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Fourier Theorem
Fourier Theorem: every square 

integrable periodic function 
can be approximated 
arbitrarily well with a series 
of trigonometric functions

Sm( f )= ∑
ν=−m

m

[aν cos (ων x )+bν sin (ων x )]

lim
m →∞

∥f −Sm( f )∥2
=0



Fourier Transform of an image



Shift
• Normally 0 is at the corners, for clarity we will shift it 

to the center



Low-pass filter



Ideal low-pass filter



Ringing



Transform of a box function



Transform of the average filter



Butterworth filter

H (u , v )=
1

1+[D(u , v ) /D0 ]
2n



Butterworth filter



Butterworth filter

Ringing is significantly 
reduced



Gaussian filter

H (u , v )=
1

√2π D0
e
−

1
2 (

D (u , v )

D0 )
2



Gaussian filter

There is no ringing



Gaussian filter



Gaussian filter



High-pass filter



High-pass filter



Ideal High-pass filter



Butterworth High-pass filter



Gaussiano High-pass filter



Correlation
( f ∘g)( x , y )=

1
MN ∑

m=0

M−1

∑
n=0

N−1

f (m ,n ) h( x+m , y+n )

F [ f ∘g ]=F (u , v ) H (u , v )

F [ f ∘ f ]=∣F (u , v )∣
2



Notch filter



Notch filter



Analisys of periodic noise



Homomorphic filter

I (x , y )=i( x , y )r ( x , y )

z (x , y )= ln I ( x , y )= ln i( x , y )+ ln r ( x , y )

F [ z ( x , y ) ]=F [ ln i( x , y ) ] + F [ ln r (x , y ) ]

Z (u , v )=F i(u , v )+ F r (u , v )

S (u , v )=Z (u , v )H (u , v )=F i(u , v )H (u , v )+ F r (u , v )H (u , v )
i ' ( x , y )=F [Fi (u , v )H (u , v ) ]
r '( x , y )=F [F r (u , v )H (u , v )]s ( x , y )=F−1

[ S(u , v )]=i ' ( x , y )+r ' ( x , y )

g( x , y )=es( x , y )=e i ' ( x , y )er' (x , y )=i0( x , y )r0 ( x , y )



Homomorphic filter



Filter Inversion

g( x , y )=f (x , y )∗h (x , y )+n( x , y ) G(u , v )=F (u , v )H (u , v )+N (u , v )

F̂ (u , v )=
G(u , v )

H (u , v )
=F (u , v )+

N (u , v )

H (u , v )

e2=E {( f− f̂ )2}

F̂ (u , v )=[
1

H (u , v )

∣H (u , v )∣2

∣H (u , v )∣2+
∣N (u , v )∣2

∣F(u , v )∣2 ]G(u , v )

Inverse filter

Weiner filter



Filter Inversion



Filter Inversion



Filter Inversion



Constrained Least Squares

F̂ (u , v )=[
1

H (u , v )

∣H (u , v )∣2

∣H (u , v )∣2+
∣N (u , v )∣2

∣F(u , v )∣2 ]G(u , v ) Weiner

∣N (u , v )∣
2

∣F (u , v )∣2
=K

∣N (u , v )∣
2

∣F (u , v )∣2
=γ∣P (u , v )∣2

∥g−H∗f̂ γ∥
2
=∥n∥2

p( x , y )=[ 0 −1 0
−1 4 −1
0 −1 0 ]

Constrained Least Square

∥n∥2
=MN (σ2

+μ2
)



Constrained Least Squares


