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1. Introduction

Abstract Interpretation is a general theory of approximation of mathematical structures, in particular those involved in
the semantic models of computer systems, that has been successfully applied for the static analysis of software systems.
This theory is based on two main key-concepts: the correspondence between concrete and abstract semantics through
Galois connections/insertions, and the feasibility of a fixed point computation of the abstract semantics, through, the
combination of widening operators (to get fast convergence) and narrowing operators (to improve the accuracy of the
resulting analysis).

While Galois connections have been widely studied, yielding to a suite of general techniques to manage the
combination of abstract domains, e.g. different kind of products [13,24,8], and more sophisticated notions like the quotient
[10], the complement [9], and the powerset [22] of abstract domains, not much attention has been given to provide general
results about widening and narrowing operators.

Nevertheless, widening and narrowing operators play a crucial role in particular when infinite abstract domains are
considered to ensure the scalability of the analysis to large software systems, as it has been shown in the case of the Astrée
project for analysis of absence of run-time error of avionic critical software [11].

The first infinite abstract domain (that of intervals) was introduced in [12]. This abstract domain was later used to prove
that, thanks to widening and narrowing operators, infinite abstract domains can lead to effective static analyses for a given
programming language that are strictly more precise and equally efficient than any other one using a finite abstract
domain or an abstract domain satisfying chain conditions [16].

Specific widening and narrowing operators have been also designed not only for numerical domains but also for type
graphs [25], in domains for reordering CLP(RLin) programs [32], and in the analysis of programs containing digital filters

* Extended version of A. Cortesi, “Widening Operators for Abstract Interpretation” [7].
* Corresponding author.
E-mail addresses: cortesi@unive.it (A. Cortesi), zanioli@dsi.unive.it (M. Zanioli).

1477-8424/$ - see front matter © 2010 Elsevier Ltd. All rights reserved.
d0i:10.1016/j.c1.2010.09.001


www.elsevier.com/locate/cl
dx.doi.org/10.1016/j.cl.2010.09.001
mailto:cortesi@unive.it
mailto:zanioli@dsi.unive.it
dx.doi.org/10.1016/j.cl.2010.09.001
dx.doi.org/10.1016/j.cl.2010.09.001

A. Cortesi, M. Zanioli / Computer Languages, Systems & Structures 37 (2011) 24-42 25

[21], just to name a few. More recently, widenings have been used also to infer loop invariants inside an STM solver [26], in
trace partitioning abstract domains [33] and in string analysis for string-generating programs [6].

The main challenge for widening and narrowing operators is when considering numerical domains. For instance, the
original widening operator proposed by Cousot and Halbwachs [17] for the domain of convex polyhedra, has been
improved by recent works by Bagnara et al. [1], and further refined for the domain of pentagons by Logozzo et al. in [27]. In
[2], the authors define three generic widening methodologies for a finite powerset abstract domain. The widening
operators are obtained by lifting any widening operator defined on the base-level abstract domain. The proposed
techniques are instantiated on powersets of convex polyhedra, a domain for which no non-trivial widening operator was
previously known.

We observed that, with the noticeable exception of [16,2], there is still a lack of general techniques that support the
systematic construction of widening or narrowing operators. This is mainly due to the fact that the definition of widening
provides extremely weak algebraic properties, while it is extremely demanding with respect to convergence and
termination.

The aim of the paper is to fill this gap, and to set the ground for a systematic design of widening and narrowing
operators either when they are defined on sets and when they are refined on pairs.

The main contributions can be summarized as follows:

—

. the formal definitions of the widening and narrowing operations already introduced in the literature;
. the proof that the widening and narrowing operators are preserved by abstraction; and
3. an indication as how to construct widening operators for a product domain such as the reduced and cartesian products.

N

The advantages of suitable combinations of widening and narrowing operators are illustrated on a suite of examples,
ranging from interval to powerset domains.

The rest of this paper is organized as follows. The next section reports some preliminary notions. In Section 3 we
analyze different notions of widening and narrowing operators and we show their weakness points and their mutual
relations. In the Section 4 we show how widening and narrowing behave with respect to the combination of domains
through Galois insertions. Finally, Section 5 concludes.

2. Basic definitions

Let us briefly recall some basic definitions on orders and lattices [4,18].

Definition 1 (Poset). If P is a non-empty set, then by a partial order on P we mean a binary relation < on P which is
reflexive, anti-symmetric, and transitive. By a poset (P, <) we shall mean a set P on which there is defined a partial
order <.

Definition 2 (Upper and lower bounds). Let P be a poset, and let S be a subset of P. An element x € P is an upper bound of S if
s<xforalls € S. If the set of the upper bounds of S has a least element z, then z is called the least upper bound (lub) of S, and
will be denoted by z= uS.

By duality, an element x € P is a lower bound of S if x < s for all s € S. If the set of the lower bounds of S has a maximum
element z, then z is called the greatest lower bound (glb) of S, and will be denoted by z= rS.

Looking ahead, we shall often adopt the neater notation x uy in place of u{x,y}, and xny in place of n{x,y}.

Definition 3 (Directed set, cpo). Let S be a subset of a poset (P, <). Then S is said to be directed if for each pair of elements
x,y €S, there exists ze Ssuch that x<zand y <z

We say that a poset (P, <) is a cpo (complete partially ordered set) if P has a bottom element L, and uD exists for each
directed subset D of P.

Definition 4 (Chain). A chain of a poset (P, <) is a subset C= P such that vx,y e C: (x <y)v(y <X).

Definition 5 (ACC and DCC). A poset (P, <) is said to satisfy the ascending chain condition (ACC) if every ascending chain
X1 <x; < --- of elements of P is eventually stationary, that is, there is some positive integer n such that x,, = x,, for all m > n.
By duality, a poset (P, <) satisfies the descending chain condition (DCC) if for every descending chain x; >x, > ... of
elements of P 3k >0:Vj >k : x; =X;.

Definition 6 (Join and meet semi lattice). A join semi lattice and a meet semi lattice are poset (P, <) such that each pair of
elements x,y € P has, respectively, least upper bound (x uy) and greatest lower bound (x ny).

Definition 7 (Lattice). Let P be a non-empty poset. If x 1y and x ny exist for all x,y € P, then P is a lattice. Moreover, if LS
and nS exist for every S = P, then P is a complete lattice.

In what follows a function’s domain and range are indicated by subscripts: &xy is a function from X to Y. The ordering
and the least upper bound operator defined in X are denoted by =x and L, respectively.
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Definition 8 (Galois connection and insertion). Let C and D be complete lattices, and consider two functions: Y, : D—C and
o@ : C—D. The tuple Gep = (Ypc,C,D,ocp) is a Galois connection if

vceC and Vd e D: acp(c) <pd<c < c)ypc(d).
Gep is a Galois insertion when 7y, is injective or, equivalently, when cp is onto.

In a Galois connection or insertion G¢p, the functions - and acp are called the concretization and the abstraction
function, respectively. The following are well-known properties of these functions, see [15].

Lemma 1. Let C and D be complete lattices, and consider two monotone functions yp- : D—C and ocp : C—D. Then, Gep is a
Galois connection if and only if

® ypcoucp is extensive: V¢ € C,c < ¢Ypc(cep(c)) and
® 0cpoypc is reductive: vd e D,acp(ypc(d)) < pd.

Moreover, G¢p is a Galois insertion if it is a Galois connection and ocpoypc is the identity function.

Lemma 2. Let G¢cp be a Galois connection/insertion,

e if acp and ype form a Galois connection, then one of the two functions determines the other one. More precisely, for
d € D,ypc(d) = ucfc € Clocp(c)=pd}, and similarly, for ¢ € C,ocp(c) = Mp{d € D|c=cypc(d)}. Each function is called the adjoint
of the other one and

® 0lcp©YpcO0cp = Oep, ANd Ypc©0ep©Ype = Vpc-

3. Widening and narrowing operators

In Abstract Interpretation, the collecting semantics of a program is expressed as a least fix-point of a set of equations.
The equations are solved over some abstract domain that captures the property of interest to be analyzed. Typically, the
equations are solved iteratively; that is, successive approximations of the solution is computed until a fix-point is reached.
However, for many useful abstract domains, such chains can be either infinite or too long to let the analysis be efficient. To
make use of these domains, abstract interpretation theory provides very powerful tools, the widening operators, that
attempt to predict the fix-point based on the sequence of approximations computed on earlier iterations of the analysis on
a cpo or on a (complete) lattice. The degradation of precision of the solution obtained by widening can be partly restored by
further applying a narrowing operator [16].

3.1. Set- and pair-widening operators

In the Abstract Interpretation literature, two different general definitions of widening operator have been introduced.
The first one defines a widening operator as a partial function on the powerset of a poset P, while the second one defines it
as a binary (total) function on a poset P. In both cases, two main requirements are given: first, the widening has to be an
extrapolation operator, second, it has to guarantee termination when applied to increasing sequences.

Definition 9 (Set-widening [13,15]). Let (P, <) be a poset. A set-widening operator is a partial function V, : ¢(P)- P such that

(i) Covering: Let S be an element of o(P). If V,(S) is defined, then Vx € S, x < V,(S).
(ii) Termination: For every ascending chain {x;};- o, the chain defined as

Yo=xo0.yi=V.({x10<j<i})

is ascending too, and it stabilizes after a finite number of terms.

The definition above has been used recently in [19,20], for fix-point computations over sets represented as automata, in
a model checking approach.

Example 1. Consider the lattice of intervals L = { L} U {[¢,u]|f € Z U {—oo},u € Z U {+ o0}, <u},ordered by vx e L, L <xand
[€o,uo] <[1,u1] if €1 <€ and ug <uy. Let k be a fixed positive integer constant, and I be any set of indices. Consider the
threshold widening operator defined on L by

Ve = L,

VL uS) = VES),

VELGu < i e I = [hi,ha),
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where

hy =min{¢; : i e I} if min{¢; :iel} > —k else —oo,

hy =max{uy; : i € I} if max{u; :i € I}) <k else +oo.
Observe that for all k, V’f is associative, and monotone. Observe that V’j may widen also the singletons. For instance, we get
VI ({[~8,4]) = [~004].

Definition 10 (Pair-widening [16,31]). Let (P, <) be a poset. A pair-widening operator is a binary operator V:P x P—P
such that

(i) Covering: Vx,y € P: x <xVy, and y <xVy.
(ii) Termination: For every ascending chain {x;};. o, the ascending chain defined as
Yo=2Xo.Yir1=YiVXi1

stabilizes after a finite number of terms.

Definition 11 (Extrapolator). Let (P, <) be a poset. A binary operator e : P x P— P is called extrapolator if it satisfies the
covering property, i.e. Vx,y € P : x < xey, and y < Xe}.

Observe that pair-widening operators are not necessarily neither commutative neither monotone, nor associative, while
these properties are crucial for chaotic iteration fixpoint algorithms [31].
Example 2. Consider the binary operator introduced in [12] on the same lattice of Intervals of Example 1:
1 Vx=x,

xV 1 =x,

[€o,uo]V[t1,u1] = [if €1 < £o then —oo else ¢y, if ug <uq then +oo else ug].
V is a pair-widening operator, as it satisfies both covering and termination requirements of Definition 10.
Observe that the operator is not commutative, as for instance
[2,31V[1,4] = [~o0, +00],
[1,4]V[2,3]=[1,4].
Moreover, in order to see that it is not monotone, consider [0,1] <[0,3]. We have
[0,1]V[0,2] = [0+ 0],
[0,3]V[0,2]=[0,3],
and of course [0, +oc] is not smaller or equal to [0,3]. Finally, observe that associativity does not hold either:

[0,2]V([0,1]V[0,2]) = [0+ o0],
([0,2]V[0,1))V[0,2] = [0,2].

Let us come back to the two definitions of widening operators introduced before. As a first contribution, we see how to
build a set-widening out of a pair-widening operator.

Theorem 1. Let (P, <) be a poset, and let V:P x P-P be a pair-widening operator on P. Define V, : o(P)-P such
that:

e dom(V,)=R; UR,, where Ry = {{x,y}|x,y € P}, and R, ={S = P|S is a finite ascending chain}.
RV xVy ifx<y

® Vixy} € R V. (XD = der z € {xVy,yVx} randomly, otherwise.

® VS={Xi[Xo <X1 < ... <X} € Ry, V.(S)= 4o (X VX1) VX3 .. ) VX)).

Then V, is a set-widening operator.

Proof. We have to show that both covering and termination requirements hold for V,.

e Covering: Let S < P such that V,(S) is defined. We have to show that Vs e S: s <V, (S).
Case S € Ry: it follows from the definition of V.
Case S € Ry: it follows by induction on the length of the ascending chain, and by the transitivity of the partial
order.
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e Termination: Consider the ascending chain {x;};- . Consider the corresponding ascending chain {J;};- ¢ obtained by V
(see Definition 10), and the ascending chain {y;}; - o obtained using V, (see Definition 9). We can prove by induction that
for each index i, y; = ;.

The basis is true, as yo =xo = Jo.
Consider the inductive step:
Vi1 =V.({x0<j<i+1}) by (ii) of Definition 9
= (((xo Vx1) VX, .. )Vx;, 1) by definition of V,
=V,({x]0 <j <i})Vx;,; again by definition of V,
=9;Vx;.1 by inductive hypothesis
=J;.1 by (ii) of Definition 10.

As the sequence {J;};- o stabilizes after a finite number of terms, so does {y;}i~o. O

The notion of set-widening is weaker than the notion of pair-widening. This is why, in general, there is no way to prove
the dual of Theorem 1, which can be stated only under restricted conditions.

Theorem 2. Let (P, <) be a poset, and let V, : »(P)- P be a set-widening operator on P such that

o dom(V,) 2 {{x.y}x.y € P}.
e VScPvx e P, if SU{x} =dom(V,) then also S < dom(V,).
® VScPVxeP,V,(SU{x)=V.(V.(©S).x).

Then, the binary operator V : P x P— P defined by xVy =V, ({x,y}) is a pair-widening operator.

Proof. First, observe that V is well defined. The covering requirement follows immediately from the definition of V and
the covering property of V,. Now, consider an ascending chain {x;};- ¢ in P, and the ascending chain yo = X0,y 1 =¥i VX;. As
V, is a set-widening, we know that the sequence y'o =xX0,y'; = V. ({x;/0 < j < i} stabilizes finitely. We show by induction that
for each i, y; =y';. The basis is true, as yo = Xo =y’o. On the induction step,

Yis1=V.({x0<j<i+1} by point (ii) of Definition 9
=V.({V.({%10 <j <i}).x;+1}) by hypothesis on V,
=V.,.({y',xi-1}) by point (ii) of Definition 9
=V.({yi.Xi+1}) by inductive hypothesis
=Y;Vx;,1 by definition of V
=Yi,1 by point (ii) of Definition 10.
As the sequence {y';};- o stabilizes after a finite number of terms, so does {y;};~o. O

Observe that the set-widening operator V’f of Example 1 satisfies the conditions of Theorem 2 above, yielding to a
corresponding pair-widening operator.

3.2. Set- and pair-narrowing operators

Similarly, two different general definitions of narrowing operator have been introduced. The first one defines a
narrowing operator as a partial function on the powerset of a poset P, while the second one defines it as a binary (total)
function on a poset P.

Definition 12 (Set-narrowing [15,19]). Let (P, <) be a poset. A set-narrowing operator is a partial function 4, : @(P)+-P
such that

(i) Bounding: Let S be an element of @(P). If 4,(S) is defined, then glb(S) exists and there exists s €S such that
glbS)<A4,(S)<s.
(ii) Termination: For every decreasing chain xo > x; > ..., the chain defined as
Yo=x0.yi =4.({x10<j <1i})

is descending too, and it stabilizes after a finite number of terms.

Example 3. Let L be the lattice of intervals introduced in Example 1. We can define 4,, a narrowing operator, on L as
follows:

4,({1h= 1,

4, (L} uS)=4.05),

A ([6,u] -1 € 1Y) =[h,ha),
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where
hy =max{¢ :iel),
hy =minf{u; : i € I}.
It is easy to verify that it satisfy the termination condition, as it converges immediately on decreasing chains.

Observe that 4, is associative, and monotone. Observe that 4, may narrow also the singletons. For instance, we get
4,({[-8,41) =[-8,4] and 4, ({[-8,6,[1,51[-9,11]) =[1,5].

Example 4. Observe that both conditions (bounding and termination) are required in order to get a narrowing operator.
For instance, on the lattice of intervals on R instead of Z, the operator 4, defined in Example 3 fulfills the bounding
condition but it does not satisfy the termination one. Therefore, it is a not narrowing operator.

Definition 13 (Pair-narrowing [14,16]). Let (P, <) be a poset. A pair-narrowing operator is a binary operator 4 : P x P—P
such that

(i) Bounding: Vx,y € P: (x <y)=(x < (yAX) <Y).
(ii) Termination: For every decreasing chain xo > x; > ..., the decreasing chain defined as
Yo =Xo.Yir1=YilXi 41

stabilizes after a finite number of terms.

Observe that pair-narrowing operators are not necessarily neither commutative neither monotone, nor associative.
Moreover observe also that if P is a meet-semi-lattice (the greatest lower bound x ny exists for all x,y € P) satisfying the
decreasing chain condition (no strictly decreasing chain in P can be infinite), then n is a narrowing operator.

Example 5. Consider the binary operator introduced in [16] on the same lattice of intervals on Z of Example 1:
1L Ax= L1,

XA L = 1,

[€o,u0)A[t1,uq] = [if o = —oo then ¢; else &, if ug = + oo then u; else ug].
A is a pair-widening operator, as it satisfies both bounding and termination requirements of Definition 13:

[~ 00, +00]4[—00,101] = [~00,101],
[1, +00]4[50,100] = [1,100],
[1,4]14[2,3] = [1,3].

Let us come back to the two definitions of narrowing operators introduced above. Like in the case of widening, we study
how we can build a set-narrowing operator out of a pair-narrowing operator, and viceversa.

Theorem 3. Let (P, <) be a poset, and let A:P x P—P be a pair-narrowing operator on P. Define 4, : ¢(P)-P such
that:

e dom(A4,)=Ry UR,, where Ry = {{x,y}|x,y € P : 3 glb(x,y)}, and R, = {S = P|S is a finite descending chain}.

YAX ifx<y
® Vixy} &Ry, A.(XYD = aqs glb ({x,y}) otherwise.

® VS={Xi|xo =X = --- 2X;} € Ry, 4.(S) = ger (X0 AX1)AX)A), .. . ,AX;).

Then A, is a set-narrowing operator.

Proof. We have to show that both bounding and termination requirements hold for 4,.

e Bounding: Let S < P such that 4,(S) is defined. We have to show that glb(S) < 4,(S) <s.
Case S e R;: it follows from the definition of A4.
Case S € Ry: it follows by induction on the length of the decreasing chain (xo > x; > --- >;), and by the transitivity of
the partial order.

e Termination: Consider the decreasing chain {x;}; o. Consider the corresponding decreasing chain {y;}; - o obtained by 4
(see Definition 13), and the decreasing chain {y;};- o obtained using 4, (see Definition 12). We can prove by induction
that for each index i, y; =y;.

The basis is true, as yo =Xp = J.
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Consider the inductive step:
Yir1=4.({x0<j<i+1}) by definition of the sequence {y;};-
= ((((XoAx1)Ax2)A), . .. ,Ax)AX; 1) by definition of 4,
=A4,({x10 <j <i})Ax;,1 again by definition of 4,
=J;Ax;,1 by inductive hypothesis
=Y;,1 Dby (ii) of pair — narrowing definition.

As the sequence {y;}; o stabilizes after a finite number of terms, so does {y;}i~o. O
Theorem 4. Let (P, <) be a poset, and let A, : ¢(P)+ P be a set-narrowing operator on P such that

1. dom(4,) 2 {{x,y}Ix,y € P}.
2. VS=P,vx e P, if SU {x} = dom(4,) then also S = dom(4,).
3. VSSPVXx e P,A,(SU{x})=4,({4,(5).x}).

Then, the binary operator A : P x P— P defined xAy = A, ({x,y}) is a pair-narrowing operator.

Proof. First, observe that 4 is well defined. The bounding requirement follows immediately from the definition of 4 and
the bounding property of 4,. Now, consider an descending chain {x;};. ¢ in P, and the descending chain yy =X0,y;.1 =
YilAX; 1. As 4, is a set-narrowing, we know that the sequence y'o = xo,y'; = 4, ({x;|0 < j < i}) stabilizes finitely. We show by
induction that for each i, y; =y’;. The basis is true, as yg = Xg =y’0. On the induction step,

Yi+1=YiAx;,; Dby definition of the sequence {y;};. o
=A,{¥i,xi+1}) by 4 definition
=4,({4.(x10 <j <i}),x;11}) by induction hypothesis
=4,({x0 <j<i+1}) by the Property 3
=Y'i.1 Dby (ii) of set — narrowing definition.

As the sequence {y';};- o stabilizes after a finite number of terms, so does {y;}j=o. O
3.3. Combination of widening and narrowing operators

In order to better understand how widening and a narrowing operators can be combined in an effective way, consider
the following example on the finite powerset domain of intervals.

The design of a successful widening is a very delicate task that is not only dependent on the considered abstract domain
but also on the particular analysis or verification application. An important contribution in such context is [2], which
introduces three methodologies for the design of widening operators. All of these methodologies are based on the same
extrapolator, while they differ on the termination property: the first one poses constraints on the cardinality of the
arguments, the second one uses connectors (as, for example, Egli-Milner Connectors), and the last one is certificate-based.

Notice that these generic widening constructions are applicable to any finite powerset abstract domain, encoding either
numerical or symbolic information.

Example 6. Let L be the lattice of intervals introduced in Example 1, and let o((L) be its finite powerset. For A,B € o(L), we
say A<B if and only if Vx € A,3y € B such that x <y. Consider the function reduce : (L) — (L) defined as VA = L, reduce(A)
is the maximal subset of A such that vx,y € A : x <y = x¢reduce(A). Observe that reduce(A)<A and A<reduce(A).

The closure of A< L, denoted by A4, is the superset of A such that Vx,y € A, such that x Ny, the least upper bound
xuyeA.

For X = L, we denote by min(X) the minimal value, and by max(X) the maximal value, e.g. min({[3,8], [2,5],[1,4]}) = 1 and
max({[3,8], [2,5], [1,4]}) = 8.

By minInt(X) we denote the interval which have min(X) as bottom value and, analogously, by maxInt(X) the interval
having max(X) as top value, e.g. minint({[3,8], [2,5], [1,4]}) = [1,4] and maxInt({[3,8], [2,5], [1,4]}) = [3,8].

For any positive constant k, we can define the pair-widening vk 95(L) x pp(l)— p5(L) as follows.

Let A, B be elements of o(L).

e If the cardinality of reduce(A U B) is smaller or equal to k, then AV*B = reduce(A U B).
e Otherwise, let R = reduce(W) where W is obtained by:
o W=AUB
o If the cardinality of reduce(W) is greater than k and 3s’ € B such that max(s’) > max(A) then:
let r € A be the interval such that max(r) = max(A) then W = W U [min(r), + o).
o And if the cardinality of reduce(W) is greater than k and 3s’ € B such that min(s’) < min(A) then: let r € A be the
interval such that min(r) = min(A) then W = W U [—oco,max(r)].
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While the cardinality of R is greater than k:
e let 5,5’ € R such that |min(s’)—max(s)| is minimal in R, then R= (R\{s,s'}) U {(s u §')}.
e AVFB=R.

Observe that if Y = AV*B, then the cardinality of Y is always smaller or equal to k.
For instance, if

A={[-5,2],[1,6],[11,23],[27,33],[30,351,[36,40]}
and

B={[-2,3],[9,15],[32,35],[37,42]},
then

AV3B = {[-5,6],[9,23],[27, +oo]}.

In fact, as the cardinality of reduce(A U B) is 4, which is greater than k=3, and there exists an interval s in B (namely
[37,42]) such that min(s) > max(A), the set W =AUBU {[36, +oc]} is computed. Then, its closure W = W U {[-5,6],[—5,3],
[—2,31,[9,23],[27,35],[36,42]} is computed. Finally, the reduce operator is applied, yielding to reduce(W)= {[-5,6],
[9,23],[27, + o]}

Notice that this widening operator satisfies the constraints in [2], as it merges an extrapolation heuristics “ V—covered”
and a “k-collapsor”, as requested to obtain a “cardinality-based” widening. In addition, our operator can be applied also on
not comparable elements, whereas the generic construction provided by Bagnara et al. requires that the first element is
less than second one.

Similarly, we can define a corresponding pair-narrowing operator 4 : 9r(L)— @ (L). Let A,B € p(L) such that A<B, B4 kA is
defined as follows.

e Let A’ =reduce(A) = {s1,...,Sn}, B =reduce(B)=1{q,...,qm} and R=A".
If min(A’) = —oo then R = R\{minInt(A")} U {minInt(B’)}, and if max(A’) = + oo then R = R\{maxInt(A")} U {maxInt(B’)}.
For each q; e B'.
o Let H;= {Sj € R|Sj <q;}.
o If cardinality of H; is greater than 1.
e Let a,b € H; such that |min(b)—max(a)| is minimal in H;.
R =reduce(R\{a,b} U {lub(a,b)}).
o If the cardinality of R is smaller than k then break.
e BAXA=R.

Observe that 4 is a pair-narrowing operator, as it satisfies both bounding and termination properties.
For instance, if

A={[-10,-6],[-5,-2],[-1,01,[1,31,[9,13],[18,20],[23,271,[29, + co]}
and

B = {[—10,31,[7,13],[16, + cc]}
then we have

BA*A={[-10,3],9,13],[16, +oc]}.

As an example on how the widening and narrowing operators just introduced can be combined in order to accelerate the
fixpoint computation without loosing too much accuracy, consider the function F : p(L)— @(L) defined by

F = 2X.(((X v {[1,2]) U {(maxInt(X) & [2,2))\{-L}) n {[100,1001}),

where @ : L x L—L such that 1L @X=X® 1L = L and [{y,Uo] @ [£1,U1] = [€o+£1,Up +U1]. The computation of the fixpoint of F

starting from the 1 element, would require at least 50 steps, getting to the fixpoint element {[1,2], [3,4], ..., [100,100]}. In
order to accelerate the fixpoint computation of F, first we use the widening operator V> defined above.
Xo={Ll},

X1 =Xo V> ((Xo U {[1,2]}) U {(maxInt(Xo) & [2,2))\{-L}) 11 {[100,100]})
={[1,2]},
Xz = {[1,21,[3,51},

Xa = {[1,21,[3,41,[5, +o0]} = Xs.
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The fixpoint is obtained in five steps, but the accuracy of the result is not satisfactory as it completely looses the rightmost
bound. Nevertheless, this lack of precision can be recovered by applying the narrowing operator 4°>.

Yo =Xy,

Y1 = Yo (Yo U {[1,21) U {(maxint(Yo) & [2,2DH\{L}) 1 {{100,100]})
={[1,2],[3,41,[5,100]},

Y, ={[1,2],[3,4],[5,100]} = Y;.

Observe that 4% requires only three steps to converge. We obtain as a final result the set {[1,2], [3,4], [5,100]}, which is
not as precise as the least fixpoint computation mentioned above, but that has the advantage of being reached dramatically
quicker, and of preserving accuracy about the rightmost bound of the possible values of F.

3.4. Widening, narrowing and cartesian product

The next theorems show how pair-widening and pair-narrowing operators can be combined when considering the
cartesian product of posets.

Theorem 5. Let V4 and Vp be pair-widening operators defined on the posets A and D, respectively.
The binary operator V : (A x D) x (A x D)— (A x D) defined by ¥<a,d>,<{a',d'> e AxD: <{a,d>V<a,d) =<aVaa,dVpd)
is a pair-widening operator.

Proof.

e Covering:

a<aVaa and d<dVpd by covering of V4, Vp

= <a,d) <<aVaa,dVpd') by definition of < on A x D

= <ad)<<ad>V<a,d)y by definition of V.

e Termination: Let {<a;,d; > };- o be an ascending chain in the cartesian product A x D. We have to show that the sequence

(U, Vo) = {ap,do >, {Uiy1,Vip 1y = {Uu;V;» V<a;,d; > stabilizes after a finite number of terms.
By the termination property of V4 and Vp, both the sequence ag=ag,a;,1=0;Vaa;, and the sequence
do =dop,d; 1 =d;Vpd; stabilize finitely.
It can be easily proved by induction that for each i, (u;v;» = <d,~,&,»>. Therefore, the sequence {<{u;,v;}};. o stabilizes
finitely too. O

Theorem 6. Let A4 and Ap be pair-narrowing operators defined on the posets A and D, respectively.
The binary operator A : (A x D) x (A x D)— (A x D) defined by V<{a,d>,{a’,d'y e AxD: <a,dyALa,dy = {adsa,dApd" is
a pair-narrowing operator.

Proof.

e Bounding:
va,a e A: (a<a)=(a<aAa<a’)and
vdd eD:(d<d)=d<dAd<d)
by bounding of 4,4 and 4p
= <a,d) <{adsaddpdy <<a,d>
by definition of < on A x D
= <(ad)<<a,dyA<ad) <<a,d>)
by definition of 4.
e Termination: Let {{a;,d; > };- o be a descending chain in the cartesian product A x D. We have to show that the sequence
(U, VoY = <ap,do >, Uiy 1,Viy 1y = {U;V; > A<a;,d; > stabilizes after a finite number of terms.
By the termination property of 4, and A4p, both the sequence dg=ap,d;,1 =0a;44a;, and the sequence
do= do,Eli+1 =d;Apd; stabilize finitely. i
By induction we prove that for each i, {u;,v;> = <a;,d;>.
The basis is true: {ug,vo)> = <{dg,dp> = <doflo>. On the induction step,

Uip1,Vip1y = Ui » A<aipq,di 1 > by definition of ui, 4,541 )
= <[1,-,El,->A {@i;1,di,1 > by induction hypothesis
= <diAAai+1,a,-ADdi+1 > by definition of A
= <a,~+1,a,»+1> by definition of d;,; and EiHl.
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Therefore, the sequence {{u;,v;)}; o stabilizes finitely too. [J
A corresponding result can be obtained also for set-widening and set-narrowing operators.
3.5. Combination of widening and narrowing operators on the same poset

What happens when more than one widening (or narrowing) operators are defined on a poset P? Is it possible to get a more
precise and/or a more efficient operator by combining them in a suitable way? Unfortunately, in general the answer is negative.
And the reason relies on the fact that the possibly non-monotonic behavior of the widening (or narrowing) operators becomes
an issue when trying to prove termination of their combination on an ascending (and descending for narrowing) chain.
However, as soon as stronger termination conditions are guaranteed on the poset P, some positive results can be easily derived.

Theorem 7. Let (P, <) be a lattice satisfying the ascending chain property. Let V1,V, be two pair-widening operators on P. Then,
the binary operators V.,V defined by

XVny =(xVi1y) N (xVay),

XViy = (xV1y) U (xV2y)
are pair-widening operators.

Proof. It follows by properties of uand n. O

This result may apply for instance to widening operators defined on the (infinite) domain of congruences [23], where
prime factorization is an issue, in order to tune performance vs. accuracy of the analysis. In fact, V,, may gain in efficiency
with respect to both V; and V,, while V, may better keep accuracy, thus returning a more accurate result.

A corresponding result can be obtained with narrowing operators.

Theorem 8. Let (P, <) be a lattice satisfying the descending chain property. Let A1,4, be two pair-narrowing operators on P.
Then, the binary operators An, A, defined by

xAny = (x41y) N (x42y),

xAuy = (x41y) U (x42Y)
are pair-narrowing operators.
Proof. It follows by properties of u and m, as for the widening operators. O

Similar results can be easily derived by similar proofs also for set-widening and set-narrowing operators.

Theorem 9. Let (P, <) be a lattice satisfying the ascending chain property. Let V.1,V,, be two set-widening operators on P.
Then, the operators V,q, V., defined by

Vaia(1SH = (V.a({SH) n (V.2 (1)),

Vi u({Sh = (VadsShH) u (V.o (s
are set-widening operators.
Theorem 10. Let (P, <) be a lattice satisfying the descending chain property. Let A,1,4,, be two set-widening operators on P.
Then, the operators A,n,4,, defined by

A:a(1SH = (4.2 (1SH) N (4.2({SH),
4, ({1SH = (4 ({SH) u (4.2({S))

are set-narrowing operators.
3.6. Strong widening and narrowing operators

For numerical domains like polyhedra, where the abstract elements computed at each iteration of the analysis are not
necessarily ordered, stronger notions of widening and narrowing are used for forcing the termination of the analysis. This
is the case, for instance, of the trace partitioning abstract domain of Astrée, an abstract interpretation-based analyzer
aiming at proving automatically the absence of run time errors in programs written in the C programming language, which
has been applied with success to large safety critical real-time software for avionics [5,11].

Definition 14 (Strong pair-widening [33]). Let (P, <) be a poset. A strong pair-widening operator is a binary operator
V : P x P-P such that

(i) Covering: vx,y € P: x <xVy, and y <xVy.
(ii) Termination: For every sequence {x;};- o, the ascending chain defined as yo = X¢,yi,1 =YiVx;, stabilizes after a finite
number of terms.
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Observe that this definition is strictly stronger than Definition 10, as termination is required starting from every (not
necessarily increasing) sequence.

Example 7. The octagon domain [28,30] is based on invariants of the form +x+y <c, where x and y are numerical
variables and c is a numeric constant. Sets described by such invariants are special kind of polyhedra called octagons
because they feature at most eight edges in dimension 2. These constraints are expressed through difference bound
matrices, which are adjacency matrices of weighted graphs. The widening operator defined on this domain consists on
removing unstable constraints. In this case, termination has to be guaranteed for the chain of widened elements starting
from a sequence of elements possibly incomparable. This is why the strongest notion of pair widening has to be used.

Notice, however, that as an alternative to the strong pair-widening, Bagnara et al. [3] introduced a different
representation of the octagons to ensure that the standard pair-widening can be applied. This approach is applied in [3] to
several weakly relational domains, but it can be generalized to other domains.

The two notions of pair-widening and strong pair-widening are equivalent for a lattice P, under associativity conditions,
as shown in Theorem 11. In order to prove it, we introduce the following auxiliary Lemma.

Lemma 3. Let V be a pair-widening operator on a lattice (P, <), such that for every finite set {X;}o<;<n and for every y € P,
(xo VX))V - )Vx)V(xo U X1 U --- U Xp UY) = (X0 VX1)V - - )VX,)Vy, then V is a strong pair-widening operator.

Proof. We need to focus only on the termination property. Consider the sequence {x;}o <; < ,, and the increasing sequence
Z0 =X0,Zj+1 =Xo U ---UXjiq.

We show by induction that the two increasing sequences yo = Xo,Yi+1 =Yi VXi;1 and ho =zo,h; .1 = h;Vz; 1 are such that
Vi: Yi= h,’.
The basis is trivial, as yo=Xo=zo9=ho.
The induction step:
hi+1 = h,’VZ,‘+1 by definition of {hj}jzo
=y;Vz;,1 Dby inductive hypothesis
=({((xoVx1)V--)Vx)Vz; 1 by definition of {y;};. o
=% VX))V .- )Vx)V(xou---UX;,1) by definition of {z};. ¢
=(((xoVx1)V--)Vx))Vx; 1 by hypothesis on V
=Yiy1 by definition of {y;}; 0.

As the increasing sequence {h;};. o stabilizes after a finite number of terms, so does {y;}j~o. O

Theorem 11. Let V be an associative pair-widening operator on a lattice (P, <), such that for vx,y € P : xVy =xV(x uy), then
V is a strong pair-widening operator.

Proof. By Lemma 3, it is sufficient to prove by induction that for every finite set {x;}o-;-, and for every y € P,
(X VX))V - ) V) V(Xo UXy U -+ UXq 1Y) = (X0 VXDV - ) Vxn) Vy.

The basis (n=1) follows immediately from the hypothesis.

Induction step:

(%o VX))V --)Vx)V(xg U ---ux, uy) by inductive hypothesis
=({((xoVx1)V--)V(xgu---uxp)V(xou---UXx,uy) by associativity of V and of u
= (X Vx1)V--)V((xou---ux,)V((xoU---UXx,)uy)) by applying the hypothesis
=((xoVx1)V--)V((xgu---uxy,)Vy) by associativity of V
=% Vx))V--)Vx)Vy. 0O

Example 8. The pair-widening operator on intervals obtained from the set-widening of Example 1 following the
construction of Theorem 2, satisfies the condition of Theorem 11, and it is in fact a strong pair widening operator.

However, not every pair-widening operator is also a strong one. On the same lattice of intervals, consider for instance the
pair-widening V defined by

1 Vx=x and xV L =x,
[—o0,4+00]

if [€o,uq] < [£1,u1] oOr [£1,U4] < [€o,Ug],
[min(¢o,£1), max(uo, )]

otherwise.

[£o,uo]V[t1,uq] =

On increasing sequences, the widened sequence terminates immediately, whereas if we consider for instance the sequence
{[i,i+1]}; 0, V yields to the ascending sequence {[0,i]}; - 1, which does not terminate.
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Definition 15 (Strong pair-narrowing). Let (P, <) be a poset. A strong pair-narrowing operator is a binary operator 4 :
P x P—P such that

(i) Bounding: Vx,y € P: (x <y)=(x < (yAX) <}).
(ii) Termination: For every sequence {x;};- o, the decreasing chain defined as
Yo=2X0,Yi+1=YilAXi 1
stabilizes after a finite number of terms.

Example 9. The following strong narrowing operator has been introduced in [12].
XAL =1,

[fo,Uo]A [t1,uq] = [lf o = —o00 then 4 else min(fo,tﬁ),
if ug = +o00 then u; else max(ug,u )]

A is a pair-narrowing operator, as it satisfies both bounding and termination requirements of Definition 15. For instance:
[—o0, +00]4[—00,101] = [—00,101],
[~00,101]4[0,100] = [0,101],
[0,100]4[0,99] =[0,100].

The two notions of pair-narrowing (Definition 13) and strong pair-narrowing (Definition 15) are equivalent for a lattice P,
under associativity conditions, as shown in Theorem 12. In order to prove it, we introduce the following auxiliary Lemma.

Lemma 4. Let A be a pair-narrowing operator on a lattice (P, <), such that for every finite set {x;}o - <, and for every y € P,
(XpAx1)A - - HYAX)A(Xg M X1 M-~ - N Xy 1Y) = ((XoAX1)A4 - - )Axy)Ay, then A is a strong pair-narrowing operator.

Proof. We need to focus only on the termination property. Consider the sequence {x;} - ; < », and the decreasing sequence
Z0=2Xo, Zit1=XoM---MXj41.
We show by induction that the two increasing sequences yo = Xo,y; 1 =YiAx;, 1 and hg = zo,h;, 1 = h;Az; ;; are such that
Vi : Vi= hi.
The basis is trivial, as yo = X0 = 2o = ho.
The induction step:
h,‘+] = hl‘AZi+] by definition of {h]}]20
=y;Az; 1 by inductive hypothesis
= (((XoAX])A .- ~)AX,‘)AZ,‘+1 by definition of {yj}jz 0
= (((XoAx1)4 - - )Ax)A(xo - - - M X;,.1) by definition of {zj};. o
= (((xoAx1)4 - - )Ax))Ax;, 1 by hypothesis on 4
=Yiy1 by definition of {y;};- 0.

As the increasing sequence {h;};. o stabilizes after a finite number of terms, so does {y;}j.o. O

Theorem 12. Let A be an associative pair-narrowing operator on a lattice (P, <), such that for vx,y € P : xAy = xA(xny), then
A is a strong pair-narrowing operator.

Proof. By Lemma 4, it is sufficient to prove by induction that for every finite set {x;}o-;~, and for every y e P,
((RoAx1)A - - )Axn) A(Xo M X1 11 -+ - M Xy 1Y) = (X0 AX1)A - - )Axn)Ay.

The basis (n=1) follows immediately from the hypothesis.

Induction step:

(XoAx1)A - - H)Axp)A(Xg M --- M X, 1Y) by inductive hypothesis
= (((xoAx1)A -- )AXo M ---NXp))AXo M --- M Xy, MY) by associativity of 4 and of n
= ((XoAx1)A -- )A((Xo M --- N X)) A((Xo T --- M Xy) 1Y) by applying the hypothesis
=((XoAx1)A4 --)A((xo 1 --- N Xy)Ay) by associativity of 4
=(((xoAxA4 - - )Axn)Ay. O

3.7. Lower bound pair-narrowing

When considering narrowing operators for numerical domains other slightly different notions of narrowing have been
introduced in the literature, where different bounding constraints are considered: XAy is bound to be greater than x ny and
lower than x.
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Definition 16 (Lower-bound pair-narrowing [29]). Let (P, <) be a meet-semi-lattice. A lower-bound pair-narrowing
operator is a binary operator 4 : P x P— P such that

(i) Bounding: vx,y € P: (xNYy) < (xAy) <x.
(ii) Termination: For every decreasing chain xo > x; > ..., the decreasing chain defined as
Yo =2X0.Yi+1=YilXi 41

stabilizes after a finite number of terms.

Observe that not every pair-narrowing operator is also a lower-bound pair-narrowing. For example, the pair-narrowing
of Example 5 does not satisfies the above condition.
When modifying the termination constraints in Definition 16, we get:

Definition 17 (Strong lower-bound pair-narrowing [29]). Let (P, <) be a meet semi-lattice. A strong lower-bound pair
narrowing operator is a binary operator 4 : P x P— P such that

(i) Bounding: vx,y € P: (x ny) < (XAy) <X.
(ii) Termination: For every sequence Xo > X1 > ..., the decreasing chain defined as
Yo =2X0.Yir1=YilAXi 41

stabilizes after a finite number of terms.

Example 10. This notion of narrowing operator is introduced, for the octagon domain, in [28,30], with the strong widening
operator defined in Definition 14.

Under particular conditions, the two notions of pair-narrowing and strong lower-bound pair-narrowing are equivalent.

Theorem 13. Let (P, <) be a meet-semi-lattice (the greatest lower bound x ny exist for all x.y € L) satisfying the descending
chain condition (no strictly decreasing chain in L can be infinite). Let A : P x P—P be a pair-narrowing operator such that
xAy =xny. Then A is a strong lower-bound pair-narrowing.

Proof.

e Bounding: Consider y <x:

x>xAy >y by bounding property in Definition 13
= x>xAy>xny by the relation between x and y

This result is true for each x,y € P : x <y, as request by bounding property in Definition 17.
e Termination: Consider the sequence {x;}o - i<, and the decreasing sequence
20 =X0,Zi+1=Xo M- M Xj 1
We show by induction that the two increasing sequences yo = Xo,y;41 = ¥iAx; 1 and hg = zg,h; , 1 = h;jAz; .1 are such that
Vi: yi= h,‘.
The basis is trivial, as yo = xg = zo = ho.
The induction step:
hi11=hijAz;, 1 by definition of {h;};.

=YyiAz; 1 by inductive hypothesis

= (((oAx1)4 - - )Ax)Az; 1 Dby definition of {y;};- o

= (((%oAx)A4 - )Ax)A(xo M- - -1 X;,1) by definition of {z};. ¢

={((XoMXx7)M--)x)NXemM---Mx;,1) by definition of 4

=(Xon---Mx;,q1) by properties of n

= (((xoAx1)4 - - )Ax;)Ax; 1 by definition of 4

=Yi+1 by definition of {y;}; .

As the increasing sequence {h;};. o stabilizes after a finite number of terms, so does {y;}j.o. O

We can bind pair-narrowing and lower-bound pair-narrowing through next two theorems.

Theorem 14. Let (P, <) be a poset and A be a pair-narrowing Definition (13).
If vo,w : vA(v nw) =vAw, then A is a lower bound pair-narrowing Definition (16).
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Proof. We need to focus only on the bounding property. By Definition 13, of 4, we know that
x=y)=x=>(xAy)>y).

We consider u,v € P, withx = vand y=vnw.
Then we have

vvdvnw)>vnw.

By assumption, we have that vv,w
vA@ N w)=vAw

then we get
v>vAw>vnw.

That is the bounding property of lower-bound pair-narrowing operator. O

Theorem 15. Let (P, <) be a meet semi-lattice and A be a lower-bound pair-narrowing operator (Definition 16).
Then, 4 is a pair-narrowing operator too (Definition 13).
Proof. We have, by Definition 16, of 4:
xny)<(xAy) <x
if we have that y <x then xny =y by definition. Therefore,
Y <x)=y<xAy<x

as requested by Definition 13. O

4. Widening and narrowing operators wrt Galois insertions

Widening operators have already been used in order to derive abstract domains [34]. The next results show how to
derive Galois insertions by introducing an abstraction function built on top of a widening operator. In order to do that,
additional requirements have to be assumed on the widening operator, like idempotence and order-preservation on pairs/
singletons.

Theorem 16. Let V be a pair-widening operator on a complete lattice (L, <) such that vx,y e L: x <y = xVx <yVy. Let A be
the set {xVx|x € L}. Then oy 4(x) = xVx is the lower adjoint of a Galois insertion between L and A, with the upper adjoint being the
identity function.

Proof. According to Definition 8, we have to show that (y4;,L.A,004) is a Galois insertion, with y,; being the identity
function. By Lemma 1, it is sufficient to prove that vVx € L : x < 7,,(04(X)), and that Va € A : a = o () 4.(a))-
vx € L : x <xVx, by (i) of Definition 10
= X < 04(x), by definition of ;4
= X < Yar(0a(X)), as y,; is the identity
Va € A: a=aVa, by definition of A
= a=(Y4.(@)V(y4.(a)), as y,; is the identity
= a=0ya(Y4.(a)), by definition of oy4. a

A corresponding result can be obtained also for set-widening operators.

Theorem 17. Let V, be a set-widening operator on a complete lattice (L, <) such that V, ({x}) is defined for each x in L, and such
that vx,yeLl:x<y = V,({x}) < V.({y}). Let A be the set {V,({x})|x € L}. Consider the function oy, :L—A defined by
aa(X) = V,({x}). Then, o4 is the lower adjoint of a Galois insertion between L and A, with the upper adjoint being the identity
function.

Proof. The proof is similar to the proof of Theorem 16. O

4.1. Widening, narrowing and abstraction

The following theorem shows that pair widening is preserved through abstraction.

Theorem 18. Let C and D be two complete lattices, s.t. Gep = (Yp¢,C,D,ocp) is a Galois insertion. Let V¢ be a pair-widening on C.
The binary operator Vp defined by vdy,d, € D, dy Vpdy = aicp(Ypc(d1)Veype(dz)) is a pair-widening operator on D.
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Proof.

e Covering: Let us show that vd;,d, € D : dy <d{Vpds.

¥pe(d1) < 7pc(d)Veype(dz) by (i) of Definition 10
oep(Ype(d)) < otep(ype(d1) Veype(dz)) - by monotonicity of acp
OCCD('))DC(dl)) < d1 VDdz by definition of Vb
dy <d{Vpd, as G¢p is a Galois insertion.

The same way, we can also prove that vd,,d; € D : dy <d1Vpds,.

e Termination: Consider the ascending chain ({d;};.o in D. Consider the corresponding ascending chain
Ypc(do) < ypc(di) < ... in C. And consider the sequence Yo =7ypc(do).Yi+1=YiVcypc(dis1). As Ve is a pair-widening
operator, this ascending sequence stabilizes after a finite number of terms. We have to show that also the sequence
Yo=do.Yi.1 =Y:;Vpdi, stabilizes after a finite number of terms. By induction, we prove that for each i, y; = acp(yy).
The basis is trivial, as y¢ = do = atcp(Ypc(do)) = cep (Vo)

Looking at the inductive step,

Vi1 =Y:iVpdi,1 Dby definition of the sequence {y;};- o
=ocpVi))Vpdi,1 by inductive hypothesis
=ocp(Vi)Vpoep(Vpe(diz 1)) as Gep is a Galois insertion
=ocp(ViVeype(diz1)) by definition of Vp
=ocp(yi+1) by definition of the sequence {y;};- o. d

A corresponding result can be obtained also for set-widening operators.

Theorem 19. Let C and D be two complete lattices, s.t. Gep = (Yp¢,C,D,0cp) is a Galois insertion. Let V,. be a set-widening on C.
The operator V., defined by VS € D, V..,(S) = acp(V..(Ypc(S)) is a set-widening operator on D.

Proof. The proof is similar to the proof of Theorem 18.
As a corollary of Theorem 18, we can prove that pair-widening operators are preserved also when projecting a cartesian
product of lattices on one of its components. [

Corollary 1. Let A and D be complete lattices, and let V be a pair-widening operator over the cartesian product A x D. Let 7, be
the projection on the first argument. The binary operator V4 : A x A—A defined by
aVaa =11({a,THV<a,T))
is a pair-widening operator.
Proof. It is sufficient to observe that the monotone functions o : A x D—»A and y : A—»A x D defined by
Vad) eAxD:o({ad)y)=a
VaeA:ya@=<aT)
form a Galois insertion between A and D. Therefore, by applying Theorem 18, the binary operator V' = a(y(a)Vy(a’)) is a pair
widening operator on A. To conclude, it is sufficient to observe that V4, =V'. 0O
Similarly, also, we can prove that narrowing operators are preserved by abstraction.

Theorem 20. Let C and D be two complete lattices, s.t. Gecp = (Ype,C,D,0cp) is a Galois insertion. Let Ac be a pair-narrowing on C.
The binary operator Ap defined by vdy,d, € D, dyApdy = ocp(Ypc(d1)Acype(dr)) is a pair-narrowing operator on D.

Proof.

e Bounding: Let us show that vdy,d, € D : (di <d,) = (dy <d,Apdy < d>).

Vpc(d1) < Ypc(d2)Acype(di) < Ppe(da)
by Definition 13
oep(Ype(d)) < eep(Ppe(d2)Acype(dr)) < oiep(Ype(da))
by monotonicity of «cp
oep(Ype(dh)) < dr Apdy < aep(Ype(da))
by definition of Ap
dy <dyApd; <d,
as Gep is a Galois insertion.

e Termination: Consider the decreasing chain {dj};=o in D. Consider the corresponding decreasing chain
Ypc(do) = ypc(d1) > ... in C. And consider the sequence yo=7pc(do).yir1=YidcYpc(diy1). As Ac is a pair-narrowing
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operator, this descending sequence stabilizes after a finite number of terms. We have to show that also the sequence
Yo=do.yi.1=Y;4pd;, 1 stabilizes after a finite number of terms. By induction, we prove that for each i, §; = ocp(¥;).
The basis is trivial, as y¢ = do = tcp(Ype(do)) = tep (Vo).
Looking at the inductive step,
Vir1=Yidpdi,1 by definition of the sequence {J;}; o.
=acp(Vi)4pd;, 1 by inductive hypothesis
= ocpVi)Aptep(Vpe(diy 1)) as Gep is a Galois insertion
= occp(yiAcyDC(diH)) by definition of Ap
=ocp(i+1) by definition of the sequence {y;}; o. O

A corresponding result holds also for set-narrowing operators.

Theorem 21. Let C and D be two complete lattices, s.t. Gep = (Vp¢,C,D,0cp) is a Galois insertion. Let A, be a set-narrowing on C.
The operator 4., defined by VS € D, A,,(S) = ocp(A.+.(Vpc(S)) is a set-narrowing operator on D.

Proof. The proof is similar to the proof of Theorem 20.
As for widening operator, we can prove that pair-narrowing operators are preserved also when projecting a cartesian
product of lattices on one of its components. O

Corollary 2. Let A and D be complete lattices, and let A be a pair-narrowing operator over the cartesian product A x D. Let 7t be
the projection on the first argument. The binary operator A, : A x A—A defined by

adpa’ =m(<a,THALa,T))
is a pair-narrowing operator.
Proof. It is sufficient to observe that the monotone functions «: A x D—»A and y : A>A x D defined by
V(a,d)eAxD:a(ad))=a,
vaeA:ya=<aT)
form a Galois insertion between A x D and D. Therefore, by applying Theorem 20, the binary operator A’ = a(y(a)4y(a’)) is a
pair narrowing operator on A. To conclude, it is sufficient to observe that 44 =4". O

4.2. Widening, narrowing and reduced product

A very important operator for combining abstract domains in Abstract Interpretation, is the reduced product [13]. We
have already seen in Theorem 5 and in Theorem 6 that the pair-widening and pair-narrowing operators can be combined
when considering the cartesian product of two posets. Unfortunately, this result cannot be fully extended to the reduced
product, due to the fact that pair-widening and pair-narrowing operators in general are not required to be monotone.
However, getting results relating widening and narrowing operators in case of reduced product may have great impact on
abstract domains used for the analysis of critical software. For instance, the octagon domain [30] can be seen as the
reduced product of 2n? abstract domains, each one of them focusing on an invariant of the form +x+y<c.

Definition 18. Let CAD be complete lattices, and let Gep = (Ype,C,D,0cp) and Gea = (Y4¢,C.A,0ca) be Galois insertions.
Consider the function reduce:A x D—A x D defined by reduce(<a,d>) = n{<{a,d ) [}4c(@) N Ypc(d) = y4c(@) N ypc(d)}
The reduced product An D is defined as follows:

AnD = {reduce({a,d))|a € Ad € D}.

Moreover, the function y : An D— C defined by y(<a,d)) = y,-(a) 1 ypc(d) is the upper adjoint of a Galois insertion between
AnD and the domain C.

We can prove (Lemma 6) that by combining two pair-widening operators in the reduced product at least covering is
preserved, i.e. we can obtain an extrapolation operator (which does not necessarily terminate on ascending sequences, see
for instance the domain of octagons [30]). The following auxiliary Lemma says that reduce behaves well with respect to the
ordering in the reduced product AnD.

Lemma 5. Let CAD be complete lattices, and let Gep = (ypc,C.D,ocp) and Gea = (yac,C.A,0ica) be Galois insertions. For
adeAdeD,<ady e AnD,ifa<a and d <d, then {a,d> <reduce({a,d ).

Proof. By 1 properties and monotonicity of y functions, y,-(a) M ypc(d) < yac(@) 1 yDC(El). Therefore, reduce(<a,d ») is such
that

7({a,dy) <y(reduce({a,d ),

where 7 is the upper adjoint of the Galois insertion (y,C,An D,o) as in Definition 18.
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By applying o to both expressions, by monotonicity of oo we get

a(p(<a,d>)) < a(reduce(<a,d »))
and by Galois insertion properties, as oy is the identity function, we get

(a,d> sreduce((&,[i)). O

Lemma 6. Let CA,D be complete lattices, and let Gep = (Yp¢,C,D,0cp) and Gea = (Y4¢,C,A,0ca) be Galois insertions.

Let V4 and Vp be pair-widening operators defined on the lattice A and D, respectively.

The binary operator e:(AmD)x (AnD)—(AnD) defined by v<a,d),{a,dy eAnD: {a,d)ela,d'> = reduce({aVa,
dVpd'») is an extrapolator operator.

Proof. Let {a,d>,<{a’,d’> € AnD. We have to prove that <{a,d> < {a,d>e<a,d ).
<a,dy < <aVa,dVpd'> by covering of V4, Vp
= <a,d) <reduce({aVa,dVpd») by Lemma 5
= <a,d> <<{a,d)>el{a,d> by definition of e.
In the same way, we can also prove that <(a'.,d'> < <a,dye<a’,d’y. O

The last Theorem shows that if the pairwise application of the pair-widening operators is always an element of the
reduced product, the extrapolator of Lemma 6 enjoys also the termination property, thus resulting into a pair-widening
operator too.

Theorem 22. Let CA,D be complete lattices, and let Gep = (Yp¢,C,D,0icp) and Gea = (Y4¢,C.A,0ca) be Galois insertions.

Let V4 and Vp be pair-widening operators defined on the lattice A and D, respectively, such that ¥<{a,dy ¢ AnD, va’ €A,
vd' € D: {aV,a,dVpd' > e AnD.

Then the binary operator V : (An D) x (Ar1 D)—(An D) defined by v<{a,d>,<{a,d’y e AnD: <{a,d>V<a,d') = reduce({aVa,
dVpd'») is a pair-widening operator.

Proof. By Lemma 6, we need to focus only on the termination property.

Consider the increasing sequence {dag,dp) < <aj,d;) ... in AnD. As the ordering < in AnD is the same as in the
cartesian product A x D, we may consider the increasing sequence ap<a; < ... in A, and the increasing sequence
dg<dy < ... in D. By the termination property of V, and Vp, we know that the corresponding sequences
Qo = 0p,d;,1 =0;Vaa;, 1, and do= do,{i,»ﬂ = aiVDd,-H stabilize after a finite number of terms.

We show by induction that the increasing sequence {a'o,d'o> = <ag,do »,{ @i +1,d'i;1> =<a,d';>V<aj,1,di, 1) is such
that vi: <ad;> = <a;d;>.

The basis is trivial, as <a’o,do)> = {dp,do > = <€10,[10>.

Induction step:

aip1,dip1> =<a3,d1)V<ai1,di > by definition of {<a’;,d;>}j-0
=reduce(a’;Vaa; . 1,d';Vpd;,1) by definition of V
=<a'jVaa;,1,dVpd;, 1> by the hypothesis
= <di+1,&i+1 > by definition of {a;};. ¢ and {&j}jzo.

It follows that {<{a’;,d’; >}; - ¢ converges in a finite number of steps, namely the maximum between the termination indexes
of {(Alj}]zo and {dJ}]ZO O

For narrowing operators, we can define a theorem corresponding to Theorem 22. Also in this case we need some
auxiliary lemma.

Lemma 7. Let C, A, D be complete lattices, and let Gcp = (ypc,C,D,0cp) and Gea = (Y4c,C.Acica) be Galois insertions.
For a € A, d € D,reduce({a,d>) < <a,d).

Proof. By Definition 18: reduce(<{a,d))= 1S, where S={<a’,d" > [Y4c(a) 1 Ypc(d) = yac(@) N ypc(d)}. We know that <(a,d) €
S and that all elements of S are comparable, than reduce(<a,d)) < <a,d>. O

Lemma 8. Let CAD be complete lattices, and let Gep = (ypc,C\D,0cp) and Gea = (Pac,C.A,0ca) be Galois insertions.
Fora cAd eD, <a,dy e AnD, lfa<aandd<d then reduce(<{a,d>) < <{a,d>.

Proof. By n properties and monotonicity of y functions, y,-(@) M Ypc(d) = Y4c(@) N yDC(&). Therefore, reduce(<€1,&>) is such
that

7(<a,dy) = y(reduce({a,d ),

where ) is the upper adjoint of the Galois insertion (y,C,An D,o) as in Definition 18.
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By applying « to both expressions, by monotonicity of o we get

a(y(<a,dy)) = ay(reduce(<a,d »)))
and by Galois insertion properties, as «oy is the identity function, we get

(a,d> >reduce(<a,d>). O

Theorem 23. Let CA,D be complete lattices, and let Gep = (Vpce,C,D,0cp) and Gea = (Y4¢,C.A,0ca) be Galois insertions.

Let A4 and Ap be pair-narrowing operators defined on the lattice A and D, respectively, such that ¥<{a,dy» ¢ AnD, va’ €A,
vd € D: {adpa,dApd’> e AnD.

Then the binary operator A : (An D) x (An D)—(An D) defined by v<{a,d),{a,d'> e AnD: {a,d)A<a,d ) = reduce({ad,a,
dApd'y) is a pair-narrowing operator.

Proof.

e Bounding: We have to show that v<a,d),<(a,d'> e AnD, ({a,d) <<a,d'>)= ({a,d) < {ad>ALa,d) <<a,d))
{a,dy < <adsa,dApd'y < <a,d’> by bounding of 4, and 4p
{a,d» <reduce({ada,ddpd ») < {(a,d’> by Lemmas 5 and 7 or Lemma 8
(ady <<adyA<a,dy <<a,d> by definition of 4.

e Termination: Consider the increasing sequence <{dg,dg» < <{ay,d; > ...inAnD. As the ordering < in An D is the same as
in the cartesian product A x D, we may consider the increasing sequence ap < a; < ... in A, and the increasing sequence
do<di<... in D. By the termination property of 44 and 4p, we know that the corresponding sequences
Go =0o,4;, 1 =0;440; 1, and do =do,d; 1 =d;Apd; ., stabilize after a finite number of terms.

We show by induction that the increasing sequence <{a’o,d’o> = <{do,do),<{ @1 1,d"111> = a;,d’;> A< aj1,di; 1> is such
that Vi : <Cl/,‘,d'i> = <d,»,d,»>. R
The basis is trivial, as <a’o,d'o> = {dag,do> = {ag,do .
Induction step:
a1, dip1> =<, d'i ) A<a;1,di 1> by definition of {<a};,d;>}j>0
=reduce(a’;44a;,1,d'i4Apd; 1) by definition of 4
= <diAAai+1.diADdi+1 > by the hypothesis
= <£1,»+1,&,-+1> by definition of {d;};.o and {aj},-ZOA

It follows that {<a;,d’;>};> o converges in a finite number of steps, namely the maximum between the termination
indexes of {d;};. o and {dj}j»o. O

We can also obtain the corresponding results for set-widening and set-narrowing operators.

Theorem 24. Let CA,D be complete lattices, and let Gep = (Vpc,C,D,0cp) and Gea = (Y4, C,A,0ca) be Galois insertions.

Let V.4 and V.p be set-widening operators defined on the lattice A and D, respectively, such that ¥YS<AnD,
{Vaalail<a,diy € S),Vp({dil<a;,d;> € SH)) e AnD.

Then the operator V, : @(An D)+ (An D) defined by VS AnD : V,({S}) = reduce({ V.a({a;|< a;,d;> € S}),V.p({d;|<a;,d;> €
S} ) is a set-widening operator.

Theorem 25. Let C,AD be complete lattices, and let Gep = (7pc,C,D,0%cp) and Gea = (y4c,C.A,0ca) be Galois insertions.

Let A.p and A,p be set-narrowing operators defined on the lattice A and D, respectively, such that VS<AnD,
{Aa(ail <a;,d;i> € SH,A.p({dj|<a;,d;> € S})> e AnD.

Then the operator A, : @o(An D)+ (AnD) defined by VYS=AnD : A,.({S}) =reduce({ A.4({a;|< a;,d; > € S}),4.p({d;|<{a;,d;> €
S} ) is a set-narrowing operator.

The proofs of these theorems are similar to Theorems 22 and 23, respectively.

5. Conclusions and future work

We investigated which properties are necessary to support a systematic design of widening and narrowing operators.
As far as we know, this is the first attempt to provide a general comparison of the different notions of widening and
narrowing used in the literature and a first comprehensive discussion of their main features. More work deserves to be
done in order to support a broader range of widening operators defined on abstract domains where only the concretization
function is available or where the least upper bound operator is not always defined. We are currently investigating how to
enhance domains and widening and narrowing operators with suitable metrics that allow to get a quantitative comparison
of their precision and/or of their speed to reach a fixed-point.
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Notice that most of the papers in the literature use only the widening operator without defining any corresponding
narrowing operator; it would be interesting to investigate narrowing operators in order to analyze the resulting
improvements with respect to accuracy already mentioned. For instance, for the abstract domain LInt whose elements on
linear inequations with interval coefficients [32]. Narrowing operator can be defined on the lines of Example 5 that may
improve the overall precision of the analysis.
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