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Abstract

We proposeto matchtwo hieraichiesof segmentaions by mary-to-mary mapping be-
tweenthe regions of the two hierarchies. The mappirgs preseve the orde of the regions
(w.r.t. setinclusion)in both hierachies The matching involvesweights for the signifi-
canceof individual regions within a hieraichy andsimilarity measursfor the compaison
of regions from differenthierarchies Irregular pyramids,in which eachlevel consgstsof an
attributedplare graphandan attributeddud grapharewell suited to repregntthe hierar-
chiesandto provide theinformaiton for computing theweights andthesimilarity measurs.
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1 Introduction

Hierarchiesof sggmenationscanbeobtainedrom animageby asequencef criteriafor meg-
ing neighboringregions. Whencriterionn cannotbe appliedanymore,the n-th segmenation
is attained. Considertwo hierarchiest(1;) and H(I,) of segmentaibns with respectto the
imagesl; andl,, respectiely. We assumehatthe hierarchieshave beenconstructedccording
to the samesequencef criteria. In this paperthe structural similarity of I; and/, is grasped
by a hierarchy-preservinghary-to-mary mappingbetweertheregionsof H(I;) and# (ls).

If we assumethat the highestlevel of #(Z;) (j = 1,2) containsonly oneregion, i.e. the
whole image,the partial order of the regionsin eachhierarchymay be describedby a rooted
tree, the verticesof which representhe regions (the root representshe whole image), and
the edgesof which represensetinclusion. Thus,we may focuson mary-to-mary mappings
betweenwo rootedtreesthatpresenre theordersimposedoy therootedtrees.

We usea tree matchingalgorithmthat is basedon a maximumclique formulationin a
derived associatiorgraph[7]. Alterationsof the region propertiesaretakeninto accountby a
similarity measurdetweerregionsandstructuralalterationsarebalancedy meansf weights
thatindicatetherelevanceof theregionsfor the hierarchy

Thepapelis organizedasfollows: In Sec.2 we presenagraph-basedoncepfor calculating
andrepresentingestednorphologcal segmentaton. Thetreematchingalgorithmis explained
in Sec.3. Sec.4 is devotedto the weightsand the similarity measuregor matchingnested
morphol@ical segmentatbns. Experimentatesultsarepresentedn Sec.5.

2 Nested Morphological Segmentation

Morpholodgcal sgmentatbn methodsely ontheintuitiveideaof floodingatopographisurface
in orderto find the watershedsindto determinghe catchmenbasing5]. Theideaof flooding
is alsousedto derive hierarchieof catchmenbasing6]. We will first sketchhow to derive the
watershedsndthe catchmenbasinsby dualgraphcontraction4]. Thenwe will constructhe
hierarchyof the catchmenbasins.

Let the topographicsurface be definedby the moduls of the gradientimageasin [6].
We representhe topographt surfaceby a dual pair (G, G,) of graphs,G, beingplane. The
verticesandedgef G representhepixelsandthe4-neighborhoof the pixels,respectiely.
For eachvertex v of Gy let alt(v) denotethealtitude(modulusof thegradientjatv. Thevertices
andtheedgesf thegraphsGy, = (Vp, Ey) andG,, = (V4, Ey) areequippedwith attributevalues
att(-) asfollows[3] (Figurel):
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Figure1: (a) Representationf a topographicsurfaceby meansof pixels whosegray values
indicatethe altitude. (b) Initial pair (G, G,) of attributeddual graphsrestrictedto the square
in (a). Thecircularandsquareverticesbelongto G, andGy, respectiely.

e att(v) :=alt(v) Vv eV,

e att(e) := min{att(v) | visendvertexof e} Ve € E,

e att(e) := att(e) for all pairsof dualedged(e, e) € Ey x Ey,

e att(Tg) := min{att(e) | € hasv, asanendvertex} Vop € Vj.

A sequencef monoton¢ dualgraphcontractiong3] transformghedualpair (G, Gy) into
thedualpair (G4, G2,). Thedualpair (G4, G2,) obtainedfrom Figure lais depictedn Fig-
ure2a. Theverticesandtheedgesf (G5, representhe catchmenbasinsandtheneighborhood
relationsof the catchmenbasins respectrely. In accordancevith [3] the contractionof G is
donein away which ensureshatG,,, maybeembeddedn G,.

Coarsersggmentatbnsarederived from the catchmenbasinsby unifying the basins. The
unification of neighborig basinsb; and b, is achieved by contractingthe edgein G5, that
connectghe verticesrepresentethy b; andb,. As pointedoutin [6], a variety of criteriacan
be usedfor the choiceof the basinsto be unifiedfirst. The criteria are usuallyformulatedby
meansof the basinsizes,their depthsor the minimal altitude on the commonborderof the
basins.n [3] it is proventhatthealtitudeof thedeepespointin basinb is givenby theattribute
of the vertex representing in G,,. It is alsoshown thatthe attribute of eachedgee with end
verticesrepresenting, andb, indicatesthe minimal altitude alongthatpartof the borderline
betweerb,; andb, whichis representedly e (e ande beingadualpair of edges).

Contractingthe edgesof G, accordingto increasingvaluesof att(es,) (e2, edgeof Ga,)
yieldsa hierarchyof regionsasthe onedepictedn Figure2b, whereunificationof R; andR; is
denotedvy R; + R;.

The graphGs,,, is contractedn subsequernparallelsteps,until thereexists but onevertex.
Thehierarchyof theregionsobtainedormsa socalledirr egular pyramid [4]

(G—Qna G2n)7 (G2n+1a G2n+1)a sy (G2n+2ma G2n+2m)- (1)
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Figure 2: (a) The dual pair (G2, G2,). The circular verticesbelongto G, andthe square
verticesbelongto G5, . (b) Thehierarchyof theregionsfrom the pyramidontop of (Gz,, Ga,,).

The verticesof G4, 9; representhe regions of the nestedmorphol@ical sggmenation. The
orderof theseregionswith respecto setinclusiondefinesthehierarchyof theregions

3 Many-to-many Matching of Attributed Trees

To matchhierarchief segmentationswve useda framewnork recentlyintroducedin [8], which
expandson previous work developedin [7]. The basicideabehindthis approachis to cast
the tree matchingproblemas an equivalentmaximumweight clique problem. Thisis in turn
mappedontoanequialentquadraticorogramwhich is then(approximately)solved by simple
dynamicsarisingin evolutionary gametheoryandrelatedfields.

Formally, an attributedtreeis atriple T = (V, E, «), where (V, E) is the “underlying”
rootedtreeanda : V — A is afunctionwhich assignsan attribute vectora(u) to eachnode
u € V. Two nodesu,v € V aresaidto beadjacent(denotedu ~ v) if they areconnectedy
anedge.We shallalsoconsiderafunctioné : A — IR, which assigndo eachsetof attributes
(and thereforeto eachnodein the tree) a real positve number This will be interpretedas
the nggligibility of the correspondinghodein the tree. Specificdly, a nodewill be declared
“negligible” if the valueof the functiond correspondingo its attributesis smallerthana fixed
thresholde. Clustersof nodesthatcontainonly onenon-ngligible node(w.r.t. ¢) arecallede-
clustes. Foraformaldefinitionsee[7]. We associat@ne-clusterof negligible nodesdn thefirst
subtreeto ane-clusterof nggligible nodesin the secondree,therebydefininga mary-to-mary
mappingfrom thefirst to the secondree.

A relationM C Vi x V, is calleda subteee-morphismif it preseresthe hierarchieof the
e-clustersin eachof thetrees.A formal definitionis givenin [8].

Clearly, in realisticapplicationsjt would be desirableto find a subtrees-morphismwhich
pairs nodeshaving “similar” attributes. To this end, let o be ary similarity measureon the
attribute space,i.e. ary (symmetric)function which assignsa positve numberto ary pair of



attributevectors.
If M is a subtreec-morphismbetweentwo attributedtrees?T; = (V1, E1,«;) andT, =
(Va, Es, as), theoverall similarity betweerthe matchedstructuresanbe definedasfollows:

SM)= Y olan(u),az(w))

(w,w)eM

Thee-morphisml/ is calleda maximalsimilarity subteee-morphismif we cannotaddfurther
matchingsto M, while retainingthe morphismproperty It is called a maximumsimilarity
subteee-morphismf S(M) is thelargestamongall e-morphismsetweeril’; and7s.

The weightede-tree associatiorgraph (e-TAG) of two attributedtreesT} = (V3, E1, ay)
andT, = (Vs, By, as) isthegraphG, = (V, E,w) whereV = V; x V, suchthatfor ary two
nodes(u, w) and (v, z) in V thelevel of u in the hierarchyof T, equalsthe level of v in the
hierarchyof T, andthe sameappliesto the verticesw andz. Again, the levels arethe levels
of thecorrespondinglusterd7]. Thefollowingresultestablishegs one-to-onecorrespondence
betweerthe attributed treemorphsm problemandthe maximum weightclique problem.

Proposition 3.1 Anymaximallmaximum}pimilarity subteee-morphismbetweenwo attributed
treesinducesa maximal(maximum)weightclique in the correspondingveightede-TAG, and
viceversa.

Oncethe tree morphisn problemhasbeenformulatedasa maximumweightclique problem,
ary clique finding algorithm can be employed to solwe it (see[1] for a recentreview). In
the work reportedin this paper we usedan approachrecentlyintroducedin [7, 2], which is
summarizedelow.

3.1 Matching via game dynamics

Let G = (V, E,w) be anarbitraryweightedgraphof ordern, andlet S,, denotethe standard
simplex of IR™:

Sp,={x€lR": ex=1andz; >0,i=1...n}

wheree is the vectorwhosecomponent&quall, anda prime denotedransposion. Givena
subsef verticesC' of G, we will denoteby x¢ its characteristic vectorwhich is the pointin
S, definedas

e | wlu)/C), ifu;€C
i 0, otherwise

whereQ(C) =Y, .- w(u;) is thetotal weighton C.
Now, considelthefollowing quadratidunction

fa(x) = x'(yee' — Ag)x (2)



whereA; = (a;5) isthen x n symmetricmatrix definedasfollows:

ZW(IW) ifi=7,
a; =14 0 if  # j andu; ~ u; , (3)
1 L otherwise

2w(ug) + 2w(u;)

andy = maxa,;;. The following resultallows usto formulatethe maximun weight clique
problemasa quadratigorogram therebyswitchingfrom the discreteto the continuousdomain
(se€]2] for proof).

Proposition 3.2 LetC bea subsebf verticesof a weightedgraphG = (V, E,w), andlet Ag
be definedasin (3). Then,C is a maximum(maximal)weightcliqueof G if andonlyif x©(w)
is a global (local) maximizerof f in S,,. Moreover, all local (andhenceglobal) maximizes of
fe onS, arestrict.

We now turn our attentionto a classof simple dynamicalsystemshatwe usefor solving our
quadratioptimizatonproblem.Let W beanon-ngaivereal-valuedn x n matrix,andconsider
thefollowing dynamcal system:

T;(t) = zi(t) [(Wx(t)); — x(t) Wx(t)], i=1...n (4)
whereadot signifiesderivatve w.r.t. time ¢, andits discrete-timecounterpart

(Wx(1))
x(O)Wx(t)’

It is readilyseenthatthesimplex S,, is invariantunderthesedynamicswhich meanghatevery
trajectorystartingin S,, will remainin S,, for all future times. Both (4) and (5) are called
replicatorequationsn evolutionary gametheory sincethey are usedto modelevolution over
time of relative frequencie®f interacting self-replicatingagentq9].

If W = W’ thenthefunctionx(¢)'Wx(t) is strictly increasingwith increasing: alongary
non-statioary trajectoryx(¢) underboth continuais-time(4) anddiscrete-timg(5) replicator
dynamics. Furthermoreary suchtrajectorycorvemesto a stationarypoint. Finally, a vector
x € S, isasymptdically stableunder(4) and(5) if andonly if x is a strictlocal maximzer of
x'WxonS§,.

Thepreviousresultis known in mathematicabiology asthefundamentatheorenof natural
selection[9] and,in its original form, tracesbackto R. A. Fisher Motivated by this result,
we use(asin [7, 8]) replicatorequationsas a simple heuristc for solving our attributedtree
matchingproblem.Let T} = (V4, E1, 1) andTy = (V3, Es, o) betwo attributedtrees,andlet
G = (V, E,w) bethecorrespondin@ssociatiorgraph.By letting

W =~ee — Ag (6)

zi(t 4+ 1) = z4(t) =1l...n. (5)

we know that the replicatordynamicalsystemg4) and (5), startingfrom an arbitrary initial
statewhichis usuallytakento bethesimplex barycenterwill iteratively maximizethefunction
x'Wx overthesimdex andwill eventually cornvergeto a strictlocal optimizerwhichwill then
correspondo thecharacteristizectorof amaximalweightcliquein theassociatiograph.This
will in turninducea maximalsimilarity subtree:-morphismbetweerl’; and7;.



4 Weightsand Similarity M easures

Matching nestedmorphola@ical segmenationsin a robust way we have to take into account
thattherearecatchmenbasinswvhich aresensitive to change®f thetopographyandothersthat

aremorestable.The samedisinction makessensdor regionsobtainedoy unifying catchment
basins. In the following we will defineweightsfor regionsthat reflectthe reliability of the

regionsfor the matching. Due to the one-to-onecorrespondencbetweenthe regions of the

hierarchicalsggmentatbn andthe verticesin all G4, 2;, we mayidentify the regionswith the

vertices.Theminimal attribute At¢™™ (r) of all edgesncidentto region/vertex r, i.e.

Att™"(r) := min{att(e) | r € 7(e)} (7)

indicatesthe next higherlevel of the flood that unifiesr with a neighboringregion. The max-
imal attribute Att,,., of all edgese C r (e andr both aresubsetof IR?), i.e. Att () =
maz{att(e) | e C r} indicateghelowestlevel of theflood atwhich all sonsof » weremeiged.
Let size(r) denotethesizeof regionr, i.e. thenumberof pixelsin r. We definetheweightof a
regionr to be

weight(r) = (AH™ (1) — Attymes (1)) * size(r). (8)

The similarity measue will dependon the application It can be derived from topologcal
measurement&@enusof the regiong, geometricmeasurementsf the regions(area,shape)or
of theboundariegperimeteycurvature),or the colors(gray values)of theregions.

5 Experimental Results

To checkthe algorithns we generatedhe testimagesdepictedin Fig. 3a-c. The imagesare
composedsuchthat there are different pairs of neighboringregions with the samecontrast.
Thus, the unificationof neighborimg basinsasdefinedin Sec.2 is not unique. In thesecases
thechoiceis madeby usingarandomgeneratarHowever, eachambiguasunificationyieldsa
region of zeroweight(Sec.4) andaftercontractinghe neggligible edgeqwith respecto ¢ = 0)
the hierarchieof theimagesin Fig. 3a-cshouldbe pairwiseisormorphic (trees)again.Indeed,
we obtainedperfectmatchedetweerthe contractedierarchies.

We also performedtestson real images. The hierarchiescomputedfrom the subimages
I-eye, r-eye, mouth and nosein Fig. 3d had27, 31, 37, and41 vertices,respectrely. Since
thereis no preferredvaluefor ¢, we covereda wide rangeby choosimg e suchthatthe number
of clustersin the hierarchyof I-eye amountedo 24 (all regionswith weight greaterthan 0),
20, 15, and 10, respectrely. The correspondingaluesfor ¢ arebetween) and250. We did
not want unreliableregionsto contrikute to the weightsof the cliquesin the e-TAG. Hence,
we setthe weight of a vertex (u, v) in the e-TAG to zerowheneer the weightof » or v was
smalleror equalto . In generalthe numberof clustergor thesamex is differentin hierarchies
from differentimages. Thus, we have to compensatéor the differentnumbersof clustersif
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Figure3: (a-c) Perfectlymatchedmages.(d) Thefour imaged-eye r-eye mouth nose

quantifyingthe quality of the matchesWe calculatedhe normalizeddistance!

_ WG(CIQ)
M max(n(T1),n.(Tz))

dist (T}, Ty) :=1 , Where (9)

e T andT, aretheattributedtreesof the subimages,

o W, (Cyo) istheweightof themaximal weightclique C,, in thee-TAG of T} andTs,
e n.(7}) denoteghenumberof e-clustersin 73, and

e M denotegheupperboundof the similarity functiono.

Thesimilarity functionis alinearfunctiononthemeangraylevels (normalizedo [0, 1]). Tah 5
shaws the resultsfor e = 0. As for all othere-valuestested,the two eyesare mostsimilar,
followedby the pairl-eyeandmouth

Analogousexperimentswere performedwith the imagesin Fig. 4. For e-valuesbetween
3000and5000(seeTah 5) thetwo imagespot-0andpot-180have beenthe mostsimilar ones.
Notethatthelight intensitesof the two imagesaredistributeddifferentlyandthatour method
doesnot make useof shapes.

lwithout prod thatthe metricaxioms arefulfilled.



Tablel1: Normalizeddistance®f graphsrom subimage®f Fig. 3dfor ¢ = 0.

e=0 l-eye | r-eye | mouth | nose
l-eye 0.00 0.27 0.42 0.58
r-eye 0.27 0.00 0.45 0.52
mouth | 0.42 0.45 0.00 0.51
nose 0.58 0.52 0.51 0.00

(a) pot-0 (b) pot-90 (c) pot-180 (d) pot-270

Figure4: Imagesof apotfrom the COIL-database.

Table2: Normalizeddistance®f graphsfrom potsin Fig. 4 for ¢ = 4000.

e = 4000 | pot-0 pot-90 pot-180 pot-270
pot-0 0.00 0.32 0.21 0.57
pot-90 0.32 0.00 0.44 0.53
pot-180 | 0.21 0.44 0.00 0.61
pot-270 | 0.57 0.53 0.61 0.00




6 Conclusonsand Outlook

We proposec combinaton of hierarchicasegmenationfollowedby amary-to-marny matching
of theregions. This combirationis well suitedto detectstructuralsimilarities betweerimages.
Rolustnesss achieved througha weight function and a similarity function for the regions.
Our methodis invariantto geometricaltransformationf homogeneousegions aslong as
thetopologicalrelationsbetweenhe regionsareunchangedFirst experimentson realimages
shaved thatthe matchingresultscorrespondo humanintuition. In the future we will extend
the conceptsuchthatthe calculationof the hierarchy aswell asthe weightandthe similarity

functionmaydependon the shapeof theregions
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