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Abstract

Weproposeto matchtwo hierarchiesof segmentationsby many-to-many mappingsbe-
tweenthe regionsof the two hierarchies. The mappings preserve the order of the regions
(w.r.t. set inclusion) in both hierarchies. The matching involves weights for the signifi-
canceof individual regionswithin a hierarchy andsimilarity measures for thecomparison
of regions from differenthierarchies. Irregular pyramids,in whicheachlevel consistsof an
attributedplane graphandan attributeddual grapharewell suited to represent the hierar-
chiesandto providetheinformation for computingtheweightsandthesimilarity measures.
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1 Introduction

Hierarchiesof segmentationscanbeobtainedfrom animageby asequenceof criteriafor merg-
ing neighboringregions. Whencriterion � cannotbeappliedanymore,the � -th segmentation
is attained. Considertwo hierarchies	�

����� and 	�

����� of segmentations with respectto the
images��� and ��� , respectively. Weassumethatthehierarchieshavebeenconstructedaccording
to thesamesequenceof criteria. In this paperthestructural similarity of ��� and ��� is grasped
by ahierarchy-preservingmany-to-many mappingbetweentheregionsof 	�

����� and 	�

����� .

If we assumethat the highestlevel of 	�
������ (���! #"�$ ) containsonly oneregion, i.e. the
whole image,the partial orderof the regionsin eachhierarchymay be describedby a rooted
tree, the verticesof which representthe regions (the root representsthe whole image),and
the edgesof which representset inclusion. Thus,we may focuson many-to-many mappings
betweentwo rootedtreesthatpreserve theordersimposedby therootedtrees.

We usea tree matchingalgorithm that is basedon a maximumclique formulation in a
derivedassociationgraph[7]. Alterationsof the region propertiesaretaken into accountby a
similarity measurebetweenregionsandstructuralalterationsarebalancedby meansof weights
thatindicatetherelevanceof theregionsfor thehierarchy.

Thepaperisorganizedasfollows: In Sec.2wepresentagraph-basedconceptfor calculating
andrepresentingnestedmorphological segmentation. Thetreematchingalgorithmis explained
in Sec.3. Sec.4 is devoted to the weightsand the similarity measuresfor matchingnested
morphological segmentations.Experimentalresultsarepresentedin Sec.5.

2 Nested Morphological Segmentation

Morphological segmentationmethodsrelyontheintuitiveideaof floodingatopographicsurface
in orderto find thewatershedsandto determinethecatchmentbasins[5]. Theideaof flooding
is alsousedto derivehierarchiesof catchmentbasins[6]. Wewill first sketchhow to derive the
watershedsandthecatchmentbasinsby dualgraphcontraction[4]. Thenwe will constructthe
hierarchyof thecatchmentbasins.

Let the topographicsurfacebe definedby the modulus of the gradientimageas in [6].
We representthe topographic surfaceby a dualpair 
 %'&(")%*&�� of graphs,%'& beingplane. The
verticesandedgesof %'& representthepixelsandthe4-neighborhoodof thepixels,respectively.
For eachvertex + of %,& let -�.0/�
�+1� denotethealtitude(modulusof thegradient)at + . Thevertices
andtheedgesof thegraphs%'&2�3
546&�")78&�� and %'&9�3
 4:&(" 7;&�� areequippedwith attributevalues-#/</�
>=?� asfollows[3] (Figure1):



[a] [b]

Figure1: (a) Representationof a topographicsurfaceby meansof pixels whosegray values
indicatethealtitude. (b) Initial pair 
 %@&(")%*&�� of attributeddualgraphsrestrictedto thesquare
in (a). Thecircularandsquareverticesbelongto %A& and %'& , respectively.

B -#/</�
�+1�2CD�E-�.0/�
�+1� FG+IHJ46& ,B -#/</�
5KL�2CD�EMONP�RQS-#/</�
�+1�,TL+ is endvertex of K�U FVK'HJ78& ,B -#/</�
 KS�9CD�W-#/</�
5KL� for all pairsof dualedges
5K#" KL�2HJ78&YX 7;& ,B -#/</�
 +S&��2C?�ZMONP�RQS-[/</�
 K��YT K has+�& asanendvertex U F +S&\H 4:& .
A sequenceof monotonic dualgraphcontractions[3] transformsthedualpair 
 %]&("^%'&�� into

thedualpair 
 %A�`_a")%*�`_#� . Thedualpair 
 %'�`_1")%*�`_[� obtainedfrom Figure1ais depictedin Fig-
ure2a.Theverticesandtheedgesof %A�`_ representthecatchmentbasinsandtheneighborhood
relationsof thecatchmentbasins,respectively. In accordancewith [3] thecontractionof % is
donein awaywhichensuresthat %b�`_ maybeembeddedon %A& .

Coarsersegmentationsarederived from thecatchmentbasinsby unifying thebasins.The
unification of neighboring basins cS� and c)� is achieved by contractingthe edgein %b�`_ that
connectstheverticesrepresentedby c(� and c)� . As pointedout in [6], a varietyof criteriacan
be usedfor thechoiceof thebasinsto be unifiedfirst. Thecriteria areusuallyformulatedby
meansof the basinsizes,their depthsor the minimal altitudeon the commonborderof the
basins.In [3] it is proventhatthealtitudeof thedeepestpoint in basinc is givenby theattribute
of thevertex representingc in %A�`_ . It is alsoshown that theattributeof eachedgeK with end
verticesrepresentingc(� and c)� indicatestheminimal altitude alongthatpartof theborderline
betweenc(� and c)� which is representedby K ( K and K beingadualpair of edges).

Contractingtheedgesof %'�`_ accordingto increasingvaluesof -#/</�
5KL�`_[� ( K(�`_ edgeof %'�`_ )
yieldsahierarchyof regionsastheonedepictedin Figure2b,whereunificationof d*e and d2� is
denotedby d\e1fgd2� .

Thegraph %'�`_ is contractedin subsequentparallelsteps,until thereexistsbut onevertex.
Thehierarchyof theregionsobtainedformsasocalledirregular pyramid [4]
 %*�`_h"^%'�`_���"i
 %*�`_ � ��")%*�`_ � �>��"(j(j�j�"L
 %'�`_ � �`k\")%*�`_ � �`k9��j (1)



[a] [b]

Figure2: (a) The dual pair 
 %'�`_1")%*�`_[� . The circular verticesbelongto %A�`_ and the square
verticesbelongto %b�`_ . (b) Thehierarchyof theregionsfrom thepyramidontopof 
 %@�`_a")%*�`_#� .
The verticesof %'�`_ � �`e representthe regionsof the nestedmorphological segmentation. The
orderof theseregionswith respectto setinclusiondefinesthehierarchyof theregions.

3 Many-to-many Matching of Attributed Trees

To matchhierarchiesof segmentationswe useda framework recentlyintroducedin [8], which
expandson previous work developedin [7]. The basicideabehindthis approachis to cast
the treematchingproblemasan equivalentmaximumweightclique problem. This is in turn
mappedontoanequivalentquadraticprogramwhich is then(approximately)solvedby simple
dynamicsarisingin evolutionarygametheoryandrelatedfields.

Formally, an attributed tree is a triple lm� 
54n"^7o")pq� , where 
P4r")7b� is the “underlying”
rootedtreeand pWCs4ut v is a functionwhich assignsanattributevector p9
�wG� to eachnodewxHg4 . Two nodeswy"^+zHg4 aresaidto beadjacent(denotedwJ{|+ ) if they areconnectedby
anedge.We shallalsoconsidera function }]Cav~t IR � which assignsto eachsetof attributes
(and thereforeto eachnodein the tree) a real positive number. This will be interpretedas
the negligibility of the correspondingnodein the tree. Specifically, a nodewill be declared
“negligible” if thevalueof thefunction } correspondingto its attributesis smallerthana fixed
threshold� . Clustersof nodesthatcontainonly onenon-negligible node(w.r.t. � ) arecalled � -
clusters. For aformaldefinitionsee[7]. Weassociatean � -clusterof negligiblenodesin thefirst
subtreeto an � -clusterof negligible nodesin thesecondtree,therebydefininga many-to-many
mappingfrom thefirst to thesecondtree.

A relation � ��4s��XJ4:� is calledasubtree � -morphismif it preservesthehierarchiesof the� -clustersin eachof thetrees.A formaldefinitionis givenin [8].
Clearly, in realisticapplications,it would bedesirableto find a subtree� -morphismwhich

pairsnodeshaving “similar” attributes. To this end, let � be any similarity measureon the
attribute space,i.e. any (symmetric)function which assignsa positive numberto any pair of



attributevectors.
If � is a subtree� -morphismbetweentwo attributed trees lr��� 
P4V��")7���")p���� and lG�J�
P4:�(")7;�i")py��� , theoverall similarity betweenthematchedstructurescanbedefinedasfollows:� 
5���n� ����L� �h���(� �n
5p���
�wG��")pR�(
������

The � -morphism� is calledamaximalsimilarity subtree � -morphismif wecannotaddfurther
matchingsto � , while retainingthe morphismproperty. It is called a maximumsimilarity
subtree � -morphismif

� 
5��� is thelargestamongall � -morphismsbetweenl�� and lV� .
The weighted � -treeassociationgraph( � -TAG) of two attributedtrees lr�I� 
P4V��")7���")p����

and lV�'�u
P4:�(")7;�(")py��� is thegraph %A���u
54n"^7o"��9� where 4��~4V�8Xx4:� suchthat for any two
nodes 
�wy"^�,� and 
�+6")�[� in 4 the level of w in the hierarchyof lq� equalsthe level of + in the
hierarchyof lV� andthe sameappliesto the vertices� and � . Again, the levelsarethe levels
of thecorrespondingclusters[7]. Thefollowingresultestablishesaone-to-onecorrespondence
betweentheattributedtreemorphismproblemandthemaximum weightcliqueproblem.

Proposition 3.1 Anymaximal(maximum)similarity subtree � -morphismbetweentwoattributed
treesinducesa maximal(maximum)weightclique in thecorrespondingweighted� -TAG, and
viceversa.

Oncethe treemorphism problemhasbeenformulatedasa maximumweightclique problem,
any clique finding algorithm can be employed to solve it (see[1] for a recentreview). In
the work reportedin this paper, we usedan approachrecentlyintroducedin [7, 2], which is
summarizedbelow.

3.1 Matching via game dynamics

Let %���
P4r")7�"��9� be an arbitraryweightedgraphof order � , andlet
� _ denotethe standard

simplex of IR_ : � _A��Q���H IR
_ C� [¡?�z�¢ and £6eR¤Z¥a"¦N¦�§ nj(j(j>�¨U

where   is thevectorwhosecomponentsequal1, anda primedenotestransposition. Givena
subsetof vertices© of % , we will denoteby �qª its characteristicvectorwhich is thepoint in� _ definedas £ ªe �¬« �\
�w:e0��­�®*
�©b��" if w6eyHJ©¥a" otherwise

where ®*
5©A�n��¯ ��°^�i± �\

w1��� is thetotalweighton © .
Now, considerthefollowingquadraticfunction²�³ 
��R�r���s¡�

´µ � �¡�¶�· ³ �¸� (2)



where· ³ �¹
5-#eº��� is the ��X¨� symmetricmatrixdefinedasfollows:

-#eº�;� »¼º½ ��P¾ �D��¿À� if Nq�Á�]"¥ if NYÂ�Á� and w6eG{Ww���"��P¾ �D��¿À� f ��P¾ �D��°�� otherwise
(3)

and ´¢�ÄÃÆÅSÇ2-#eº� . The following resultallows us to formulatethe maximum weight clique
problemasa quadraticprogram,therebyswitchingfrom thediscreteto thecontinuousdomain
(see[2] for proof).

Proposition 3.2 Let © bea subsetof verticesof a weightedgraph %È�¬
P4r")7o">�9� , andlet · ³
bedefinedasin (3). Then,© is a maximum(maximal)weightcliqueof % if andonly if � ± 

ÉO�
is a global (local) maximizerof

²�³
in
� _ . Moreover, all local (andhenceglobal)maximizersof²�³

on
� _ arestrict.

We now turn our attentionto a classof simple dynamicalsystemsthatwe usefor solving our
quadraticoptimizationproblem.Let Ê beanon-negativereal-valued�8X2� matrix,andconsider
thefollowing dynamical system:Ë£:e>
�/��r��£:e¸
�/��ÍÌÀ
5ÊW�Î

/����¸e6¶x�Î
�/��¸¡ÏÊW�Î
�/��¸Ð[" N¦�§ nj(j(j>� (4)

whereadot signifiesderivativew.r.t. time / , andits discrete-timecounterpart£:e¸
�/yfZ L�r��£:e¸
�/�� 
5Ê��n

/����<e�Î
�/�� ¡ ÊW�Î
�/�� " N¦�¢ nj(j�j��Ñj (5)

It is readilyseenthatthesimplex
� _ is invariantunderthesedynamics,whichmeansthatevery

trajectorystartingin
� _ will remainin

� _ for all future times. Both (4) and (5) are called
replicatorequationsin evolutionarygametheory, sincethey areusedto modelevolution over
timeof relative frequenciesof interacting,self-replicatingagents[9].

If Ê �3Ê ¡ thenthefunction �Î

/�� ¡ ÊW�Î

/�� is strictly increasingwith increasing/ alongany
non-stationary trajectory �Î

/�� underboth continuous-time(4) anddiscrete-time(5) replicator
dynamics.Furthermore,any suchtrajectoryconvergesto a stationarypoint. Finally, a vector�ÒH � _ is asymptotically stableunder(4) and(5) if andonly if � is a strict local maximizer of� ¡ Ê�� on

� _ .
Thepreviousresultis known in mathematicalbiologyasthefundamentaltheoremof natural

selection[9] and, in its original form, tracesbackto R. A. Fisher. Motivated by this result,
we use(as in [7, 8]) replicatorequationsasa simpleheuristic for solving our attributedtree
matchingproblem.Let lq���|
P4V��")7���")p���� and lV�;�|
546�("^78�i")py��� betwo attributedtrees,andlet%Ó�¹
54n"^7o"��9� bethecorrespondingassociationgraph.By lettingÊ �Z´µ � �¡�¶�· ³ (6)

we know that the replicatordynamicalsystems(4) and(5), startingfrom an arbitrary initial
state,whichis usuallytakento bethesimplex barycenter, will iteratively maximizethefunction� ¡ Ê�� over thesimplex andwill eventually convergeto a strict local optimizerwhichwill then
correspondto thecharacteristicvectorof amaximalweightcliquein theassociationgraph.This
will in turn induceamaximalsimilarity subtree� -morphismbetweenl9� and lG� .



4 Weights and Similarity Measures

Matchingnestedmorphological segmentationsin a robust way we have to take into account
thattherearecatchmentbasinswhicharesensitive to changesof thetopographyandothersthat
aremorestable.Thesamedistinctionmakessensefor regionsobtainedby unifying catchment
basins. In the following we will defineweightsfor regions that reflect the reliability of the
regions for the matching. Due to the one-to-onecorrespondencebetweenthe regionsof the
hierarchicalsegmentation andtheverticesin all %@�`_ � �`e , we may identify the regionswith the
vertices.Theminimal attribute ·Y/</ kRe?_ 

Ô#� of all edgesincidentto region­ vertex Ô , i.e.·8/</ k¦eD_ 
�Ô��9CD�EMONP�RQS-[/</�
�KL�,TLÔbH Õ�
5KL�)U (7)

indicatesthenext higherlevel of theflood thatunifies Ô with a neighboringregion. Themax-
imal attribute ·Y/</>kqÖ¸× of all edgesK�ØÙÔ ( K and Ô both aresubsetsof IR� ), i.e. ·8/</<kqÖ¸×a
�Ô��ÆC?�M�-#£ÍQS-#/</�
5KL��T�K*ØZÔ�U indicatesthelowestlevel of thefloodatwhichall sonsof Ô weremerged.
Let Ú(N`�#K�

Ô#� denotethesizeof region Ô , i.e. thenumberof pixels in Ô . Wedefinetheweightof a
region Ô to be �\K(N5ÛaÜa/�
�Ô��r�¹
�·8/</ k¦eD_ 
�Ô��q¶�·Y/</<k¦Ö¸×1
�Ô���� � ÚiNP�#K�
�Ô���j (8)

The similarity measure will dependon the application. It can be derived from topological
measurements(genusof the regions), geometricmeasurementsof the regions(area,shape)or
of theboundaries(perimeter, curvature),or thecolors(grayvalues)of theregions.

5 Experimental Results

To checkthe algorithms we generatedthe test imagesdepictedin Fig. 3a-c. The imagesare
composedsuchthat thereare different pairs of neighboringregionswith the samecontrast.
Thus,the unificationof neighboring basinsasdefinedin Sec.2 is not unique. In thesecases
thechoiceis madeby usinga randomgenerator. However, eachambiguousunificationyieldsa
regionof zeroweight(Sec.4) andaftercontractingthenegligible edges(with respectto �9�W¥ )
thehierarchiesof theimagesin Fig. 3a-cshouldbepairwiseisomorphic(trees)again.Indeed,
weobtainedperfectmatchesbetweenthecontractedhierarchies.

We alsoperformedtestson real images. The hierarchiescomputedfrom the subimages
l-eye, r-eye, mouth, andnosein Fig. 3d had27, 31, 37, and41 vertices,respectively. Since
thereis no preferredvaluefor � , we covereda wide rangeby choosing � suchthat thenumber
of clustersin the hierarchyof l-eye amountedto 24 (all regionswith weight greaterthan0),
20, 15, and10, respectively. The correspondingvaluesfor � arebetween¥ and $#Ý�¥ . We did
not want unreliableregions to contribute to the weightsof the cliquesin the � -TAG. Hence,
we setthe weight of a vertex 

wy"^+1� in the � -TAG to zerowhenever the weight of w or + was
smalleror equalto � . In general,thenumberof clustersfor thesame� is differentin hierarchies
from different images. Thus,we have to compensatefor the differentnumbersof clustersif



(a) (b)

(c) (d)

Figure3: (a-c)Perfectlymatchedimages.(d) Thefour imagesl-eye, r-eye, mouth, nose.

quantifyingthequalityof thematches.We calculatedthenormalizeddistance1Þ N<Ú�/¸�)
�lR��"�lV���2CD�¢ ;¶ Êß�^
5©Y������ M�-#£¦
��G��

ly����"��V��

lG����� " where (9)B ly� and lG� aretheattributedtreesof thesubimages,B ÊJ�)
�©Y����� is theweightof themaximal weightclique ©'��� in the � -TAG of l¦� and lV� ,B �G�)

ly��� denotesthenumberof � -clustersin lq� , andB � denotestheupperboundof thesimilarity function � .

Thesimilarity functionis a linearfunctiononthemeangraylevels (normalizedto Ìº¥a"( �Ð ). Tab. 5
shows the resultsfor ���Ä¥ . As for all other � -valuestested,the two eyesaremostsimilar,
followedby thepair l-eyeandmouth.

Analogousexperimentswereperformedwith the imagesin Fig. 4. For � -valuesbetween
3000and5000(seeTab. 5) thetwo imagespot-0andpot-180havebeenthemostsimilar ones.
Notethatthelight intensitiesof thetwo imagesaredistributeddifferentlyandthatour method
doesnotmakeuseof shapes.

1withoutproof thatthemetricaxioms arefulfilled.



Table1: Normalizeddistancesof graphsfrom subimagesof Fig. 3d for ���E¥ .�9�E¥ l-eye r-eye mouth nose
l-eye 0.00 0.27 0.42 0.58
r-eye 0.27 0.00 0.45 0.52
mouth 0.42 0.45 0.00 0.51
nose 0.58 0.52 0.51 0.00

(a)pot-0 (b) pot-90 (c) pot-180 (d) pot-270

Figure4: Imagesof apot from theCOIL-database.

Table2: Normalizeddistancesof graphsfrom potsin Fig. 4 for �9�Zà[¥#¥#¥ .�9�Zà[¥#¥#¥ pot-0 pot-90 pot-180 pot-270
pot-0 0.00 0.32 0.21 0.57
pot-90 0.32 0.00 0.44 0.53
pot-180 0.21 0.44 0.00 0.61
pot-270 0.57 0.53 0.61 0.00



6 Conclusions and Outlook

Weproposedacombinationof hierarchicalsegmentationfollowedbyamany-to-many matching
of theregions.This combinationis well suitedto detectstructuralsimilaritiesbetweenimages.
Robustnessis achieved througha weight function and a similarity function for the regions.
Our methodis invariant to geometricaltransformationsof homogeneousregions as long as
thetopologicalrelationsbetweentheregionsareunchanged.First experimentson real images
showedthat thematchingresultscorrespondto humanintuition. In the futurewe will extend
theconceptsuchthat thecalculationof thehierarchy, aswell astheweightandthesimilarity
functionmaydependon theshapeof theregions.
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