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1 Introduction

We discussed a number of things up to now:

1. lexing : ensure the program complies with the lexical conventions of
the language and break it into a token stream;

2. parsing : ensure the program complies with the syntactical conventions
of the language and build its AST representation;

3. semantic analysis: analyse the AST to statically catch as many run-
time errors as possible.

We are finally ready to tackle the runtime component of a programming
language. Like we did for previous topics, we first introduce the theoretical
tools we need to rigorously discuss the subject at hand.

To formally specify the runtime behaviour of a programming language,
we need to define:

1. the syntax of the language: define the set of the legitimate programs
to write. The syntax of a language is often specified using context-free
grammars, a tool we already know;

2. the semantics of the language: define the operational behaviour of
a program (compliant with the language syntax). The semantics of a
language is often specified using structural operational semantics rules,
which is the main topic of the present lecture.

2 Syntax of IMP

IMP is a toy imperative language, which we use to introduce the basics of
SOS. There are three types of entities in IMP:
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1. arithmetic expressions (denoted by a);

2. boolean expressions (denoted by b);

3. commands (denoted by c).

An IMP program is just a command. We presuppose the existence of a set
of variables V, ranged over by x. We use n to range over the set of integer
numbers Z.

The syntax of IMP is defined by the following productions:

a ::= n | x | a+ a | a− a | a ∗ a
b ::= true | false | a ≤ a | b ∧ b | b ∨ b | ¬b
c ::= skip | x := a | c; c | if b then c else c | while b do c

A store is a function σ : V → Z assigning an integer to each variable.
We write σ[x 7→ n] for the store identical to σ, except that the variable x is
bound to the integer n. A configuration is a pair 〈c, σ〉 including a command
c and a store σ.

3 A Small-Step Semantics for IMP

A small-step semantics specifies the operation of a program c one step at a
time. There is a set of rules that we continue to apply to rewrite configu-
rations until we hit a configuration 〈skip, σ〉 for some store σ, if possible.
This is called a final configuration and the store σ represents the state of
the memory after the execution of the command c has completed.

We start by discussing the rules for arithmetic expressions. Since the
evaluation of an arithmetic expression never changes the store, these rules
have the following format: 〈a, σ〉 −→ a′. We present the first two rules:

〈x, σ〉 −→ σ(x)
n = n1 + n2

〈n1 + n2, σ〉 −→ n

The first rule says that the evaluation of a variable can be performed by
looking up its value in the store. The second rule states that the addition of
two integers evaluates to their sum. There is a subtle point to notice here:
the + symbol in the premise is the standard addition operation on integers,
while the + symbol in the conclusion is the plus operation as represented in
the syntax of IMP. We reuse the same symbol to make the notation lighter.
We omit similar rules for multiplication and subtraction.
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To complete the presentation of the rules for arithmetic expressions, we
also need the following two rules:

〈a1, σ〉 −→ a′1

〈a1 + a2, σ〉 −→ a′1 + a2

〈a2, σ〉 −→ a′2

〈n1 + a2, σ〉 −→ n1 + a′2

These two rules allow the evaluation of arithmetic expressions like x + 3,
whose sub-components are not fully evaluated and thus are not covered by
the previous rules. They enforce the evaluation of the expression components
in a left-to-right order. Clearly, we need similar rules also for multiplication
and subtraction (omitted). The evaluation of boolean expressions is entirely
similar to the one of arithmetic expressions, hence omitted.

We are now ready to deal with commands. Since commands may change
the contents of the store, their rules have the format: 〈c, σ〉 −→ 〈c′, σ′〉.

〈x := n, σ〉 −→ 〈skip, σ[x 7→ n]〉
〈a, σ〉 −→ a′

〈x := a, σ〉 −→ 〈x := a′, σ〉

〈c1, σ〉 −→ 〈c′1, σ′〉
〈c1; c2, σ〉 −→ 〈c′1; c2, σ′〉

〈skip; c2, σ〉 −→ 〈c2, σ〉

〈b, σ〉 −→ b′

〈if b then c1 else c2, σ〉 −→ 〈if b′ then c1 else c2, σ〉

〈if true then c1 else c2, σ〉 −→ 〈c1, σ〉

〈if false then c1 else c2, σ〉 −→ 〈c2, σ〉

〈while b do c, σ〉 −→ 〈if b then (c;while b do c) else skip, σ〉

We let −→∗ stand for the reflexive-transitive closure of −→.

Questions:

1. Give the small-step semantics 〈b, σ〉 −→ b′ for boolean expressions

2. Evaluate x := 3 + y; z := x in the store σ = [x 7→ 0, y 7→ 2, z 7→ 0].
How many steps does it take?
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4 A Big-Step Semantics for IMP

A big-step operational semantics specifies the entire operation of a program
in “one shot”. There is a set of rules that allows the construction of a
derivation directly computing the final result of a computation, much like a
recursive interpreter would do.

We start by discussing the rules for arithmetic expressions. These rules
have the following format: 〈a, σ〉 ⇓ n, reading as: the expression a evaluates
to the integer n in the store σ.

〈n, σ〉 ⇓ n 〈x, σ〉 ⇓ σ(x)
〈a1, σ〉 ⇓ n1 〈a2, σ〉 ⇓ n2 n = n1 + n2

〈a1 + a2, σ〉 ⇓ n

Again, notice in the last rule the different interpretation of the + symbols
in the premises and in the conclusion: in the premises it stands for the
addition operation between integers, while in the conclusion it represents
the plus operator in IMP.

The rules for commands have instead the format: 〈c, σ〉 ⇓ σ′, reading as:
the command c will lead to the store σ′ when starting from the store σ.

〈skip, σ〉 ⇓ σ
〈a, σ〉 ⇓ n

〈x := a, σ〉 ⇓ σ[x 7→ n]

〈c1, σ〉 ⇓ σ1 〈c2, σ1〉 ⇓ σ2
〈c1; c2, σ〉 ⇓ σ2

〈b, σ〉 ⇓ true 〈c1, σ〉 ⇓ σ1
〈if b then c1 else c2, σ〉 ⇓ σ1

〈b, σ〉 ⇓ false 〈c2, σ〉 ⇓ σ2
〈if b then c1 else c2, σ〉 ⇓ σ2

〈b, σ〉 ⇓ false

〈while b do c, σ〉 ⇓ σ

〈b, σ〉 ⇓ true 〈c, σ〉 ⇓ σ′ 〈while b do c, σ′〉 ⇓ σ′′

〈while b do c, σ〉 ⇓ σ′′

Questions:

1. Give the big-step semantics 〈b, σ〉 ⇓ b′ for boolean expressions

2. Evaluate x := 3 + y; z := x in the store σ = [x 7→ 0, y 7→ 2, z 7→ 0].
What is the depth of the derivation tree?

3. Why is the rule 〈skip, σ〉 ⇓ σ needed? What if we drop it?
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5 Linking the Semantics

What is the connection between the two semantics we presented? Since they
define the operational behaviour of the same language, we would expect they
agree in some sense. Indeed, we are able to prove the following result.

Theorem 1. 〈c, σ〉 −→∗ 〈skip, σ′〉 if and only if 〈c, σ〉 ⇓ σ′.

Notice that the theorem says nothing about diverging computations:
the connection between the two semantics only holds true for terminating
behaviours. To understand why this is the case, try to evaluate the command
while true do x := x + 1 in some store σ, using both the small-step and
the big-step semantics. What is the difference?

6 Discussion

Small-step semantics:

+ allow one to model more complex language features, like concurrency,
divergence, and runtime errors;

- lot of rules and work to prove properties. In particular, you need rules
to specify the order of evaluation.

Big-step semantics:

+ very natural specification, similar to a recursive interpreter;

+ quicker to prove properties, since we have less rules;

- since evaluation skips over intermediate steps, all programs without
final configurations (infinite loops, errors, stuck configurations) look
the same and we may not be able to prove properties on them.

Questions:

Assume we allow IMP programs to store also boolean values and not just
integers, so that σ : V −→ Z ∪ {true, false}:

1. How would you change the syntax of the language?

2. Write a program which leads to a type error upon evaluation. Apply
the small-step semantics rules to evaluate the program up to the type
error (where the program gets stuck).
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