ] SQ),X)] By definition, So < Sy U Sy and Sy <
So U Sa. Therefore, the term [¢ = p5].l := py can be
assigned the type [¢ : u(X)[move : (So M Sz, X)]], which
implies that the term o0.£.move is now typable. o

This last example shows that with Split types, it is pos-
sible to find more informative supertypes that are needed
to type terms encountered in practice. Terms as those in
Example 1.2 are also typable with Split types with similar
(i.e., equally informative) types. Examples involving en-
codings of A-terms into ¢-terms are also typable with Split
types without breaking the expected subtyping relations.

EFA <A EFB<L<B
EFE+-A—-B<A — DB

(Sub —)

Because subtyping between Split types is not invariant, but
contravariant in the update components and covariant in
the select components, it is possible the preserve the origi-
nal subtyping relations after the translation.

1.3 Contributions of this Paper

The main contributions of this paper are:

e The introduction of a powerful type system for ob-
ject types. Among systems for which type inference
is decidable and feasible, ours is (to the best of our
knowledge) the most powerful, i.e. it types strictly
more terms than any other system in the literature.*

— A precise comparison of the typing power of
three systems: the Split types system, the Self
types system and the recursive types system
with and without variance annotations.

4Even though it is incomparable with the Self types system, it is yet
unknown whether type inference for this system is decidable or not.

e A type system that supports the encoding of functions
(A-abstractions) in terms of objects in a way that the
expected subtyping relations are preserved. As a re-
sult, the encoding proposed in [AC96] can be used
without the need to support functions as primitives.

1.4 Future Work

e A precise determination of the complexity bound for
the type inference algorithm presented. This algo-
rithm is based on standard techniques for manipulat-
ing constraint sets such as closure, consistency checks
and simplification. Polynomial-time algorithms are
known for all these operations.

The definition of a systematic method for extracting
a type from the set of constraints computed by the
type inference algorithm. Although the inference al-
gorithm is equipped with sophisticated simplification
methods that help reduce the size of the constraint set,
the ability to read a type from the constraint set would
be desirable both to display the output and to reduce
the space complexity of modular type inference.

2 The Split Types System Ob''

Let s, s, x,2’... range over a countably infinite set Var of
term variables and g, ¢/, ... over a finite set of term con-
stants. The set of terms is defined by the following produc-
tions:

a,b,c,d = qls|[l; =<(s) biiel] |a.l]a.l < (s)b

As in [AC96], we write [--+ ,£ = b,- -] to stand for
[--,0=c(s)b, -] and a.l := b to stand for a.l <= ¢(s)b
whenever s € FV(b). We write b{s} to emphasize that the
variable s may occur free in b and b{{c}} for the term that
results from substituting for ¢ every free occurrence of s
in b. The set of free variables of a term a is denoted by
FV(a).

To avoid cluttering the notation in the type system, we
will allow our types to be infinite (i.e., denote regular trees)
without using an explicit finite representation. This was, of
course, not possible while presenting the examples in the
introduction; but from now on, the variables A, B, C, D...
will denote a (possible infinite) regular tree as opposed to
some finite representation of it. We often use superscripted
variables such as A® or B to denote select and update
types, respectively. In the absence of these superscripts,
the convention is that the first component of a method type
always refers to the update part while the second compo-
nent always refers to the select part. The complete Split
Types system is presented in figure 1.

A type environment is a finite mapping from the set of
term variables Var to the set of types. Let E, E’, ... range



over the set of type environments and define Dom(E) =
{s|3A.(s : A) € E} and Ran(E) = {A|3s.(s: A) €
E}. If E is a type environment then £ — {s'} = {(s :
A)|(s:A) € Eands # s'}.

A judgement is a relation between type environments,
terms and types written as £ - M : Aoras F A< B
(in which case only types are related). Let &, 37, ... range
over a set of judgements. As for terms, we write 3{s}
and 3{{c}} to denote a judgement where s may occur
free and a judgement where every occurrence of s is re-
placed by a term c, respectively. For conciseness, we of-
tenwrite FA; < Ay < A3 < ... < A, _1 < A, whenever
F A <Ayand F A3 <Az ... and F A,,_1 < A, are
derivable.

The lemma that follows says that every method does not
“advertise” (select component) more structure than what it
actually “has” (update component). This is an immediate
consequence of how (Val Object) and (Sub Object) are de-
fined.

Lemma 2.1 (Ty Iplngs) For every term a, if @ F a :
[¢; - (BY, Bs)ie then it follows, for every i € I, that
-BY < Bs. O

Proof. By induction on derivations. o

In Ob', every pair of types A and A’ not only has a
least upper bound (/ub), as in many other systems, but also
has a greatest lower bound (g/b). A natural question that
arises is whether the universe of types forms a lattice with
respect to the subtyping relation. In other words, whether
there exist definable object types L and T such that for
every type A, one has | < A and A < T. The answer is
no: although — in the absence of constant types — we can
take T = [], there is no object type that can play the role
of L. Consequently, system Ob "' includes special types L
and T as primitive.

Definition 2.2 (Lubs and Glbs). Let the ty Jpes A =
[6;: (BY,B3)""] and A" = [¢;: (C¥,C3)" ] be Split
types. Lubs and glbs between A, A’, T and 1 are deﬁned5
as follows:

. lTUA=ATUA=T,

2.TNA=A,1NA=1,

3. AU A/ = [ék : (BZ« M C;CJ«’BE L Cg)kGIﬂJ]’
4 ANA = [t (ByuCp, Bpn Gy,
L (Bg” B3 )mGI—J7
é (Cg7075)n€J I] I:‘

S5Technically, this is not a proper definition, as LI and M are defined
recursively. A proper definition can be given by representing types as
term automata and proving that the equations above are indeed satisfied
(see [Pot98]).

Lemma 2.3. For every pair of Split types A and A’ we
have A < AU A" and A" < AU A’ and there exist no
other type B, different from A U A’, such that A < B and
A’ < Bandalso B < AU A'. Similarly, for every Split
types Aand A’ we have ATTA' < Aand ATTA’ < A” and
there exist no other type C, different from AT A', such that
C<AandC < A'andalsoC < AN A’ O

Proof. Follows directly from definition 2.2. O

3 Subject Reduction

Lemma 3.1 (Substitution). If E,z : C, E' - ${«} and
Et c:Cthen E,E"+ S{c}}. O

Proof. Easy induction on derivations. |

Lemma 3.2 (Bound Weakening). If E,z : C,E' - ${z}
and C' < C'then E,z : C', E' + ${z}. O

Proof. By induction on derivations. An interesting case is
when §{z} isz : C and then E,z: C,E' - = : C'is
the conclusion of the (Val Var) rule. By (Val Var) we have
E,x:C' E' + x : C’, and by (Val Subsume) and the
hypothesis C’ < C we can conclude E,z : C',E' + x :
C. O

The reduction relation ~~ is defined in [AC96]. We ex-
tend this reduction by adding the rule (Red Const) defined
in the obvious way, i.e. = ¢ ~» ¢. Hence, a result is con-
sidered to be either a constant or an object. A theorem
showing the absence of stuck states can be easily derived
from the subject reduction theorem that follows.

Theorem 3.3 (Subject Reduction). Lef c be a closed term
and v a result. Suppose Fc~~v. If 3 F ¢ : C then
gkuov:C. [l

4 Encoding of the \-calculus

In [AC96], the authors show that it is possible to encode the
untyped A-calculus into the untyped ¢-calculus via a very
simple transformation. They also explain the difficulties
that result when types are added to the calculus. Specifi-
cally, they show that the expected subtyping relations be-
tween arrow types are not preserved due to the invariant
subtyping enforced by their (Sub Object) rule.

We consider the A-calculus with constants. Terms in
this calculus are specified by the usual grammar a,b ::=
q|x| Mx)b]|a(b). We let A, B range over the set of types
defined by A, B ::= Q| A — B. The transformation that
follows is from [AC96], trivially extended to include con-
stant terms.

%A solution to this problem is outlined with the introduction of an
extended system with variance annotations.



Terms A
(Val Const) % (Val Var) %
EFa:A FAL;:(L,D)] o o psviel
(Val Select) ET al, D (A= : (B, B)™')
Eta:A FALZ[:(D,T)] E,s:AFb:D iel
Val Updat A=t : (B, B;
(Val Update) Elral;j<=c(s)b: A ( [fo: =D
u s\itel u u s .
L2 ; i i Dy i < Bj i isti
(Val Objecty 22816 i (B, BI) 71 F bi < By .GIFBZ SBY (ED (g =ih (B B, b distiner)
ErFt;=¢(s)b'~"]: A
Subtyping
: < A FCY<BY FB:<C; (JCI
(Val Subsume) Efa:4 }_ﬁ} <A (Sub Object) = 4 — CAS .)J
Eta:A Fl o (B, B:)' S <[4 : (Cr,C5) <7
FA<B FB<<C
(Sub Refl) FA<A (Sub Trans) FA<C

Figure 1. Typing Rules for ob'.

Definition 4.1 (Encoding of \-terms). By induction on
the structure of A-terms,

L [dl=4q
2. [z] ==,
3. [A@)b{x}] = [ = (s)s.arg,
= s(9)[b{z} [{{z := s.arg}}],
4. [a®)] = ([a]-arg := [b]).val. O

For simplicity, we use the same notation [ ] for both the
encoding of types and the encoding of terms. Moreover,
if F is a type environment then we let [F] = {(x
[A]D|(z: A) € E}.

Definition 4.2 (Encoding of types). By induction on the
structure of types,

L [Ql=0q,

2. [A— B] =larg:([A], T), val:(L,[B])] O

Next, we show that the encoding preserves the subtyping
relations by proving that any derivation in the A-calculus
with subtyping (system F<) can be encoded as a deriva-
tion in Ob'". The following lemma follows directly from
definition 4.2.

Lemma 4.3 (Preservation of Subtyping). Let A and B be
arbitrary types. If = A — B < A’ — B’ is derivable in
F<then F[ A — B] < [A' — B'] is derivable in Ob"",

([l

Theorem 4.4 (Preservation of Typing). Let a be an ar-
bitrary A-term and A an arbitrary type. If E - a : A'is
derivable in F< then [E] F [a] : [A] is derivable in
Ob'. O

5 Type Inference

The type inference algorithm collects a set of subtyping
constraints, that follow directly from the typing rules in
Figure 1, and then checks that it is satisfiable. The types
occurring in a constraint set are more general than those
defined in section 2. In addition to object types, constant
types, T and L, they may also include free type variables.

Definition 5.1 (Inference Types). An inference type is de-
fined by the following productions:

o u=al L|T|[t: (5, 0) ] O
We use Greek letters towards the beginning of the alpha-
bet such as a, 3, ... to range over a set of type variables,
and Greek letters towards the end of the alphabet such as



o, T, ... to range over inference types. A substitution is a
mapping from the set of type variables to the set of infer-
ence types. We reserve the letter p to range over substitu-
tions.

Definition 5.2 (Constraint Satisfaction). Let C be a con-
straint set over a set of inference types and let p be a
substitution. We say that p is a solution to C, and write
p | C, if for every constraint o < 7 in C it is the case that
p(a) < p(7). O

The type inference rules are, essentially, the rules of the
system ob'". They are formulated as rewriting rules for
pairs of the form (J, C), where J is a set of judgements of
the form I' > a : 7 and C is a set of subtyping constraints.
Type inference is a accomplished by a sequence of rewrit-
ings guided by the rules in Figure 2.

Definition 5.3 (Inference Algorithm). The inference al-
gorithm is defined by an initialization step followed by an
iteration step. The input to the algorithm is an untyped
term a.

Init. Form the initial pair ({T'>a : a}, @), where av is a
fresh type variable and I' an environment mapping the
free variables of a to fresh type variables.

Iterate. Let (J,C) be the current pair. If J is empty,
then stop. Otherwise, select a judgement from J and
rewrite it using the appropriate rule from figure 2. [

Lemma 5.4. The inference algorithm from definition 5.3
always terminates with an empty set of judgements. o

Proof. First observe that the algorithm is well defined: the
only possibility for the rewriting process to get stuck is
when the selected judgementis I'>z : o and © ¢ Dom(T).
This may not happen, however, as Dom(I") = FV(a) by
construction, and an inspection of the rewriting rules it is
easily verified that whenever (I' >a’ : 7) € J, one has
FV(a’) € Dom(I). Termination is immediate using the
measure on (J,C) pairs defined in Figure 3. Defining
|(J,C)| = XqylSl, the claim follows by observing that
this measure, i.e. |(J, C)|, strictly decreases after each step
of the rewriting process and it is bound from below by the
value 0. O

5.1 Soundness and Completeness of Inference

The following generation lemmas are needed to prove the
main theorem of this section. This theorem states that the
type inference algorithm from definition 5.3 is sound and
complete with respect to the typing derivations in ob'".

Lemma 5.5 (Generation Lemmas).

1. If E* x : Bis derivable, then E(x) = A where A is
a type such that - A < B.

2 If E + alt B is derivable, then E + a
A is also derivable for some type A such that +
A<I[t:(L,B).

33 IE F al<=c(s)b : A is derivable, then there
exist types A’ and B such that = A’ < [¢: (B, T)]
and F A" < A, and the judgements E + a : A’ and
E,s: A"+ b: B are both derivable.

4. IfE F [¢; =<(s) biiel] : A is derivable, then there
exist a type A' = [0; - (BY, B$)'€"] such that for ev-
ery i € I, the judgements E,s: A’ & b; : BY are
derivable and so are FBY < Bf and FA' < A. O

We say that a substitution p satisfies a pair (J, C), sym-
bolically p = (J, C), if for every judgement I' > a : « in
J we have p = C and p(T") F a : p(«) is derivable. Let
—> be the relation defined in Figure 2, and let =" be its
reflexive and transitive closure.

Lemma 5.6 (Rewriting is Sound). Let (J,C) and (J',C")
be pairs such that (J,C) = (J', C). Every substitution p
that satisfies (J', C') also satisfies (J, C). O

Lemma 5.7 (Rewriting is Complete). Ler (J,C) and
(J', C") be pairs such that (J,C) = (J', C"). Every sub-
stitution p that satisfies (J, C) also satisfies (J',C"). O

Theorem 5.8 (Inference is Sound and Complete). For
every term a and every type environment I' such that
Dom() = FV(a). If {Tp>a : a},9) =* (2,0),
then for every substitution p such that p = C, the judge-
ment p(I') F a : p(a) is derivable in Ob'". Conversely, if
E & a: Ais derivable in Ob'', and Dom(E) = FV(a),
then {T'va : o}, @) =* (@, C) and there exists a
substitution p such that p = C and E = p(T) and
A= p(a). O

5.2 Implementation

In the current implementation, the inference algorithm
works in a bottom-up fashion (with respect to the type
derivation) by reducing the initial judgement to a set of
subtyping constraints. This set of subtyping constrains is
closed and checked for consistency by an incremental clo-
sure algorithm that is similar to that described in [Pot98],
extended to support Split types. The closure algorithm is
invoked each time a new constraint is added to the set. The
constraint set is stored in the form of a constraint graph
where each variable has a unique constructed bound, and
a constraint base that stores constraints relating type vari-
ables. The use of variant subtyping over Split types makes
it possible to use the aforementioned representation: two
constraints over the same variable, suchas o7 < o < 71
and 02 < a < 7o, can always be merged to form o1 Loy <
a < 71 My, as oy Uog and 71 M 19 are legal Split types.



(I-val Var): I'(z) = A
WJu{T>rz:a},C) =

(I-Val Select): « fresh
Ju{l>a.l:g},0) —

(I-Val Update): « fresh

WJu{T'ral<=cg(s)b:~},C) =

(I-Val Object): (; and ~; fresh
WQU{T> [l =¢(s)b; €] : a},C) =

J,Cu{A<a})

Ju{T'va:a},CU{a<[l:(L,8)]})

Ju{lva:a,s:a>b:f}
Cu{a<y,a<lt: (3T}

JULT,s: [6i : (Bi,v:) “T] o bi s B}, )
CU{lti: (Bi,) " < «a, Bi <}

Figure 2. Inference Rules.

Toz:68 = 1

T>al:p =
T>al<=¢(s)b:al =
D[l =c(s)b; )] =

T>a:af+1
Tea:al+Is:avb: Bl +1
Sier|Ty s [6i: (Bi,7:) "< b : Bil + 1

Figure 3. Measure on (J, C) pairs.

The closure algorithm iteratively decomposes the con-
straints into their elementary components reporting a fail-
ure if an inconsistency is detected during the process. At
the end of the inference process, a series of (polynomial
time) simplification steps are applied to the graph to obtain
a more compact representation. Again, variant subtyping
over Split types permits us to include most of the simplifi-
cations described in [Pot98].

At the time of writing we do not have a precise estimate
on the size of the final constraint graph resulting from type
inference. Experience shows that the simplification meth-
ods of [Pot98] are just as effective for our system. In Fig-
ure 4, we give a sample run of the algorithm on a term
from [AC96] that implements a restorable counter. ~After
minimization, we can identify Bs7 and Bs8, and conse-
quently Bu3 and Bu4; allowing us to display the result as
in Figure 5.

As we mentioned in section 1.4, plans for future work
include the definition of a systematic method for extracting
a “flow type” from the simplified set of constraints com-
puted by the algorithm. The “flow type” would not neces-
sarily be a bona fide Split type. However, it seems possible
(and desirable) to envisage a method for computing a tex-
tual representation of the constraint set by decorating the
component types of a Split type with labels representing
the interdependencies between them.

6 Relationships with other Type Systems

In [AC96], Abadi and Cardelli define a suite of type sys-
tems for the ¢-calculus. What follows is a comparison be-
tween our system and some of the systems defined in that
book.

Finite and Recursive Types. We have already shown, at
least informally, that our system is more powerful than the
system of recursive types (hence, more powerful than the
system of finite types too). In fact, it is immediate to give a
formal proof of this claim, noting (¢) that recursive types a
la Abadi and Cardelli can be coded as Split types in which
the update and the select components of each method are
identical, and (i7) that invariant subtyping is a special case
of our variant subtyping for Split types.

Types with Variance Annotations. As an enhancement
to the system of first-order and recursive types, Abadi and
Cardelli propose a system where variance annotations are
used to identify read-only and write-only methods. In this
system, it is possible to (soundly) allow subtyping in depth
over these components. Specifically, read-only methods
can be subtyped covariantly while write-only methods can
be subtyped contravariantly. Going back to Example 1.3,
the terms po and p, can be given the following types with
variance annotations:

po : Py = p(X)movet : X]
py P = (X)) int,y : int,movet : X].



counter = [cont = 0,
get = @(s)s.cont,
inc = @(s)(s.backup <= @(z)z.cont := s.cont).cont := s.cont+1l,
backup = @(s)s.cont := 0];
counter : T |
[cont:(int,int), get:(int,int), inc:(Bu3,Bs7), backup:(Bu4,Bs8)] <= T,
[cont:(int,int), get:(int,int), inc:(Bu3,Bs7), backup:(Bu4,Bs8)] <= Bs7,
[cont:(int,int), get:(int,int), inc:(Bu3,Bs7), backup:(Bu4,Bs8)] <= Bs8,
Bu4 <= Bs8, Bu3 <= Bs7
Figure 4. Type of a Restorable Counter.
counter : [cont:(int,int), get:(int,int), inc:(Bu,Bs), backup:(Bu,Bs)] |
[cont:(int,int), get:(int,int), inc:(Bu,Bs), backup:(Bu,Bs)] <= Bs,
Bu <= Bs

Figure 5. Simplified Type of a Restorable Counter.

Now, the subtyping rules for types with variant annotations
validate the relationship P,” < P, and therefore allow
the following typing: [£ = p].l := po : [( : Fo], thus re-
covering the structural information that was lost with sim-
ple recursive types. There is a price to pay, however, as
the variance annotations in the types P, and P, disallow
updates on the move method.

Variance annotations can be modeled naturally with our
Split types. We illustrate the idea using finite types, al-
though the same reasoning applies to recursive types just
as well. The object type [(;; : Bi<!] can be represented

as the Split type [£; : (B, Bf)'"], where for every i € I,
e B} = B; and B}
e BY=1and Bf = B; whenv; =T,

e B} =B’ = B; whenvy; =°.

T wheny; = —,

With this representation, the typing rules for method selec-
tion and method update validate the expected effects of the
annotations. Selecting a write-only method returns a term
of type T, which cannot be used in any interesting context.
Similarly, updating a read-only method is only allowed if
the new method body has type L. The type L (viewed as
a set of terms) is not inhabited by any term and, conse-
quently, updates to read-only method are not allowed.

In accordance to the encoding just outlined, it is not dif-
ficult to verify that the following types can be derived for
the terms pg and p):

w(X)[move : (L, X)]
p(X)[z : (int,int),y : (int,int), move : (L, X)]

Po
Ph
As expected, these types validate the desired subtyping re-

lationships, but prevent updates to the move method. How-
ever, using Split types, we can find a more flexible typing

that validates the desired subtyping relationships and still
allows updates to the move method (see Example 1.3 in
Section 1.2).

Self Types. The relationship between our system and the
system of Self Types from [AC96] is a subtle one. The
system of Self Types is built around two main ideas.” First,
object types are defined as a combination of recursive types
and existential types in such a way that the desirable sub-
typing relationships hold. Second, a special typing rule is
included for method updates in order to preserve sound-
ness. We illustrate these ideas with an example. In the
system of Self types, a 2D object can be assigned the type,?

w(X)IAY < X)[z:int,y :int,move : Y]

There are two important aspects to this type. First, it vali-
dates the subtyping u(X)3(Y < X)[z : int,y : int, move :
Y] < p(X)3A(Y < X)[x : int,move : Y] because subtyp-
ing over bounded existentials is covariant in the bounds and
covariant in the bodies. Second, it hides the “actual” type
of self: the existential quantifier is introduced at the time
of object formation — when the real type of self is known
— and then abstracted away from the type. This abstraction
over the type of self, restricts the way by which methods
returning self can be updated. The typing rule for method
update is the following,

(A=¢(X)[....0: B{X},..])
Era:A EY<As:YFb:B{YY
Eral<g(s)h: A

7We are referring the the system of Primitive Covariant Self Types in
Chap. 16 of [AC96].

8 Abadi and Cardelli introduce a new binder for Self types, and denote
this type as ¢(X)[z : int,y : int, move : X].




The intuitive reading of this rule is the following. The
current type A of the term a may be the result of several
subsumption steps; so it only conveys partial knowledge
about the structure of a. Consequently, when updating the
method ¢ of a, we can only assume that the actual type
of the object (hence of the self variable s) is some type
Y < A. Furthermore, if the original type of ¢ depended
on the type of self, we must now prove that the type of the
new body depends on the type variable Y. In other words,
methods returning self can only be updated with methods
that either return self or an updated self. Thus, for example,
if we let 0 = [move = ¢(s)s], then the term o.move := o is
not typable with Self types since o is not self or an updated
self (i.e., it is equal to self but not self itself !), while the
term o.move < ¢(s)s is perfectly typable.

This last example shows that our system is not less pow-
erful than the system of Self types, as both updates are ty-
pable with Split types. Unfortunately, however, there also
exist terms that are typable with Self types but not typable
in our system.

EXAMPLE 6.1. Consider again the terms from Exam-
ple 1.3. Let pg = [move = ¢(s)s] and p) = [x =
¢(s)s.move.y,y = 0,move = ¢(s)s.y := s.y + 1], and
define o as follows,

0= [l =py].l == po

In that example, we have shown that the term o can be
assigned the Split type [¢ : So LI S2] where Sp LI So =
w(X)[move : (Sp M Saz,X)]. Consider then the term
(0.0).move < ¢(s)s, which is typable with Self types.’
Since o : [¢ : Sp U Sa], it follows by (Val Select) and by
unfolding the type that 0.¢ : [move : (So M Sz, So LI S2)].
To type (0.£).move < ¢(s)s we must use the rule (Val Up-
date). To prove the premises of this rule, we need to show
that s : Sy LU Se F s : D for a some Split type D such
that F [move : (Sp M Sz, S U S2)] < [move : (D, T)]. By
definition of subtyping over Split types, this implies that
D < 5y S;5. Consequently, since Sy M Sy < Sy U .Sy
then, by transitivity, - D < Sy U S5 and this immediately
shows that with the assumption s : Sy LI .Sy it is impos-
sible to prove that s : D, i.e. it is impossible to prove
s:SoUSy s D.

It could of course be argued that there might exist
other types for o that would turn (o0.f).move <= <(s)s
into a typable term in our system. Unfortunately, run-
ning the inference algorithm on this term — which we
have proven to be complete — shows that this is not the
case. To ease the notation we use the following shorthands:
Sa(7y,8) = [z : (int,int), y : (int,int), move : (v, )] and
So(7y, B) = [move : (v, )]. The result of running the al-
gorithm on the term o is shown in figure 6. The constraint

This term can be given the type ¢(X)[move : X] in the Self types
system.

v < [y : (L,int)] in the typing of p}, results from the de-
pendency of the method x on the field y. This constraint
forces any update on the method move of pj, to provide an
object with a field y: this is required for soundness, as the
method x assumes that a call to move returns an object with
a field y. The problem is that the inference algorithm car-
ries this constraint along in the typing of o as well, even
though the type of o does not mention x, which therefore
may no longer be invoked. Continuing our experiment, we
then have:

0.l : [move : (v,0)] |
{lmove : (v, 8)] < B, v < [y : (L,int)], v < 3}

It follows that, to type the update (0.f).move <=
¢(s)s, we need to derive the judgement
s:[move: (v,8)] F s D for some type D such
that +  [move : (v,0)] < [move : (D, T)], ie. such
that - D <~. From the last constraint, and from
v < [y : (L,int)], by transitivity, D < [y : (L,int)]. On
the other hand, the judgement s : [move : (v,8)] - s : D
is only derivable if [move : (v, 3)] < D. In other words,
the typing of the update would require a type D such that
[move : (v,8)] < D <[y : (L,int)]. Clearly, no such type
exists and therefore the term (0.£).move <= ¢(s)s is not
typable in our system. |

The question of whether type inference for Self Types
is decidable, is still open. This problem is believed to
be at least as complex as type inference for the system
of [Pal95], due to the underlying interpretation of Self
types in terms of bounded existentials.
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A Proofs

Proof for theorem 3.3 (Subject Reduction). By induction
on the derivation F ¢ ~~ v. The cases (Red Const) and (Red Ob-
ject) are immediate, as in both cases ¢ = v. The remaining cases
are discussed below.

(Red Select) Suppose F a.f; ~» v. This must follow from
Foa~v =l =¢(s)b;' "] and j € I and from F
bi{{v'}} ~ v. Assume that & + a.l; : C. Then, for
A = [6; : (BY, Bf)'€'], this judgement must have been
derived as follows:

(Val Select)
gha:A

FA<I[¢:(L,D)
gFal;: D
(D<)

ok ak;:C

Since +a ~ v and @  a : A, by induction hypothesis
we have & v’ : A. This last judgement must have been
derived as follows:

(Val Object)
s: A'Fbi{s}: Cy

v =l =q(s)b"] A
(AT < A)
v =t =q(s)b' "] A

FCE<CP (Viel)

for some A’ = [¢;: (CF,C$)*€"]. Since j € I, from
s: A Fbi{s}:Cland o v =l =q(s) bS] : A/
by lemma 3.1 it follows that @ - b;{{v'}} : C¥. By induc-
tion hypothesis, we have @ - v : C}'. Since - C} < CF
and FA’ < Aandalso A < [¢; : (L, D)], it follows that
F C} <Cj; <D< C. Hence, using (Val Subsume) we
have @ v : C.

(Red Update) Suppose b a.l; <= c(s)b~ [l; =<(s)b, €; =
<(s) b; *€1=UH Then Fa ~ [6; = ¢(s) b; "] and j € I.
Assume that @ F a.l; <= ¢(s)b : C. This judgement must
have been derived as follows:

(Val Update)

ora:A FAL[:(D,T) s:AFb:D

o+ al; <.:§(5)sz

where A = [{; : (BY', B{)*¢"]. By induction hypothesis,
@+ [l =c(s)bi “eT]: A. Then, for some Split type A’ =
[t; : (CF,C$)* ], we must have:

(Val Object)
s:AFb:CY FCHLSCP (Viel)

GF[6=q(s)b; €] A
(A< A)

GF[li=q(s)b; €] A

Because s: A - b : D and - A’ < A, by lemma 3.2
it follows that s: A’ - b : D. Furthermore, since
A" <A<t : (D, T)] we have - D < C} and by (Val
Subsume) we derive s : A’ - b : C7'. Hence, using (Val
Object) we have @ + [¢; = ¢(s) b, £; = ¢(s) b; *€T~ 1}
A’, and the desired judgement follows from (Val Subsume)
and the fact that F A’ < A < C. O

Proof for theorem 4.4 (Preservation of Typing). By in-
duction on the derivation £ + a : A in F<. Let (Constant),
(Variable), (Abstraction), (Application) and (Subsumption) be the
names of the typing rules in F<. The proofs for (Constant) and
(Variable) follow immediately from the definitions.

(Abstraction) Suppose E + A(z)b{z} : A — B is derivable
in F<. Then we have E,z : A - b{z} : B and, by induction
hypothesis, [ E,z : A] F [b{z}] : [ B] is derivable in ob'".
The judgements

(1) [Els:[arg: ([A],TAD,val : ([B],[BD)],z: [A]
F[b{z}]: [B]

2) [Els:arg: ([A],[A],val: ([ B], [B])]
Fs.arg:[A]

are derivable in Ob“. Judgement (1) follows from the induction
hypothesis and judgement (2) is easily provable. From (1) and
(2), using lemma 3.1, we have

[E],s:larg: ([A], [A]),val: (B, [B])]
F[o{z}{z := s.arg}} : [ B].

Since [A(x)b{z}] = [arg = <(s)s.arg,val =
s(s)[b{z} [{x := s.arg}}], then by (Val Object) we have
[E]F [M@)b{z}] : [arg - ([A], [A]),val : ([B],[BD).
Consequently, it follows by (Val Subsume) that
[ETF [A(s)b{z}] : [arg: ([A], T),val : (L,[B])]-

(Application) Suppose F + a(b) : B is derivable in F<.
Then, it mustbe E - a: A— Band E  b: A. By induction
hypothesis, [E] - [a] : [A— B]and [E] F [b] : [A].
By definition, we have [A — B] = [arg : ([A], T),val :
(L,[B])]and [a(b)] = ([a]-arg :== [b]).val. Since [E]
[a]:[arg: ([A], T),val: (L,[B])]and [E]F [b]:[A].
then it follows by (Val Update) that [ E'] + [a].arg := [b] :
[arg : ([A], T),val : (L,[B])]. From the last judgment, by
(Val select) we conclude that [E] F ([a].arg :==[b]).val :

[B].

(Subsumption) Immediate from the induction hypothesis and
from lemma 4.3. a

Proof for theorem 5.6 (Rewriting is sound). By a case
analysis on the rewriting step in question.

(I-Val Var) Let p be a substitution such that p = (J,CU {A <
a}). Then clearly p = (J,C) and p(A) < p(«), and the
format of the rewriting in question implies I'(z) = A. Then
o(T') F a : ¢(«a) is derivable by (Val Var) and (Val Sub-
sume), and this proves the claim.



(I-Val Select) Let p be a substitution such that p = (JU{I'>a :
at,CU{a < [¢: (L,8)]}). Then p(T') F a : p(a) is
derivable, and p(a) < [¢ : (L, p(8))]- Then p(T') - a. £ :
p(B) derives from (Val Select): this proves the claim as it
implies that p = (JU{T'>a.£: 5}, C).

(I-Val Update) Let p be a substitution such that p = (JU{I'>a :
a,Iys:avb: 1, CU{a<~vy,a<[l:(L,5)]}). Then
pla) < p(x) and p(a) < [¢ ¢ (L,p(8))], and the two
judgements p(I') - a : p(e) and p(T"), s : p(a) F b : p(B)
are derivable. Then p(I") F a.f < ¢(s)b : p(v) derives
from (Val Update) and (Val Subsume), which again proves

the claim.
(I-Val Object) Let p = (JUA{T,s : [6i : (Bi,7) <] > bi
/Bl}vc U {[ : (/817’71) IEI] < a B < ’71}) Then

£ (30 p(20) '] < and p(3) < (). and the
judgements T', s : [€; : (p(B:), p(v:)) ZEI] Fb; : p(3:) are
all derivable. Then p(I') - [£; = ¢(s) b; “¥7] : p(c) derives
from (Val Object) and (Val Subsume). |

Proof for theorem 5.6 (Rewriting is complete). By a
case analysis on the rewriting step in question.

(Val Var) Let p be a substitution such that p = (JU{T'> z :
a},C). By definition p(I') F x : p(«) is derivable. By
Lemma 5.5.1 (p(I"))(z) = A for a type A such that A <
p(a). Thus p(J,C U {A < a}) as desired.

(Val Select) Let p be a substitution such that p = (JU{T'>a.f:
B}, C). By definition p(I") - a. £ : p(3) is derivable, and,
by Lemma5.5.2, p(T") I a : A is also derivable for a type A
such that A < [€: (L, p(83))]. Then define p’ = pU {a —
A} where « is the fresh variable chosen by the rewriting in
question: now, p’ = (J’, C) by construction.

(Val Update) Let p be a substitution such that p = (JU{T'>a.
£ <= ¢(s)b : v}, C). By definition p(T') F a . £ < ¢(s)b :
p(7) is derivable. By Lemma 5.5.3, p(T') F a : A’ and
p(T),s : A’ - b : B are both derivable, for two types type
A’ and B such that A’ < [0 : (B, T)] and A’ < A. Then,
define p’ = pU {a+— A’, 3 +— B} where a and 3 are the
fresh variables chosen by the rewriting in question: as in the
previous case, p’ = (J', C") by construction.

(Val Object) Let p be a substitution such that p = (JU {T'>
[€; = <(s)b; *¥] : a},C). By definition p(T') F [¢; =
s(s)b; 7] : p(a). By Lemma 5.5.4, the judgements
p(T),s : [6; : (BY, Bf) *S'] - b; : B are all derivable
and B}* < B;. Thendefine p’ = pU{83; — B;{*,v; — B;}
where 3; and +y; are the fresh variables chosen by the rewrit-
ing in question: again, p’ = (J’, C’) by construction. I

Proof for theorem 5.8 (Inference is sound and complete).
Take a substitution p = C. By definition, p | (&,C), and
by Lemma 5.6 (and transitivity) p = ({I'>a : a}, &): hence
p(T) F a : p(a) is derivable, as desired. Conversely, take
E F a : A as in the hypothesis, I" and « as specified by the
algorithm, and define a substitution p as follows: p(a) = A, and
p(I'(z)) = E(x) for every x € Dom(E). Then E = p(T") and
A = p(«) by construction, and clearly p = ({T'>a : a}, @), as
E b a : A is derivable by hypothesis. Finally, p = (&, C), by
Lemma 5.7, and hence p |= C. O



