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Abstract

The problem of graph matching is usually approached via explicit
search in state-space or via energy minimization. In this paper we deal
with a class of heuristics coming from a combination of both approaches.
Combinatorially, the basic heuristic of the class can be interpreted as a
greedy algorithm to form maximal cliques in an association graph. To
avoid one of the main drawbacks of greedy strategies, i.e. that they are
easily fooled by poor local optima, we propose a modification which al-
lows for vertex swaps during the formation of a clique. Experiments on
random graphs show the effectiveness of the proposed heuristics both in
terms of quality of solutions and speed.

1 Introduction

Graph matching is a fundamental problem in computer vision and pattern recog-
nition, and a great deal of effort has been devoted over the past decades to devise
efficient and robust algorithms for it (see [7] for an update on recent develop-
ments). Basically, two radically distinct approaches have emerged, a distinction
which reflects the well-known dichotomy originated in the artificial intelligence
field between “symbolic” and “numeric” methods. The first approach views the
matching problem as one of explicit search in state-space (see, e.g., [14, 20, 21]).
The pioneering work of Ambler et al. [1] falls into this class. Their approach is
based on the idea that graph matching is equivalent to the problem of finding
maximal cliques in the so-called association graph, an auxiliary graph derived
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from the structures being matched. This framework is attractive because it casts
the matching problem in terms of a pure graph-theoretic problem, for which a
solid theory and powerful algorithms have been developed [4].

In the second approach, the relational matching problem is viewed as one of
energy minimization. In this case, an energy (or objective) function is sought
whose minimizers correspond to the solutions of the original problem, and a
dynamical system, usually embedded into a parallel relaxation network, is used
to minimize it [9, 10, 22]. Typically, these methods do not solve the problem
exactly, but only in approximation terms. Energy minimization algorithms are
attractive because they are amenable to parallel hardware implementation and
also offer the advantage of biological plausibility.

In [16], we have developed a new framework for graph matching which does
unify the two approaches just described, thereby inheriting the attractive fea-
tures of both. The approach is centered around a remarkable result in graph
theory which allows us to map the maximum clique problem onto the problem
of extremizing a quadratic form over a linearly constrained domain (i.e., the
standard simplex in Euclidean space) [15]. Local gradient-based search meth-
ods such as replicator dynamics have proven to be remarkably effective when
we restrict ourselves to simple versions of the problem, such as tree match-
ing [19, 18] or graph isomorphism [17]. For more difficult versions of the problem
a pivoting-based heuristic (PBH), which is based on a linear complementarity
formulation [8], has recently proven to be quite effective [13, 12].

In [11] it has been shown that PBH is essentially equivalent to a greedy com-
binatorial heuristic and that modifying the combinatorial counterpart of PBH,
the quality of the results may be improved, at the cost of moderately increasing
the computation time. Basically, the modification consists of allowing for ver-
tex swaps during the clique-construction process. In this paper we apply these
heuristics to graph matching problems. Experiments on random graphs with
various levels of corruption are presented. We found that the purely greedy
heuristic performed as well as PBH but was dramatically faster, and the swap
strategy always improved the results. Both algorithms were also found to per-
form better than graduated assignment [9], a state-of-the-art representative of
energy minimization methods.

The plan of the paper is the following. In Section 2 we formulate the graph
matching problem as a maximum clique problem on a derived association graph.
The interpretation of PBH in terms of a greedy combinatorial heuristic is given
in Section 3 and Section 4 is devoted to vertex swaps. Experimental results are
provided in Section 5.

2 Graph Matching and Maximal Cliques

Given two graphs G; = (V1, Ey) and Gy = (V3, E»), an isomorphism between
them is any bijection ¢ : Vi — Vs such that (i,j) € E1 < (6(¢), ¢(j)) € Ea, for
alli,j € V4. Two graphs are said to be isomorphic if there exists an isomorphism
between them. The maximum common subgraph problem consists of finding the



largest isomorphic subgraphs of G; and G3. A simpler version of this problem
is to find a maximal common subgraph, i.e., an isomorphism between subgraphs
which is not included in any larger subgraph isomorphism.

The association graph derived from G; = (Vi, E1) and G2 = (Vs, E») is the
undirected graph G = (V, E) defined as follows:

V=WV xWV
and
E={((i,h), (k) €V XV : i#j, h#k, and (i.j) € By & (h,k) € By} |

Given an arbitrary undirected graph G = (V, E), a subset of vertices C is called
a clique if all its vertices are mutually adjacent, i.e., for all 4,j € C, with i # j,
we have (i,7) € E. A clique is said to be mazimal if it is not contained in any
larger clique, and mazimum if it is the largest clique in the graph. The cligue
number, denoted by w(G), is defined as the cardinality of the maximum clique.

The following result establishes an equivalence between the graph matching
problem and the maximum clique problem (see, e.g., [2]).

Theorem 2.1 Let Gy = (V1, E1) and Go = (Va, Es) be two graphs, and let G be
the corresponding association graph. Then, all mazimal (mazimum) cliques in
G are in one-to-one correspondence with mazimal (mazimum) common subgraph
isomorphisms between G1 and Gs.

The problem of finding a maximum clique in a graph is known to be NP-
hard for arbitrary graphs and so is the problem of approximating it within a
constant factor. However, several powerful heuristics have been developed in
the last few years. We refer to [4] for a recent review concerning algorithms,
applications and complexity issues of this important problem.

3 Combinatorics of Pivoting

Recently a powerful pivoting-based heuristic (PBH) has been introduced for
attacking the maximum clique problem, based on the linear complementarity
formulation of an equivalent (standard) quadratic program [13]. In [11] it has
been shown that the continuous approach PBH for the solution of the maximum
clique problem is equivalent to a combinatorial heuristic. Such a heuristic turns
out to belong to the class of greedy heuristics denoted in [5] by SM¢ (i =
1,2,...), which are described in what follows.

Greedy heuristic SM*

Step 1 Given a graph G = (V, E), let Q be the set of all cliques of graph G
with cardinality . Set X = 0, K* = ) and maz = 0.

Step 2 If Q # 0, select a clique H € Q and update Q = Q\ {H}. Put K = H
and go to Step 3; otherwise, return maz and K*.



Step 3 If K is a maximal clique, then update X = K U {K} and go to Step 4;
otherwise go to Step 5.

Step 4 If |K| > maz, set maz = |K| and K* = K. Go back to Step 2.

Step 5 Let IV; denote the neighborhood of vertex j, i.e.

N;={keV : (j,k) € E}. (1)
Select a vertex
le Co(K)NN; 2
arg max  [Co(K) NN (2)
at random, where
Co(K)={j€V\K: (jk)e E VkeK}= (] Ny (3)
keK

is the set of all vertices outside K that are adjacent to each vertex in the
current, clique K.

Step 6 Set K = K U {¢} and go back to Step 3.

We notice that the combinatorial version of PBH is equivalent to SM?,
except for the minimal difference of the random selection of £ in (2)—in PBH
¢ is selected as the node with the lowest index in Co(K). Thus, we established
a new connection between the technique of pivoting and well-known heuristics
for finding large cliques. To our knowledge, the SM?¢ heuristics have never been
applied to association graphs.

Although the heuristic SM! frequently returns results of good quality, the
heuristic SM? is often superior to SM!. This was shown in [11], where numerous
tests were made using DIMACS graphs. On the other hand, as expected, the
computation times for SM? are much larger than those for SM* [11]. In the next
section we shall modify the heuristic SM? in such a way that the modification
is closer to SM? than to SM" from the point of view of the quality of the
results, but is much closer to SM?! than to SM? from the point of view of the
computation times.

4 Vertex Swaps

The heuristics SM? start with a clique of cardinality ¢ and add a new vertex at
each iteration until a maximal clique is reached. Some other approaches do the
same but do not stop once a maximal clique is reached, allowing for the removal
of vertices when this situation occurs (see e.g. the plateau search in [3]). The
modification proposed here does not always add a new vertex to the current
clique but also allows to swap vertices. If K is the current clique, let Co(K) be
defined as in (3) and let

Ci(K)={j e V\K: [N;nK|=|K|-1},



i.e. C1(K) is the set of vertices outside K which are connected to all vertices
in K but exactly one. If we select a vertex £ € Co(K), then we can add it to K
and update K as follows

K =Ku{¢{}.

This is exactly what heuristics SM? do with the selection (2). But if we select
a vertex £ € C1(K) we can not simply add it to K; if we still want to have a
clique we need to swap vertex £ with the unique vertex

ke € K suchthat ({,k;) € E, (4)
i.e. the new clique will be
K =KU{{}\ {ke}.

Therefore, if we select a vertex in C;(K) we change the current clique but
without increasing the cardinality, i.e. the method is not strictly monotone. In
the modification proposed here we decide whether to increase the cardinality, by
selecting a vertex in Cy(K), or to swap vertices, by selecting a vertex in Cy (K).
Note that Co(K) = 0 if K is a maximal clique. Similarly, some authors call a
maximal clique K strictly maximal, if C1(K) = 0, i.e., if every swap destroys
the clique property.

Now, selection of a vertex in Co (K)UCY (K) is done according to a rule similar
to (2) but with the computation of the maximum extended also to vertices in
01 (K), i.e.

le argjeco(rlrfl)aj(CI(K) |Co(K) N N;|. (5)
We underline that in some cases we force the heuristic to select the next vertex
according to (2), namely:

e during a fixed number (START_SW AP) of initial iterations;

e when the number of swaps performed is a fixed number T times the car-
dinality of the current clique |K|;

e when the vertex selected in C1(K) is the same as the last one removed by
the last swap. Without this condition, which can be interpreted as a very
limited application of taboo rules, it has been observed that the heuristic
is much less efficient (worse results and larger computation times), appar-
ently because it happens that the same two vertices are swapped in and
out until the maximum allowed number of swaps is reached and then the
heuristic behaves exactly as the standard greedy one. Experimentally, we
found that longer lists of forbidden vertices, corresponding to higher order
taboo rules, have no effect on the quality of the results, i.e. on the sizes of
the cliques.

The heuristic with the proposed modification, denoted with SM!_SW AP is
described in what follows.



Heuristic SM'_SW AP

Step 1 Given a graph G = (V, E), let W =V, K* = () and maxz = 0. Select a
value for the parameters START _SW AP and T.

Step 2 If W = () return K* and maz. Otherwise select a vertex h € W, set
W =W\ {h} and set K = {h}. Set n_swaps = 0 and last_swap = §.

Step 3 If K is a maximal clique, then set X = K U {K} and go to Step 4;
otherwise go to Step 5.

Step 4 If |K| > maz, set maz = |K| and K* = K. Go back to Step 2.

Step 5 If n_swaps < T|K| and |K| > START_SW AP, then go to Step 6,
otherwise go to Step 7.

Step 6 Select randomly £ € V' according to (5). If £ = last_swap, then go to
Step 7, otherwise go to Step 8.

Step 7 Select £ € V according to (2).
Step 8 If £ € C1(K), then update

n_swaps = n_swaps +1 and last_swap =k
where k; is defined in (4), and
K = K U{f}\ {ke}.

Otherwise set
K =KU{/}.

Go back to Step 3.

5 Experimental Results

In this section we test the performance of SM! and SM'_SW AP on graph
matching problems, and compare them with a well-known representative of en-
ergy minimization methods, i.e., Gold and Rangarajan’s graduated assignment
algorithm [9] (abbreviated as GR in what follows). All experiments are per-
formed on random graphs. Random structures represent a useful benchmark
not only because they are not constrained to any particular application, but
also because it is simple to replicate experiments and hence to make compar-
isons with other algorithms.

The following protocol is standard and was already used in [12]. We gen-
erated random 50-node graphs using edge-probabilities (i.e. densities) ranging
from 0.1 to 0.9. For each density value, 20 graphs were constructed so that,
overall, 180 graphs were used in the experiments. Each graph had its ver-
tices permuted and was then subject to a corruption process which consisted



of randomly deleting a fraction of its nodes. In so doing we obtained a graph
isomorphic to a proper subgraph of the original one. Various levels of corruption
(i.e., percentage of node deletion) were used, namely 0% (the pure isomorphism
case), 10%, 20% and 30%. In other words, the order of the corrupted graphs
ranged from 50 to 35. Each algorithm was applied on each pair of graphs thus
constructed and the percentage of matched nodes was recorded. All experiments
were performed on a 1.4 GHz AMD Athlon processor.

Since PBH is essentially equivalent to SM?!, the results obtained by the two
heuristics were almost identical, as expected. However, the computation time
differed dramatically. For example, in case of pure isomorphism (i.e., 0% level
of corruption) and a density of 0.5, PBH required more than 4 hours, whereas
SM* terminated after only 14 seconds. Similar differences were also found at
other densities and levels of corruption. We note that in [13] it was shown that
PBH compares well with state-of-the-art clique finding algorithms.

Before proceeding with the experimental results, we note that the GR algo-
rithm may yield “inconsistent” results. Formally, let the two graphs be denoted
by G; and G». Furthermore let U; [U,] denote the set of vertices in G; [G2] that
have been matched to a vertex in Gy [G1]. Then, the subgraph of G; induced
by U; and the subgraph of G2 induced by Us are not necessarily isomorphic. In
other words, the matches found by GR do not necessarily induce a clique in the
association graph of G; and G» (see Section 2). To find a maximum consistent
“kernel” of the results from GR, we applied an exact algorithm for the maximum
clique problem, i.e. Bron and Kerbosch [6], to the subgraph of the association
graph induced by the matches. The following results on GR refer to the output
of the Bron and Kerbosch algorithm. The computation times, however, do not
include the time needed by the Bron and Kerbosch algorithm.

Figures 1 to 4 show the results obtained at various levels of corruption. Each
figure shows two plots. One concerns the quality of the solutions found and the
other the CPU time. For each plot, the x-axis represents the (approximate)
density of the matched graphs. The y-axis of the top plots represents the por-
tion of the correct matches. Here, w is the size of the maximum clique of the
association graph, i.e., the size of the maximum isomorphism, and |C| is the
size of the isomorphism returned by the algorithms, i.e. the size of the maximal
clique found (in the case of GR, this corresponds to the size of the maximum
consistent kernel, as described before). Finally, y-axis of the bottom plots rep-
resents CPU time expressed in seconds. All curves represent average over 20
trials.

Let us first focus on the quality of the results, i.e. on the top part of the
figures. As corruption increases, the advantage of SM! and SM!_SW AP over
GR becomes more and more evident. Moreover, except for the the pure isomor-
phism case in which SM! and SM!_SW AP both yielded always the optimal
result, SM'_SW AP is always superior to SM?.

Looking at the computation times, see the bottom part of the figures, one can
easily distinguish the bowl shapes of SM! and SM!_SW AP from the monotonic
behavior of GR. The “bowls” are due to the fact that the computation times of
SM?' and SM'_SW AP depend mainly on the number of edges in the association
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Figure 1: Results of matching 50-node random graphs with varying densities,
and 0% corruption. Top: Portion of correct matches. Bottom: Average compu-
tational time taken by the algorithms (in seconds).

graph and that the density of the latter becomes high, if G; and G2 are sparse
or dense.

6 Conclusions

In this paper, we have proposed a class of combinatorial heuristics for graph
matching, based on the well-known idea of finding maximal cliques in the as-
sociation graph. The basic heuristic of the class, equivalent to a recently in-
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Figure 2: Results of matching 50-node random graphs with varying densities,
and 10% corruption. Top: Portion of correct matches. Bottom: Average com-
putational time taken by the algorithms (in seconds).

troduced pivoting-based algorithm, was shown to fall into the class of greedy
algorithms. Trying to avoid one of the classical drawbacks of greedy strategies
(i-e., the ease of being trapped in poor local optima), we proposed a modification
of the basic algorithm allowing for vertex swaps during the clique-construction
process. Experiments on random graphs at various levels of corruption have
shown the effectiveness of the approaches in terms of quality of solutions and
speed. Future work will aim at extending the proposed heuristics to deal with
attributed graph matching, along the lines suggested in [16, 19].
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Figure 3: Results of matching 50-node random graphs with varying densities,
and 20% corruption. Top: Portion of correct matches. Bottom: Average com-
putational time taken by the algorithms (in seconds).
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